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A Game with N Players
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Abstract

In this paper we consider the gambler’s ruin problem with N players
and derive the formula for computing the expected ruin time when the
initial fortunes of all N players are the same. And we present an
example for the case of N = 5.
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1. INTRODUCTION

In the gambler’s ruin problem, we are mainly interested in the expected
ruin time and the probability of the gambler’s ultimate ruin. In a fair game of
two players A; and A, with initial fortunes a; and a3 units respectively, they
continue playing the game until one of them is ruined, and it is well known
that the expected ruin time is E(T(a1,a2)) = ajaz, where T(ay,as) is the
ruin time depending on the initial fortunes a; and a;. We are interested in a
generalization of this problem, from a game with two players to a game with
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N players. Consider a game with N players such that each A; has an initial
fortune a;,1 < j < N. In each round, N cards containing one special card
and (N — 1) common cards are distributed randomly to N players and the
player who obtains the special card collects one unit from each of the others.
We can see that, in each round, the probability that A; will collect N — 1
units from the others is + and the probability that A; will lose one unit is

N
N-1  They continue playing until at least one of the N players is ruined. In

N
a game with three players, Sandell(1989) showed that the expected ruin time
equals ((l—l% Chang(1995) considered the case that N = 4 and all four

players have the same initial fortunes and he derived the expected ruin time
of the game.

In this paper we consider a game with N players. Similar to the procedure
of Chang(1995), we drive the computing formula of the expected ruin time
of the special case that the initial fortunes of all players are the same, that
is, when a4y = ay = a3 = a4 = --- = ay = r for some positive integer . In
Section 2 we derive the explicit formula of the expected ruin time using the
martingale theory and the optional stopping theorem. Our main result is a
generalization of the result of Chang(1995). In Section 3 we present examples
when N =5 and r = 5,6, 7.

2. THE EXPECTED RUIN TIME IN A GAME WITH N
PLAYERS

For n > 0, let Z;(n) denote the fortune of player A;, after n rounds,
i=1,2,3,---,N, where the initial fortunes are Z;(0) = a;,1 < i < N, and
the total fortune isa = a;+a3+as+---+an. Let o, denote the o— algebra
generated by random variables {Z;(m),1 < i < N,0 < m < n}. Then we
have the following theorem.

Theorem 1. Let

U, = ZZ )Z;(n) + <];r)n

1<z<]

V., = Z Z;(n)Z;(n Zk(n)+{%<]§>a~2<];>}n. (2.1)

1<i<j<k
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Then {U,,0.,n > 0} and {V,,0,,n > 0} are martingales.

proof. Clearly E(|U,|) < 0o and E(|V,]) < 00. So, it is sufficient to show
that E(Uny1|on) = Un and E(Voiilo,) = Vi, Let

Xin+1)=2Zi(n+1)—Zi(n),1 <i <N. (2.2)
Then we can easily see that
1 N -1
for1 <i<N, P{X; =N-—-1} = — X; =—-1}= —|
or 1 <i < {Xu(n) }N{(n) y=—
1
N -2

P{X:(n+1) = -1, X;(n + 1) = -1} = ——,
and for1<i#j#k#i<N,

P{X(n+1)=-LX,(n+1) =1, Xe(n+1)=N—1} = l
P{Xin+1) = -1, X;(n4+1) = 1, Xp(n +1) = —1} = N——3.

From the above facts we can obtain the following expected values

E[Xi(n+1)]=0, 1<i <N,

EXn+1)X;(n+1)]=-1,1<i#j<N, (2.3)

EXin +D)X;(n+D)Xe(n+1)] =2, 1<i#j#kF#i< N,
Using (2.1) and noting that Z;(n) € o, and Z;(n) and X;(n + 1) are

independent for 1 < i # j < N, and that Z;(n)Z;(n) and X,(n +1), 1 <i#
j # k # i < N, are independent, we have

E(Uns1los) = 2 El(Xi(n+1)+ Z:(n))(X;(n + 1) + Z;(n))]|on]

1<i<j

+ () @+
N

= Y {EXin+1)X;(n+ D]+ Zi(n)Z;(n)} + ( 9 ) (n+1)

1<i<yj

_ —(I;)"i“ 5 zi(n)zj(n)+(1;’)(n+1)zv

1<i<j
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E(Vaiilon) = Z E[(Xi(n+ 1)+ Z;(n))(X;(n + 1) + Z;(n))
(Xe(n+1) + Ze(n))|ow] + {-]i’-’,— (g’) a2 (g’)} (n + 1)
= i E[(Xi(n+1)X;(n+ 1)Xe(n +1)

+ Xi(n+1)X;(n+ 1)Zk(n) + Xi(n + 1)Z;(n) Xi(n + 1)
Xi(n +1)Z;(n)Zc(n) + Zi(n)X;(n + 1) Xi(n + 1)
+ Z;(n)X;(n+1)Z,(n)+ Z;(n)Z;(n) X (n + 1)

4 Zi(n)Zj(n)Zk(n)]on]+{§—<J§>a—2(1§>}(n+1)

N
_ {—%(2)(1—%2(%’)}—|—1<§:<k2¢(n)2j(n)Zk(n)
w5 (3)e-2(5 )} e
= V,.

Therefore {U,,,0,,n > 0} and {V,,,0,,n > 0} are martingales.

Let T =inf{n : at least one of Z;(n) is zero, i = 1,2,3,---,N}. Then T
is a stopping time for both martingales {U,,0,,n > 0} and {V,,s,, n > 0}
since the event

{T:t}:{ N N [zj(n)>01}n{ U [Zj(t):()]}eat. (2.4)

1<j<N 0<n<t~1 L<GEN

To apply the optional stopping theorem in Grimmet and Stirzaker(1982) it
is essential to show that the sufficient conditions of that theorem are satisfied.

Theorem 2. For the above two martingales {U,}, {V,} and stopping time
T the followings hold.

(a) P(T < 00) = 1.

(6) E(JUr|) < 00 and E(|Vr]) < oo.

(¢) lim, o E(|U.||T > n)P(T > n) =0.

(@) lim,_, o E(|V,||T > n)P(T > n) = 0.
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Proof. Let D, = Z;(ak) — Z;(a(k — 1)) = X1(a(k — 1) + 1) + -+ - + X1 (ak)
for k =1,2,---. Then

{T > ai} C ﬂ{0<Z1(ak ) <a} C ﬂ (D) < a) (2.5)
k=1 k=1
Since (X,(i) =N —1,fori=a(k—1)+1,--,ak) C (Dy > a), we have
P(Dy<a)<1-P(Xi(a(k=1)+1) =---=Xi(ak) =N -1) =1- (1)
Noting the fact that Dy, Do, - -- are independent, it follows from (2.5) that

P(T > ai) < {1 _ (-;—)} (2.6)

From (2.6) we can see that (a) holds and T has finite moments of all
orders.

Since 0 < Ur = (];I)T and 0 < V; = {%(];r)a—Z(]g)}T, o)

clearly E(|Ur|) < 0o and E(|Vr|) < oo, that is, (b) holds.
It therefore only remains to be shown that (c) and (d) hold. If T > n
then 0 < Z;(n) < a,fori =1,2,---,N. From (2.1) and (2.6) it follows that

0<  E(U.||IT > n)P(T >n) < {(J;)a“r (];)n} {1 - (%,—)}—

0<  E(VAllT > n)P(T >n) ,1
< (D) {F (320N {-F)

Letting n — oo, we can obtain the result of (c) and (d).

Applying the optional stopping theorem in Grimmet and Stirzaker(1982),
we obtain the following expressions for the expected ruin time.

Theorem 3. N
E(T) — 1<i<j aia; — E1

(3)

Ey=E( ) Z:i(T)Z;(T)).

1<i<y

where
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N
1<icj<k 31050k — By
E(T) = ===

+(3)e2(3)

where

B =B( S 212, (T)2(T)).

1<i<j<k

proof. Now we easily see that

B (V) = li B(Ve) = K:L;kaiajak.
And _ _
B(Ur) = E(lij z(1)z,1) + (' ) B(),
E(Vr) = E(i 2.(T)2,(7)2,(T))

3 (N N
Hy (5)e-2(5))p
Applying the optional stopping theorem E(Ur) = E(U,) and E(Vr) =
E(Vy), we obtain the above expressions for the expected ruin time.

In order to compute the expected ruin time, it is necessary to find out
the value of E, or E;. Consider the special case that the initial fortunes of
all players are the same, that is, a; = r,4 = 1,2,---,N. Thena = Nr, and
(Z1(T), Z2o(T), -+, Zn(T)) = N(r1,72,--+,rn), Where ry +ro + -+ -+ 75y =1,
min {ry,ry,---,ry} = 0. For any positive integer r, let R(r) denote the set
of all distinct N-tuples R; = (ri,---r(n-1);,0), With riy + -+ ry_qy = 7,
ri 2> oo 2 rv-1); = 0, where 1 < ¢ < v and u = u(r) is the number of
elements in the set R(r). Let B(r) denote the set of all distinct N-tuples
B = (bik, bk, -+, byy) With by +bo + -+ + by = 7, bye > by > -0 >
by > 1,1 < k < v, and v = v(r) is the number of elements in the set

B(r). And let Sy denote the set of all permutations of {1,2,... ,N}. For
each R; = (ry;, - r(n-1)i,0) € R(r), let [R;] = [r1;,- -+, r(n_1)i, 0] denote the
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union over all permutations s € Sy of the events that after T rounds, the
fortune of player A,(;) will be Nr;;,1 < j < N, where ry; = 0.
By Theorem 3 we have the following expressions for E(T):

N
(3)7" -5

Corollary 4.

E(T) = )
()
where
By = N? g(lgk ryires) P (1),
(3) -
E(T) = ,
v(5)e-2(5)

where

u N-1

E; =N?3 Z( Z rjirriti) P ([Ri]).

i=1 1<j<k<!

To obtain E(T), we must calculate the value of E; or E;. For any N-tuple
Q = (q1,92, - -,qn) With g1 + g2 + -+ + qv = g and all ¢; > 0, let Q" denote
the event that in ¢ rounds, the player A; will win ¢; times, 1 < ¢ < N. Then,
we have

P(Q") = {q!/(q1lg2! - - -qn D}/N". 2.7)

If ¢; < O for some i, let Q* be the empty set. Let Q** denote the union
over all permutations s € Sy of the events that in q rounds, the player A,;
will win ¢; times, 1 < ¢ < N, that is, the event that the N players, arranged
in any particular order, will win ¢4, ¢, -+, gy times, respectively. Then, it
can be seen that

P(Q™) = {q!/(alg2! - - - aw DHN/ f (g1, 92, - -1 qw ) /N, (2.8)

where f(q1,92, - +,qn) = f(Q) = folfi!--- f,!, and f,, denotes the number
of m's in N-tuple Q. For 1 < 4,j < v, define the conditional probabilities

ai; = P((B; + (1,+--,1))""|B;*). And let w = (wy,--w,),d = (dq,---,dy),
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where w, = P(B;") and d; = P(((r1,-+,7nv-1,0) + (1,---,1))*"|B}*), for
1 £ k < v. Then with the similar arguments in Chang(1995) we have the
following theorem.

Theorem 5.

P([’r‘l,-.-’er_l,O]) = P((rl"“’rN—lyO)“)‘i"UJdt‘f‘wAdt—{—wAzdt—}—...
= P((r1,,rn-1,0)") +w(l, + A+ A%+ .. .)d"
= P((rl’”'7rN-—1’0)")—}—w([u——A)_ldt, (29)

where d* denote the transpose of the vector d and

de = P(((rlv"'7rN—1aO) + (17 '71))”|B;*) (210)
— Z P((Ts(l) + 1-—- b1k7"')ra(N) + 1 - ka)*)/f(rly"',rN—laO)a
3€ESy
am = P((Bo+ (L, 1)) |B]) (2.11)
= 2 P(bsy, + 1= by, by, +1=60)")/ f (b1, by,
SESN

Thus we obtain the value of P([R;]),1 < i < u, and E(T). And if we use
Corollary 4 and take N = 4, we can get the results of Chang(1995).

3. EXAMPLES

Using the results in Section 2, consider the computation of the expected
ruin time when N = 5 and r = 5,6,7. In this case, Corollary 4 can be
represented as follows.

Corollary 4 .
(107‘2 - El)

BT ="—=5

(3.1)

where

E, = i52( Z rjirki)P([Ri])'

1<j<k
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(1073 — E»)

B(T) = (30r — 20) '

(3.2)

where )

— 253( Z ’I‘j."’f‘kiT“)P([Ri]).
i=1 1<j<k<l
To obtain E(T), it is necessary to find the value of P[R;]'s. If r = 5, R}s
are (5.0,0,0,0), (4.1,0.00), (3.20,00), (3,1,1,0.0),(2,2.1,0,0), (2,1,1,1,0). And
P[5,0,0,00] = g, P[4,1,0,0,0} = 20 p[3, 35(17(;00] o PI3.1,1,00] = 3,
P[2,2,1,0,0] =10 p[2,1,1,1,0) = 28 p, — 284760 jp,— 1253760,
So it follows from (3.1) or (3 2) that E(T) = 31212 = 5.19967.
If r = 6, P[6,0,0,0,0] = 5%, [51000] 4 P[4,2,0,0,0] = 52

2765 2765’
P[4,1,1,0,0] = 22 P([3,3,0,0,0] = 522, P[3,2,1,0,0] = 72%, P[3,1,1,1,0] =
450 p[2,2,2,0,0] =

2765° 765°
27652 7rese P[2,2,1,1,0] = s7es> B1 = “oag and By = ¥R
So from (3.1) r(3.2),E(T): %(10 6° — 21200) = 6.651
And if » = 7, then P[7,0,0,0,0] = 0.00032, P[6,1,0,0,0] = 0.002392,
P[5,2,0,0,0] = 0.00887, P[5,1,1,0,0] = 0.021028, P[4,3,0,0,0] = 0.01216,
P[4,2,1,0,0] = 0.10494, P[4,1,1,1,0] = 0.0736, P[3,3,1,0,0] = 0.06966,
P(3,2,2,0,0] = 0.10414, P[3,2,1,1,0] = 0.40186, P[2,2,2,1,0] = 0.20676.
So it follows from (3.1) or (3.2) that E(T") = 8.3057.
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