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ABSTRACT

In this paper, a higher-order feedforward neural network called ridge polynomial network (RPN) which shows good approxima-
tion capability for nonlinear continuous functions defined on compact subsets in multi-dimensional Enclidean spaces, is presented.
This network provides a more efficient and regular structure as compared to ordinary higher-order feedforward networks based on
Gabor-Kolmogorov polynomial expansions, while maintaining their fast learning property. The ridge polynomial network is a
generalization of the pi-sigma network (PSN)"* and uses a special form of ridge polynomials. It is shown that any multivariate
polynomial can be exactly represented in this form, and thus realized by a RPN. The approximation capability of the RPNs for
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arbitrary continuous functions is shown by this representation theorem and the classical Weierstrass polynomial approximation

theorem. The RPN provides a natural mechanism for incremental function approximation based on leaming algorithm of the PSN.

Simulation results on several applications such as multivariate function approximation and pattern classification assert nonlinear

approximation capability, fast leaming, and proper incremental approximation capability of the RPN.
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Fig. 2.

hle] 292 zH= ridge polynomial network.
A ridge polynomial network with one output.
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Table 1. A constructive learning algorithm for RPN.
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4. 7} &<¢ epochgl #ol
epoch?] #it 2% 23 €, A

5. mek e (eyol AU ) tpol, E T8

6. obd AS thge Iy U

=
al

1. 278 ne ng(=1), B o000, t« 0 gy,

ﬁ((x.W,H' W,u) 4.
£=1
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fxa(Py)
f=0(P g+ Pryet)

/Q’o( ﬁ:“‘f" 1)/:1:\*1 + Pnu+2)

V. RPNz} Bt 1A MZs2d 2Entel b|i

foi

B Aol HPUSO 4727 2 vidg U3
A Fopol A ALEEZ Sl e rlwks F
RAES AHET, o5 B, &, RPN Apeji
5% w=d dax gt 23 FAYNA AMEHD e
projection pursuit regression®e F#AE ¥
B2 d@ch ol & Y8, WA 3 FelA ¥ 2 AANF
ax RYEL A FH T2 §4 FZE ERHA
=981, 522 projection pursuit regression
of ta) Eoj@ch RPN#9 Hlag o 2do] 3 +
Zg /e, 28 $34 Fzo 13 2DEFHY Aol
Aol el =ose g}

T
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4.1, ¥Y Fx8 s IX 2E

4.1.1. Sigma-pi Unit

Feldman® Ballardel 9&8Ad Hgoez =98
sigma-pi unit"’& Hdd® ¥ R 4Y AsEY F
(p)E% YT (sigma) BHY w& £¥& Rerh
% HPUx FoA 49 oade g 52 19
aeul W), sigma-pi unite °f & Folx EAld
&3t AzHe 2 A gehg d-wHoz AL
o mabd ol 2de HPU9 E¢¢ A% & + 9
t} o] mde wEez HPUAY ALgdAUY, & d
e uAdd 542 A 98 MLP W9 4% =8 &
HEE dAstd AAgd 4 ok s, Az A&
o] Bd& xfO1)S T & sE4ex gonz 2
AL w8 @AVE dm, £x9 7§ backpropaga-
tion dnelFd o3 = HEF £LE FE Wyl
sk, =g AbeHE 9gy g8 AA ol MAHA
23 A5 A"

4.1.2. Product Unit
Sigma-pi unit9y ®d-& 2¢87) 8. Durbind
Rumelhart7} A& product unit®e oigde @

9 &g FHse, MA product unitel 9 z& o
&3 o] BAHT

714, A4 pye d¥HHQ chehdeia s o] H
2 8= ol oy}, gradient descent ¢ F
€ B3 FgHor AAFE 4 Us dd9 Hgold
ol MLPelAe 223 & A4%E 39, o3 7
9] product unit® FAE A=Y 238 ye o
o ol FaA.

y= Zw,z,
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check problem), 712422 backpropagation 3
Hel Be dnHES Agstdder oz ¥ x5}
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HE 7hgAdel FE3 FFHA %L Aeold.

4.1.3. Functional Link Net

Jd8 AE2RE 23 wdY ¥4E de Yo
Pao7} #¢H¢ functional link net™& dig 4¥
x = (x, .x)o W8 FolA vl ¥5E Lw,
#(x)e] R ZAE, A7l $(x)e FoiF B
A wet HAsA HdHE AAFS (basis func-
tion)2A, <& ol UY HFE AA, UY ¥sE
o &, AYE %+ F A9 Y} shEE o] Wy
€ AEHLE JIARF $(NEE N2E dFPe R 3§
v 2% YAQERY FxolH, 0 NAYRSFES THY
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g fAE J1sE 2A Ha, €23 HAEEY o )
A AR wdyY B4 B 9E & Ao @A
ol Wya RAlYoBE FojA EA dd HAHe
HEFEE MAdste Aol e aAYESL 1H
A 7IAESR ALEEe HPUSE ©i, o WL
Folzl ZAlnith HA e 7AYTES Folop B, o
B AA g o2& EAelvt. d& E° parity
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g Wregy AAG ted 8L AHSEE o EXe
e 4A Y 4 dod U Y HE JIAYE
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4.2 5™ Txg U LA Y

4.2.1. GMDH «¢12l&

Ivakhnenkod <& Ad® GMDH (group
method of data handling) ¢ n2&" [SRUEEI

T
Sk

ﬁ

AahE wgeltl & ARl F Sta-% 7' thel
AR srtabetn, gae el e wi 4y ¥
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NEAQ SA B2 A ofefe} e 2709 ¥ W o
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nox. xE BRAE R wA AE M% 27
SIEERES

GMDH 2aelze %4 fels ved 29wy
Folal HolRG B ol WAk Helnz W
ohowef flelel Q1% W4k dlehE, GMDH 4 ne
Fe WA o Aol ng Agae ()hel G 29
o ddl 4 (Q4REH Hi A4 exg nEe 3
Aol A+ a,, -, as® HWHE Wiener-Hopf 32
2 FAU LMS 2nel33 22 0¥ gudEe o8
stof TRk o¥A FHY ATEE Agatel oy
= dan doleld] Mkl A (14)8 Aden Ave
& (2 wde 2R H e 9d AU v
@etel §an doled We eatsl Fol vl Fshal
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& WA Yyow Agen old® HYe Har
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o

g Wa4Ee 313 polynomials
A |k,
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o1z slel &9 deoled g overfittings o
& 4 i, HPUY 93z Add i W 4
Fo| FAEE *—rolﬂ“ﬁ ol - Hold 24 AFE Q&+
dck= Mol olzlgt Azte ek 23 Tl EE
AR A= = *}%5}31. dulEe 7 dAeA 2
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A AFEHE A AdT BWeF Fo| A
F W Fol AArEe] Flste thAel Atk o dmaElE
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3 RPN& wlas) 8¢, ©% GMDH 2zmaae #
olal gale met FF LHEFS v (F& ¥F)EO
ololx o7 Z7lalw=d whal, RPNE v ¢ e 3
T REn olf @ FEAQ Keldl de g Fag
OMDH @tmel&atys @)
HAe] wo 7z I el gy sloltis ol £ A
Al Aol Yox gL dwA T2 FAR}, o3
o] Folzl B Aol el RPNe F+27t 2ol
obd 2 &g dud 4 gt

Jolmo s RPN AL

4.2 2 SONN
(Self-or zanizing Neural Network)

SONN®"2 GMDH ¢nu&3 #A1E H3a 2
oz o dyalFel HYE g I 4 o,
ol Whyo] 2 oldogy WX 4 (14)9 e &
e 22 GEAg Atgse GMDH dradne o
2}, SONNeo# & b3} 3ol 270 9j H 2o et 4
ey 23 olE A E FolA M AP AL MY
8k} Abg-ghoh

aytax;tanx,

agtayx;tax;taxx;

agta,x;tasx;

apta Xt agx;tagxtax it asxx;

T3 &y dngdEogE simulated anneallng
& AHgdle 2 239 global minimag& Fed o)
Holwt AL Wty wxwow HF s &’J}a’:
%9 AEE A&3e GMDH ¥z gy g3,
Akaike®l #4 £® Zeol (minimum description
length)®'9] #ids )& AFE2 A2Foan 24}
o] Aexe wdol EALE AHE AEF F& A
& % F glv}. 2w SONNE 748 2 243 e
2+ simulated annealing® AM8-ozH 38 &
wrb ol selohe Zloltk. GMDH €ae & nha
bR ol gmEE Al Feln Bl whal F7F &
9 wrngel g9 er F7EH

4.2.3. LMS Tree ¥12|&

Sanger7b A¢H LMS tree daelE Vs whek 7
AR dhgrg AMgER . §4 fzo ;A dAY
gotow BE7 7l%dt LMS tree dnalEe %
1l Bhtel Q1Y ®ge] diE ZARFES o] S &4
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gdolel w4 g 2Aksy] ARy, ‘Hd 23
g e N1ARSE okl treeTFZAMMY sub-
network& T4 &t o] sub-network& ofHej A}
454 e A2 4F A5 AT 7IAGFEL A
2310, o) (Y& vtEuN AR 4 4y H5E
of g ZATFY FoB olFold FHFER wR
S45 Al €. o] dnelF 94 GMDH %3
g|Zolu} SONNolA g o] EA A 722 2yol
Ao s Aol RPN th2n, RPNIe ThaA
Zt 8 Wigge) W NAgs Fo2 ¥HE UY

4.3. Projection Pursuit Regression

A (9} (13)3} ol XS E RPN EAA Y
ol projection pursuit regression”™” "z WHF #
42 A3z dud. A ez LEW, projection
pursuit regressione Ity HolHEEEE ojnd
A% AEE FHE Fe AARY ALY (projection)
g Fad, ]BL o848 doo A i rE
SAbee ol ofglA MY Al & ol &I BN
] WML “curse of dimensionality"""& &

ov, Fg g 4 (159 Zo] 8A E9 o
2 dhel 48 ¥ e vRAY oy 44 P f
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Rielr}, dutAo 2 g AAY Agolr] 1A d)o]
B smoothing® %38 Folz doel2Ry Ay 2F
g, g, wie B Ae LAte 2L Fold HE A
2E HAste #AES FHA ¥k Projection
pursuit regression2 ol 71€% PP WEHoZ
Hgdtal g, a, wE FIA HAl, olE YukHer
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RPN# projection pursuit regression< Ed9]
ZdlolA vh9 fAREEE 2] (15)€ W kernel gl
vl Bz ciaha g Abgstd 4 (99 22 Ao}
"Hob aAgh, Al glel " SHE Heje %A
tata g Algstam o e 4Z Azvd dEE 53
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regression® kernel g;& tol¥ smoothingg &3
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jection pursuit regression® MLP Aol x 23z
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V. #FE 229 4%

£ FelMe FA4 g4 ¢nAEE o/ 4% RPNS
oot 22 WAl EAe 8oz, AFNA &
g7} 43 ¥ RPN Hl4¥ &4 24 53§ 484
oz H3daa o olE A oSy e A 7R
471 24EAT.

A& AW B BAE2A RPN olg #HAH g &
zEgel 1 B9 4 (1) ¥dz H¥se dod9 o
W ogralg depvt 2 FE (representation) @
F AEVHE goliet. o dYE 5 FY 29 AAE
Aoz A3 €. F AR 49 E EAe ¢
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o8 QoMo YAE 229 Gabor §F7F AHEHA
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Agel AHEE ¥y gL ofg 9 ol K = (-
1.17%0 Heol® 57 48 Wao] s Huz o] 33
9l thgjolct,

f(x), X3, X3. X4, X5) = 2+3x1X,H4Xx3%,Xs (16)

g HdN AH B & T &8 BAC g5
ARG A -/ S el RPN 241 %8 g 2l
e e €7, o EAle 4 (16)3 L A
thde g e A+ES RPNe 22 g#y FxR
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o 2 (9)%h #o] RHE= RPNE At dojx|s=
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i wen (X1, X X Xg X5)=1.7642.77xx,

+0.53x,x313. 45X, X4 X5 (18

AeiM @& & glRel 444 G4 gndEd o
2% PSNS| 748 Fol viAlel @5el g E o 4
Se 2Ak bsa g e ¢ 4 G sReR ag 4
R EEEE e:—@—;—;— GepdE | o) S ghg A

o 4 SHE ug o},

o

¥

A
= 17

4 T T ) T T Lo T
3F O 4
2} o h

b B

0 WWJ@MW&%»

1 — [ " L L
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cocllicient index
(a)
4 T T T L T T
el
3 -
2 ~
1 4
an,
0 RS g S
) Qg VS t " 1 L
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(b)

O8 3 (a) 42719 PSNE o|&38lel 748 RPNE A ¥
doja Axg, (b) 3A7Ax e PSNE °]%3}¢1 TR
RPNE& A7 F doid A, °17M “coefficient
index’& RPNE& A ¥ A€ (a) 1267 & (b) 56
Aol Aol gt geje &8 1—}5}141‘: Agoln, 69
A, 8HA, S51UR ALzt 42 A, nx, xxuxs T
ASE Jepdict.

Fig. 3. (a) The coefficients obtained after expanding the
RPN of orders up to 4. (b) The coefficients
obtained after expanding the RPN of orders up
to 3. Here, “coefficient index’ simply indicates
each coefficient out of the total of (a) 128 or (b)
56 coefficients after expanding the RPN. The
6th. 8th, and 51st indices correspond to con-
stant, x1x;, X3x4X5; terms. respectively.
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MSE

n T

4 50 100 150 200 250
epochs

28 4. 434719 PSNE o/ 4 RPN9| &4 F4.
Fig. 4. The learning curve for the RPN of orders up to 4.
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Aol® 2249 Gabor 58 Ho £ Y deH=R
£ (-0.5,0.5)%40 E3t#Ae 16x16 gridg #Hazn
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E-1.D2 3o & o nugd JduU3E Figed,
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Z7)13 stk E=T e GnaFol AHgsE e
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2713 A

& 2710 43 PSNE kX2 Al#EC), 53 6
A PSNE& #zh 76914, 61394 epochel 37}l
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gt mixgte s 8x PSN7ZIAL ALg-8tdch ol
T BE Av 2434e ¥ 2 H2E doldHd g
zt 0.0003% 0.0004%Kch. 218 5 (b)& RPN 3¢
¥ 288 HdFw, o7|M fele vlaAd FL2 49
g HolHE 7pxlm gt wt RPNo| wlzle] H|
2E tolgd] tate v F durstE AUSS ¢
# gtk 23 6& 1,000 epoch7tA19] ¥ FAE U
e, o714 L2le FFAR Fegol o] FojHm, m
A} PSNE& dstqd el wtet (& Fo, 7694
61394 epoch) BT A 227t FH3 FES ¢
& gl

H2E A8 639 HPUE ol &3t 4yt o
o HPU W Z #E9 A4E RPN 2499 &AL
A dEE gtez 273 HUn LMS ¢n8Eg o8&
o HeHo AMHADG e 0.158H 1.07A
o o8 7}x #gEe dig A=Yt ZE A5
2lol 5000 epoch 7t 9] &g HF e LA}
g % HAE diolE R dl# 0.01 o4 & &
£ 23 o o3ty gezs £YPe] o E AAE LA

(b)

38 5 (a) AYdl A9 2349 Gabor ¥4, (b) & F
RPN 9.

Fig. 5. (a) 2D Gabor function to be approximated. (b)
Output of the RPN.
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"M“\//“ oS00 oede
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& F4. 43 PSN2.g Al2}Eo}, 5ab 63 PSNo| 77}
76814 6139A epochell F7hs At

Fig. 6. The learning curve up to 1,000 epochs for the
approximation of Gabor function using the RPN.
Starting with a 4th order PSN, the learning
algorithm added the 5th and 6th order PSNs at
the 76th and 613th epoch, respectively.
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sonar signal) 258 % ¥ 252t¢l B4 WE & gl
oz 3 7t AEvt £ 64F sl FYa a%
FRE FHes @t 53 WE F5& AT AAY
B L 2 FQPA o AT E Apole atel A Az &
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Gabor wavelet A" (167)). Axel "ol (171),
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ot (% 1005). 8k dmeiFol AL4E stelole] g, 1
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ok 6y w2502 o Al B 2570
o B FAEE AEAR. Y AEe exder g
O v b Foiae] sidel: wEe BR £
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Fig. 7. Classification accuracy for oceanic passive sonar
signals using the RPN.
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Table 2. Comparison of test set classification accuracy and computational complexity for oceanic pas-
sive sonar signals using the RPN, standard MLLP, OBD and cascade-correlation algorithm.

Az e 2y &4 epoch iR 28c T (x10°)
RPN (22} 50 84.1% 31.9
RPN (2ah) 100 84.8% 63.8
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