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ABSTRACT

In this paper, we investigated the relation between the ideals of BCK-algebras and fuzzy ideals. We defined the

weakly implicative ideals of BCK-algebras and obtained some properties. We proved some results for the fuzzy

weakly implicative ideals of bounded commutative BCK-algebras. We also investigated that the weakly implicative

ideals are similar to the fuzzy positive implicative ideals.

I.INTRODUCTION

In [11] Ougen extended the concept of fuzzy sets to
BCK-algebras in general. In [3] Hoo has seen some
general properties for fuzzy ideals of BCI and
MYV-algebras (or bounded commutative BCK-algebras).
We shall adopt the definition and teminology of (2]
and [3].

We review some fuzzy logic concepts. We shall
write a A b for man{a, b} and @V b for max{a, b}
for any two real numbers a, b and denote the closed
unit interval by [0, 11. A fuzzy subset of a BCI-algebra
X is a funtion u: X—10, 1].

Definition 1.1. Let (X, », 0) be a BCK-algebra. A
fuzzy set u in X is called a fuzzy ideal of X if it
satisfies the following conditions:

MDu = px) forallx X,
Qux)zpuxeDAu)forallx€X.
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Proposition 1.2. [3] Let X be a BCK-algebra and p a
Juzzy ideal in X. Then

) x < y implies p(x) = u(y),

Qux+) = ulx+2) Aulz+y),

B u(x + ¥) = u(0) implies p(x) = u(y),

@DuGr N ApG)=p) Ap),

(5)if X is bounded, then p(x) A u(1+x)=u(1) for all x
€X,

6)if x = v, then p(x)=pu(x+ ) Apu(y).

For a given fuzzy set u and £ €0, 1), let y,={x €
X|p(x) = t}. This could be an empty set. In fact, u is
a fuzzy ideal if and only if for each ¢ €[0, 1], g is
either empty or an ideal of X.

For a given fuzzy ideal of a BCK-algebra X, X, =
{xeXlu(x)=u(0)} is an ideal of X. And if I is an
ideal of a BCK-algebra X, then the characteristic
function of 1, X,— [0, 1], is a fuzzy ideal of X, and 7=
Xy. We can check these facts easily.

Definition 1.3. Let X be a commutative BCK-algebra
and p a fuzzy set in X. u is a fuzzy prime ideal of X if
it is non-constant and pu(x A ¥)=pu(x) A u(y) for all
x, yEX.
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Proposition 1.4. [3] If X is commutative then a non-con-
stant

Sfuzzy subset o of X is a fuzzy prime ideal of X if and
only if for each t €[0, 1], a; is either empty or a prime
ideal of X if it is proper.

Proposition 1.5. Let X be a BCK-algebra and u be a
Sfuzzy ideal of X.

Then we always have
plx+2)e2) > p(xe )2 ) Apu(y+2) foralizx, y, z€X.
Hence every ideal of X is weakly implicative.

Proof: By (2) Proposition 1.2, we have p((x*2)+2) >
plx*2)» ) Apu(y»2)=p(x+3)*2) A pu(y+2). Sup-
pose that I is an ideal of X and (x*y)*z EJand y=*z
€. Consider the fuzzy ideal X; of X. Then, I=Xy,
Thus X,((x* ) *2)=%,(0)=X,;(y*2). This means that
X, ((x*y)*2)=1=X(y+2). Hence X, ((x+2)+2)=>
(x*»)+2) AX;(y+2)=1. Therefore (x+2)*2E€Xy,=
I, proving that 7 is weakly implicative.

From above Proposition, for the weakly implicativity

of ideals of BCK-algebra, we can define followings.

Definition 1.6. Given a BCK-algebra (X, +, 0), a
nonempty subset I of X is said to be a weakly impli-
cative ideal of X if it satisfies the followings:

Moel,
Q) (xsy)szel and y+z€[ imply (x+2)sz €1, for
allx, y, z€X.

Definition 1.7. Lex X be a BCK-algebra. A fuzzy set u
in X is called a fuzzy weakly implicative ideal of X if it
satisfies the followings:

(D u(0) > p(x) for all x € X,
Qu(xs2)e2)2u(x+sy)*s2) Auysz)foralix, y, z
cX.
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Definition 1.8. Let X be a BCK-algebra. A fuzzy set p
in X is called a fuzzy positive implicative ideal of X if
it satisfies the following conditions:

(1) p(0) = p(x) for all x € X,
Quix*+2u(xe)*+ DA u(yez)forallz, y, z€X.

Proposition 1.9. Let X be a BCK-algebra. Then

()1 is a positive implicative ideal of X if and only if X,
is a fuzzy positive implicative ideal of X,

Q)if X is commutative, then I is a prime ideal of X if
and only if X, is a fuzzy prime ideal of X.

Proof : (1) Suppose that I is apositive implicative ideal
of X. Then 0 €1 So X;(0)=1. We claim that X,(x *2)
22Xy AX{(y*2). If (x+y)+2, y+z€I], then
x+2€] Then X(x*2)=%((x+y)*2)=%(y+2)=1.
Thus X;(x*2) = %, ((x* ) *2) AX(y+2). If (x+ y)+2)
&7 or (y*2)&1, %{((x+»)+2)=0 or X;(y+2)=0.
Then X, ((x*3)*2) AX,(y»2)=0. Thus we always
have, for x*z, X(x*2)2>X{(x*»)*2) AX(y+*2).
Hence X; is a positive implicative ideal of X. Con-
versely, suppose the X, is a positive implicative ideal
of X. Since X,;(0) > X,(x), for all x € X, X,(0)=1.S0 0
€L If (x+y)+z, ys2z€I, then X,((x*)*2)=X,(y+
2)=1. Then X;(x+2)=1. So x+z €. Therefore I is a
positive implicative ideal of X.

(2)Suppose that / is a prime ideal of X. We already
know that X; is a fuzzy ideal of X. Since [ is proper, X;
is non-constant. Let x, y€X. If x €I or y €1 then x
Ay€I and hence L {x Ay)=1=X,x) VX (). If x
&7 and y&Ithen x Ay & and hence X,(x A y)=0=
X (x) V X, (). Hence X; is a prime ideal of X. Con-
versely, let X; be a fuzzy prime ideal of X. Since /=Xy,

I is a prime ideal of X.

Theorem 1.10. A nonempty subset I of a BCK-algebra
X is a weakly implicative ideal of X if and only if X is
a fuzzy weakly implicative ideal of X.
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Proof: Since 7 is an ideal of X, 0 €I X,(0)=1. So X;
(0) > X;(x) for all x €X. It remains to show that X,
(x*2)*2) 24 (x* )+ )N X (Y 2). If (xey)sz, y+
2€1, then X, ((x+y)*+2)=X,(y*2)=1 and (x*2)*z is
also in . Thus X ((x*2)*+2) 2 X, ((x*3) +2) AX,(y+2).
Ifxsy)sz&Tor ysz&I then X;(x+ M+ ) A X {(y+2)
=0 < X,((x*2)+2). Hence X, is a fuzzy weakly impli-
cative ideal of X. Conversely, for all x €X, X,(x)=0
or 1. Since X;(0) > %,(x), X,(0)= 1. Thus 0 €I Suppose
that (x+y)*z y»z €I Then X, ((x+ y) s 2)=X,(y*2)=
L X (x*2)e 22X (x+ D)+ A X, (y*2)=1. %(x+2)
»2z)=1. Therefore ((x *2) » z) €I. Hence I is a weakly
implicative ideal of X.

II. FUZZY WEAKLY IMPLICATIVE IDEALS
OF BOUNDED COMMUTATIVE BCK-
ALGEBRAS

In this section, X will denote a bounded commuta-
tive BCK-algebra and p a general fuzzy ideal of X
which may have other properties as specified.

Definition 2.1. The set of nilpotent element of X is
NX)={xeX|x*"=0forsomen =1}

Proposition 2.2. [3] If u is a fuzzy positive implicative
ideal of X, then p(x® =u(x) forall x EX and n > 1.

Example 1. For a fuzzy weakly implicative ideal,
Proposition 2.2 fails. Let X={0, 1, 2} which binary
operatiori*is given by the table then (X, », 0) is a
bounded commutative BCK-algebra with unit 2.
Define a function u:X-—>[0, 1] by fora>b>¢, u(0)
=qa, u(1)=>b, u(2)=c. Then u is a fuzzy weakly
implicative ideal of X. p(1)=5 but u(1)=pu(l )=
11+ 1)=p0)=a # pu(l).
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Remark. For x, ¥ in a bounded comutative BCK-algebra
X, define x A y=ys(ysx)=x2(x+}), x =1 *»x(denoted
by N), y=1+3, 2V y=@+3)"=N(N,AN,).

Theorem 2.3. If u is a fuzzy weakly implicative ideal of
X and x+(xsy)=x+y for all x, y EX then u(x™=p
&), forallxeXandn=1.

Proof: This is true for #=1. In case of #=2, we have
p)=p1ex)=p((1+2)*+2) 2 p((1+3)+x) Apu(xex)
=u(x?). But x><x and hence pu(x?) = pu(x). This
means that u(x?)=pu(x). Suppose that # >3 and p(x"™"
=u(x) Then p(x* ) =p@* 2ex)=p(x" 2ex)+x) >
u((x* 22 x) +x) A p(x+x)=p(x"). But x* <"~ and
hence p(x") = u(x*~"). This proves that y(x") = pu(x*"")
=pu(x).

Corollary 2.4. Let I be a positive (weakly) implicative
ideal of X. If x* €I for some n =1 then x €1. Hence
NX)cL

Proof : For a positive (weakly) implicative ideal /, con-
sider the fuzzy positive (weakly) implicative ideal X; of
X. Note that Xy,={x €X|%0)=X,N=1I If x" €]
for some # =1 then X, (x")=1. Since 0 €I and by
Theorem 2.3, X;(x")=%,(x)=1. Hence x €1. i.e. N(X)
cl

Proposition 2.5. If u is a fuzzy positive implicative ideal
of X, then p(x V y)=plx + )= pn(x) A u(y) for all x,
yEX.

Proof:We have x, y<x V y< x+ 3. Hence u(x) Ap
)= px V) =plx+y). Now (x+p)sx=0+»x
=x+(@y)=x+(x+y)=xAy. Hence p((x +3)*+2)=p
(x Ay) = ulkx)V u(), since x A y < x, y. This means
that p(x+3) = p(x+3) ) Au@) =@V u@B)
Ap@2 @@V Ap@ =@ Ap@) V@)
Ap@)=p)=p)V @O Ap@)=p) A p().
Using (5) of Proposition 1.2, this Proposition is proved.
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Proposition 2.6. If u is a fuzzy positive implicative ideal
of X, then p(x)=p(xy) Apuxy) forall x, yEX.

Proof: p(x) =p(1+2) 2 p((1+(1* )+ ) A p(1+3)+x)
=pu(y%) A u(xy). But xy < x and ¥y < x and hence
@) A plxy) = u(x).

Example 2. Let X={0, 1, 2} in which the binary
operation*is given by the table then (X, *, 0) is
bounded commutative BCK-algebra with unit 2.
Define p: X—[0, 1] by u(@ =a u(1)=b u(2)=c with
a > b > c. Routine calculation gives that p is a fuzzy
weakly implicative ideal of X. If ¥=2, y=1 then u(2)
=c. But p(2- 1) AQ-1)=p(1) A u(1)=b. In fact, 2+ 1)
* 1 # 1. Hence above proposition may not be true for

a fuzzy weakly implicative ideal of X.

Theorem 2.7. If p is a fuzzy weakly implicative ideal of
Xand (xsy)sy=xsy for all x, yEX, then u(x)=pu
) A y(x;')for all xand yin X.

Proof:In general xy<zx, xy<zx. So u(xy) > u(x)
and p(xy) = pu(x). Hence p(xy) A pu(xy) = u(x). We
claim that p(x) > pGEN Apxy). p@=p(l+x)=pn
(@)D 2p@+Q e * ) Apl*y)+x)=p(yx)
A uxy) = plxy) A u(xy).

Corollary 2.8. Let I be a positive implicative ideal of X
and let x, YEX. Then x €1 if and only if xy €I and
xy €l

Example 3. Let X={0, 1, 2, 3} be given and the
binary operation * of X is defined by the table. Then
(X, *, 0) is a bounded commutative BCK-algebra with
unit 3. It is easy to show that a nonempty subset {0,

2} of X is a weakly implicative ideal of X.

92

Theorem 2.9. Let I be a weakly implicative ideal of X
and (x*y)»y=x*y for all x, y in X. Then x €1 if
and only if xy€land xy €L

Proof : Suppose that x € X. Since I is a weakly impli-
cative ideal of X, X; is also a fuzzy weakly implicative
ideal. By Theorem 2.7, X,(x) = X, (xy) A X;(x3). X,(x¥)
=X (xy)=1. Hence xy €l and xy €l Conversely,
suppose that xy €1 and xy €1, then X, (xy) =X, (xy) =
1. Since X, is a fuzzy weakly implicative ideal, X;(x) =
X;(xy) A X, (xy)=1. Therefore x €.

Corollary 2.10. Let I be an ideal of X which is both
weakly implicative and prime ideal of X, then for each
XEX, eitherxElorx <1,

Proof:(x» y) A (y*x)=0 imply (x*x)=0€ /. Since I
is a prime ideal, either x+x €7 or x+x €1. So either
x?€J or x? €1 or x* €1, By Corollary 2.4, x €T or ¥
€L

Corollary 2.11. Suppose that p is both fuzzy weakly
implicative and fuzzy prime ideal of X. Then the
Sollowings hold for all x, y € X,

WpeV)=pb)Ap@),
@uaAN=p@Vpu®),
B ) Au@)=p(1),
@Dp) Vv u@)=pu0).

Proof: (1)1t is clear by Proposition 2.5.

(D)Since x Ay<x, ¥, u(x Ay) 2 ux) V u(y). We
claim that u(x Ay) < u(x) V u(y). Note that pu(x(x
A =p(x+y) and similarly p(y*(x A )= p(ysx).
But (x*») A(y*x)=0. Hence (x*3) A(y*x)E€X,
which is prime by Proposition 1.4. Thus either x*y €
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X,ory*x€X,ie plxe(xAy)=0o0r u(y+(xA3)
=0. By (3) of Proposition 1.2, u(x) 2 u(x Ay) or u
MzuxAP. Sou®)VuB)=ukAy).

(3)1t follows by (5) of Proposition 1.2 Since X is
bounded, ;2 (x) A p(x)=p(x) A p(1 s )= p(1).

(4)Let I=X,. Since y is a fuzzy weakly implicative
and prime ideal of X, by Theorem 2.10, either x €7
or x €7 then p(x)=p(0) or u(x)=pu(0). Thus u(x) VvV
p (@)= p(0).

Corollary 2.12. If u is both fuzzy weakly implicative
and fuzzy prime ideal of X, then Imu={pu(0), u(1)}.

Proof: By above theorem, () A p(¥)=pn(1), p(x) vV
(@)= u(0). Then for all x €X, either u(x)=p(0) or
u(x)=pu(1). So Impu={u0), u(1}.
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