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Nonlinear Analysis Method by the Arc Length Method
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Abstract

The performance for the algorithm of the arc length method has been examined in terms of the
choice of the tangential stiffness matrix through the analysis for the snap buckling phenomenon of the
arch beam. The curved beam element with 2 nodes including shear effect has been formed by strain el-
ement technique and then it has been used in this nonlinear analysis. Snap-through characteristics has
been examined with respect to the ratios of the arch beam length to hight.

Keywords : nonlinear analysis, Arc length method, arch beam, snap buckling, strain elements tech-

nique
1M B T Atk HAT R AN fRasye] wg
& A FHNAM e A7 g AAst =
2 e} gloj A s HE U=s Y Aol ANt g v AE v 7)sketa mdE ol g
g dlZale A2 Ay 6Lr4§l°ﬂ el Fagh Aste azke] vl g Mol A= 0}315 & A 5
Ao o] MY 1z Mg Bl ey ofok & A 7F wol wol A}, 1 F A4y 2 w9
* *éil%l cob b el g, IAMAIE A V) Aok, o0 *”oﬂ et 283 109610 129 31U 7HA) & &30
SR HUFEAIR 19979 69 E o) 2 AWE AR S5},
ok ﬂL/l 2 9), AHE A gl M)

HAAZEZS HoM Mias(19%6.9) 107



Arc Length Methodoll &% 8148 £ 2] 3

1) Substitution method

2) Newton-Raphson method

3) Incremental load-displacement method

o] Foll A 1) ¥ 2)9] MEA AHES FH A
el x v X g el delol upet ko] of X7}
E 27)ge] AR5 e FAol oEstE vl A
Ql HEo] dojr] durx o2 3)9 sl
FAlo 2FsE WEAHel 7128 8k T
FH vl g sl A 7 et e
A3 olo] Wlet B A7} o] FolH MY
el 71z } T EM gk Aol H
o] #E& whi= Ao 2 = Crisfield®] “Arc length

P F . elsle Riks” o} =7

(limit point)&
avio] gt

B ol
€ o o ;3 ox
O oWy XN K LS

Am HE
e
o

3
(¢}
ot
&
o
a
3
O
ey r\

- —_ 1- ©
Aol AA WA & 23E& Friste] Hu
oA &) ®HIAS A okgt A o]}, 71&e] A
7} “Arc length method” el 8 A& FFA17]7]

d
]3}01 Fyuo] AAWY 1RAonE uE g
A 734 34 (tangential stiffness matrix) 2l A
“o‘x°ﬂ ek BA R A AE Atk
B Ape = Hadg a7 (strain element
technique)ell ola) 4% 2w axVg A&
ala] opx| KW o] AW FF(snap buckling) A&
Akl vy A FoR “Arc length
method” & AF&3}e] 7]8}8HA vl A& 3t sf A
S ety HA A ddel deo) wiE &
ne]E9 578 SA4L nAson ofxHe] A
ol¢} T ol vld W& A2y FE EAS AR
ple=3

_@r

2. Arc length methoddi| CHSF 2t 2|E +4

a2 1049 go] m* 1F SE dAlA o
A A o] FEata

108 FATZESS MR M3E(1996. 9)

K, ody = 641 q (1)

geu ge p& 2o 1 aF 2 vl
A g Fh
AdT Ad; + b 4% qTq = Al (2)

18 1M 9} 7o) i=1 U e

Adi = 5d1 (3)
o] ¥l i=2, 3, Y=
Ad; = Adi-, + &d; (1)

o) Upul 2] vk 3o

1=
PR 5di°ﬂ uﬂaz} g gy e

édi = od, + 84 6de  (i=2, 3,--) (5)
o] fth

o 714

6dr = [1{1‘1]7l (Al—lq - Pl*l) (6)

éde = [Ki-)] 'a (7)

84 6d. = [Kis1] 1 ddi g

lood

Do displocement

2! 1 Procedure of the Arc-fength method for the one
d.o.f. system



4 (2), (49 (5)8 =&t

ap AL+ a; 64 + a3 =0 (8)

a; = 8d." 6de
a; = 2(Adi-1+4d,)" 8de
a3 = (Ad;—1+6d,)T(Adi-1+68d,) — AlP+D 4%q"q

o} zro] "k (8)49] 8 Hstd bE e ¥
392 A7tE & Atk

1) b=022 3 A%

(2)2& AdTAdi=Al’s} o] ¥ 11 a, a, az= o
&3} o] "t

a; = 8de" 8de
a, = 2(Adi+6d,)T &d.
a3 = (Adi-1+od,) T (Ad;-;+4d,) — Al

Adi-1"Adi-1+4i-'q"q=Ad Ad+ 4% q="- = Al
A= dio| + 04

a = &d." dde + q'q

a, = 2(Adi-;+6d,) " ode + 24-1d"q

a3 = 2Ad;-,"éd,+dd,"od,

How

gth methodell A= o] Z-¢& A&t ek (8)
4g Fol s4(i=1, 2 3,-)& TR (4), (5))
AA od, AdE F3ha

Di = Dl‘l + (Sdl (9)

o8 - HFZ

i = Ai-1 T 84 (10)
A AA ML) 3lF FE AFE & & Uk
B dugZoA Agste FE 7| E(termin-
ation criterion)-&

~i _Px
| IAq‘ [ (11)
[Taall

oli YA o Z go] 1072—107%NA (m+1)" 3}
Z 9A=Z do} 7tk

zy stF T8 AL Al-A st Ale] A4
1 Al A wEEC] ME 40 AR ol g}

Zo uygog o}
2.1 7} &5 S8 SAdA s4 3 5ol Ale] E
|

1) m=1¢] Hz 35 T& @A

A2 = data

e =Kol g

Ad, = &d, = 64, 8d.

AdTAd, = A?

Al = /Ad;"Ad, (12)

2) m=2, 3,2 YA a5 2 @
sheh el (13), (14)43 o] Al#} od, S A4
o.

Alm - Almfl Id /Imfl (13)

Sir = (Al /|18de] )
= a(Aln /v (8de)T(5d)) (14)
a = sign{qT(dde)) = sign((6d.)T[Ky](6de))

MATTZS Mo Mias(e. 9 109



Arc Length Methodoll 21&F vl 1 & 42} i

2.2 7} iteration(i=2, 3,---)ol A §;,9 AF
B)Hs #9W 4 =7 A ¥ (constraining
sphere)o] v A% )3 (equilibrium path) 3} 5
Foll A mAtsln 2 Fhe] o] vEhvin ¥ E Y
g 'ﬂ} (doubling back) & W=A)sl7] #1ste] ¥ ¢l
°ﬂ Ne v 2 S AFgsip?
) 7ol i Foll Al el HE Adig, Ady Aol

2] Z}o] of Zto] ook}l
cos & = 1+ (by+84 by) /AP (15)

(15) M o] ko] 5= o4 5 Aelgu) of 7)1 A,

b1 = Adl—]T(Sdr
by = Adi—7éd.
2) (15)2) 9] cos a7} F-if ®5-7} ofold
2 *‘*‘é of 7} 1:A}3k vk 05%’.{113.} k
o= —(ay /az)

HEE 24 7ol o]ste] 17 29} (2 a1 M
Boaxe] wsl e Ay fubs westel of
g o} o] FHE 2 Qup

lqh = [@]iC} (17)

0 —R% R 1 -—sing cosé
(@] = \L R R® 0 0 cos¢ sing| (18)
0-1/R 0 0

110 mM7PZTS M9 MI3Z(1996. 9)

o] a1 {C}'=[C), Cy Cy, Cy Cs Col2M vl =] A5

HNE7) 5 o] g9 ke 19 29 MR Q4
A 24" 6o AR AR 2 A 5
U,

W Wp
w (G =k

R

% 2 Curved Beam Element

3.1 4% 2 )sketael v R4 2 9

4 ONG A el el w e A
&}l o] o] 8-slo] WA ] & sk Fo) o
Aol W g oluix] A (22)9] tig)sle] Qe
A8 WS e A vk i a4 iy
B 9] o2l e

le} = {11 + oy (19)

=leywr] (20)

ent = (e, 00] = [(1/2)(dw /dx)? 0 0] (21)

Shqrel WM ske] v ME S Fohstel AN u)

SRl W oA bRt (o] SEH S 4

;lrh
U, = H] el T(D] 1) dx (22)
'EA 0 0
D] —‘ EIl 0 | (23)
L 0 0 BGA

o 7|4 EA, EI, GAy= 914,

E 4

(22)9] A 13 Wie vkt o] HAT 4 9
.

zkzy EA|ghch EE g A



5U, = {CYT[K ]8iC} (24)

[K]=I[K".] 4+ [K*] (25)

(K] = [“[BLJT[DL]LBLMX (27)
xl

(K] = [XT[BN]T[DN’][BNMX (28)

(D] = ID] (28)

714 [Dy'l= AR E oA el 12 el A

et Mt el g g4

|Dx]=EA " e = dw/dx
c(1/2)en” &
(29)
S Aoz A rAQlated (30)3 o] HFEI A
olth.
0 (1/2)e
[Dy]=EA (30)

(1/2)%’ 8n+(1/2)84)
(BL], [By]2 21(19)9] Wig s HHE

fet = [BL]{Cr (31)
leg et = [ByJIC (32)

2 4 W Aol Wel G5 A [0]e] vl
i g dol s theu o,

1 000 00
[BLJ=10 1 0 0 0 0 (33)
001000
(By] — 1000 0 . 0
L0000(—1/R)sing (1/R)cosg
(34)

2 (79 Py A Wy (Cle 24 33 &%

ol gl - AFZ

£ o5 Aol s A WY F42H
(Cls 8+ Atk

{Ch = [AlHAY, [A] = [@];, (35)

(A = [uy, wy, 0, up, Wy, 0,172 B W9 W
olt},

(35) 2% (24) 2o Ut 242 24 gde
o5 7 o] ozt

(K] = [K.] + [Ky] (36)
(K] = [ATT[KLIA™Y] (37)
[Ky] = [A" Ky I[A™Y] (38)

WAL Arc length met-

hod"E A 3ie] & oAt of el AL

S8 24 4Ee 2200 A 2x} 5

st A4S 5 A 1 Aae 4(29)9 Ezﬂ_L

[Dylol thg-7} o] thg o2 Wgs o] do] A},
) 0 gn’

[Dy] = EA{ / } (39)
e 3ente

2} (24)-(27) 2 (37), (38) 2190 (28), (39)4&
Vebw A 24 9, (K12 2 4 A5

oM PAGE AM P YA

L

[K+J(6A} = (6F} (40)
sh gol EaAF ) vlh F¥ ool Be W9 4
Wel FEWE FEL Aol VR Y Aol
g,

4 5% A W UE

4.1 84 g
ofx B o] 2y Hz EAHY HA A PEo

1m

2
rx
-U
OH
Jo
>
©
KL
>
w
ot
©



Arc Length Methodell &1 v & 29 a3

Aol W& Arc length method? +% BA4&
HES7] 918 Al mde g 37 g2 ZHolrt
&S o} x| (shallow arch) & A"t BAX &
19 30 bl e AL ST AW 53 AS
= =085 3294 W y=032% &1 WHS
R=250, 400, 800cmz W3t A]#H Zlo]r} &L o}
ol Ale] zolol whe i /1% BES ] gul
sl o} v sk o,
A=1.0 cm’
£=10" N/E:m’
=10 cm
L=100 cm
i‘\“\\ﬁ’f L
AN
2 3 Shallow arch
2 olx| K 8] Y] FH o EA
19 4, 5, 62 R=250, 400, 800%] 25 &) 4]
sl 2 Frlel we duslele) FE 4L

5.00

NORMALLIZED LOAD(PL¥/EI)

0.00 :

0.00 0.50 1.00 1.50 200 250
NORMALIZED DEFLECTION(-W/C)

12 4 Load-Deflection curves for R/L=2.5

112 ®MTZES A9 M3IS(199. 9)

HESIAW 84 282 F AR 5719, 15, 27
Wt HES Q2582 4 3}
# 4,5 6ollxet 2ol AF AN E 24 2T
T7F Aot Aot & AA A
dol vh= FgedlME 84 F9o Frld wa2e
dAdsiole] #8 4o MystA vdehtt A&
44 aix:} R=2502 §=11.53"2 Z°|(C)7}
g Z AR a9 4ol M} go] &y 2 A
dol i, R=8002 0=3.58"2M4

7
o1(C)7H 7m e Qo 19 6olAe} pol

[oe]
i
hu
#Hr:

OoZirlrJ
\lmb‘

Eﬁ\imlo

EA

10.00

NORMALLIZED LOAD(PLYEI)

0.00 0.50 1.00 1.50 2.00 2.50
NORMALIZED DEFLECTION(-W/C)

% 5 Load-Deflection curves for R/L=4

2.00
E .
N\ wim . 2 Bements

150 — 4 Bemerts ;
e“/ ----- aBamns. R
2 ] T
O 1.00 — ,‘”."5
m "‘r
N < g
g 7 P
S 050
x e
c
z. —

00 A ————

000 050 100 150 200 250 300
NORMALIZED DEFLECTION(-W/C)

2 6 Load-Deflection curves for R/L=8



2 FZo] doj UA &S & AUk 28 7
& S wste] we #AF A%E Hl Ao
R=250cm?] 2d& 8/ a4z ¥dsto L./H

=5, 20, 60, 10022 WA AH AL AAE =A
§ o 29 A3 AFe 43 BololAE of

A w el 7lole}l FA 9] wlo o]&EE Holw 9}
o}, o714 L& otz B o] Ho)E et

60.00
— = LaIH=J1w
@ 40.00 — LaH=60
2 |
[aly
2 2000 2
% = LaM=5
o 0.00 -
[6a)
S -
:_j -20.00 —
2 -
& 4000
Z —

0 e

0.00 1.00 2.00 3.00 400

NORMALIZED DEFLECTION(-W/C)

3 7 Load-Deflection curves for variations of La/H of
R/L=2.5

4.3 ;ﬁ)\i 7+ A3 z%]e:lo“ e £y E

Arc length method®l HM 74
°ﬂ ‘ﬂrf— el 8 BEAE 21Fs7)
%}0}%1 . A= 7} st
011*1 }l 24 2d A¥Es 1 st
i o] A Hate] A Este 3o 2 Ap
A olE fé7l Y 2 dEw (m1tlal stiffness
method)olgt st} FH A2 o v dAvjg
B 724 BE & Addete & ek HHoR
ol HAl 744 3 ¥ ¥ (tangential stiffness met-
hod)elgtgtr}, o] Frpa] Wb o2 ¢ 39] o]
Holl 4 R=250, 400, 8009 =4d-& 8719 842
st Ao dA E7A HAAY AXE
Zed w2 st S 9Ae o F vy 3
& ¥aste] 3 1o Blaste] Ve AT

164 & F AR A 3HF F7 GA =

o] Mel
o Fh
Z% W
1=k

1 o3

do o %
i

[0
S5

A

fu oy ol

olthE - HEZ

H 1 Comparison of iteration numbers

Initial Stiffness | Tangential stiffness
R Numbers
method method
250 step 85 32
iteration 237 73
400 step 177 38
iteration 518 9%
500 step 119 24
iteration 347 57
7l AN AR BEE 1 8E B8 GAelA v
el ARghs AL AU Ay B Aol
O ogg B ole £¥ SR ) uke sgol
N AN LS oAl AdeE ARy e o g
oWy B5E Waw 42 Y 4+ A F, 27
A A4 BEuel F 83 38 wA 44 2
4 el & e 84w gong Hojx
o] Mg o4 W AEAZL A HE X 4 3
o}.
5 4 =
HEE ad 7Iyd sl A" Ad a9
A AR 9A4F ol &8ty ofxr o] Ay
= {45 dAstdch vidd s daElEes

Arc length method& AFgstdom MM 74

Aol Hwon HeE duelze) £y B4 AR
shanh. ¥ elyel ABE e o] aoke 4
21e,

1) Arc length method oA B4 744 sigw
of 27 A A FEE T =48 Aol
= 27 H3A A dEUAMY F 5
o H A AEoA Y gk 349
& ol uhg whEh

2) ok R AR AES
oj¢} Folo o oEFSE & 5 Ui, R/L=
2.59] o= Zolot xole] nj7p 20 B} &
W =y 2ol A S TH

MARTES Hod Masnewe 9 113



Arc Length Methodell 23§t v 8 A< &y
718 MY

b : BA A4 (scaling parameter)

d 7t &% FE dANA W (displace-
ments in each step)

D &% @A e A M (displacements
in global step)

Ig :ubEAeE wkE 34 (desired number of
iteration(3-5))

In- s m-1HA F5 GAA BE = of
7h2] 2] HbE 3|4

K : 7A 84 (stiffness matrix)

AL : &Zo](arc length)

q : Z1 8% (Reference load)

Pi i A 3F S8 dAdA Y] 2A) 2 g
(Resisting member Force)

§ ul HEEA] T34 F=H ALR(infinitesi-
mal increment operator in each iter-
ation)

A 7R SR Gl A HE e A A4
ZH(final value operator in each iteration)

A 8HE F 8 A4 (load multiplier)

2 o 2 9
1. Dhatt, G., Touzot, G., and Cantin, G., The Fi-
nite Element Method Displayed, John Wiley
& Sons, 1984, pp. 179-180, 291-305
2. O. C. Zienkiewicz, “Incremental Displacement
in Non-linear Analysis”, Int. J. Numer.Meth.
Engng. 3, 1971, pp. 587-588
3. A C. and A. B. Saber, Algorithm for Large
Deflection Geometrically Non-linear Plane and
114  mARZEDS oA KI35(1996. 9)

10.

11.

. J. L. Batoz and G. S. Dhatt,

. E. Riks,

Curved Structures, In Mathematics of Finite
Elements and Applications, Academic Press,
New York, 1973, pp. 483-494

“Incremental Dis-
placement Algorithms for Non-linear Problem-
s”, Int, J. Numer. Meth. Engng., 14, 1979, pp.
1262-1267

. Saberm A, B. and Lock, A. C., “Large Deflec-

tion, Geometrically Non-linear Finite Element
Analysis of Circular Arches”, Int. J. Mech.
Sci., Vol. 15, 1973, pp. 37-47

“An Incremental Approach to the Sol-
ution of Snapping and Buckling Problems”,
Int. J. Solids Structures, 15, 1979, pp. 524-551

. M. A. Crisfield, “A Fast Incremental /Iterat-

ive Solution Procedure that Handles ‘Snap-
Through’”, Struct., 13, 1981, pp.
55-62

Comput.

. M. A. Crisfield, “An-Arc-Length Method In-

cluding Line Searcheres and Acclerations”,

Int. J. Numer. Meth. Engng., 19, 1983, pp.
1269-1289
. K. Scheizerhof and E.Ramm, “Combining

Quasi-Newton and Arc-Length Methods for
the Analysis of Nonlinear Problems in the
Post Limit Range”, Proc. First Word Con-
gress on Computational Mechanics, Austin,
Tx, 1986
C. C. Chang, “Periodically Restarted Quasi-
Newton Updates in Constant Arc-length Met-
hod”, Comput. St., 1991, pp. 963-975
HE G, AW BNE Rl e T
AdE gk, ErAsts] =24 A 157 33,
1991, pp. 751-756

(H =X} 1996. 3. 19)



