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TM and TE Modes in Multiple-Ridged Circular
Waveguides
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Abstract

The multiple-ridged circular waveguides is analyzed using Fourier series and the mode matching
technique. The enforcement of the boundary conditions yields the simultaneous equations for the field
coefficient inside the waveguides. The simultaneous equations are solved to represent a dispersion re-
lation in an analytic series form. The numerical computation is performed to illustrate the behavior of
the cutoff wavenumbers in terms of number, length and angle of ridges. The presented series solution
is exact and rapidly-convergent so that it is efficient for numerical computation. A simple dispersion
relation based on the dominant mode analysis is obtained and is shown to be very accurate for most
practical applications,
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waveguides.

t}E Ridge 9% =939 TM# TE 25 14

A 1(a<p<b, <9 <B)oliA e AAS} A=
slef o} e},

EX(p, 4 )= Gy E, (kp)sin (¢ —a)Uy (3

H!(p, $ )=F D, G, (kp)cos (8 ~a)l; ()

A9 2(a<p<b, a< <F)oNAe] AAk A
ofelish 2.

EX(p, $ )=L G, (kp)sin el9 —a)U: (5)
po=

H2(p, ¢ )= Dy, G, (kp)cos w(# —a)U, (6)

420

g N(a<p<b, ay<gp <By)ollxe] AL 24
& ofe)st ek,

EX(p, 8 )= Gy, Bylkp)sin (9 —a)Un (1)
PN

H (p. $ )=L D,,G.,(kp)cos »,($ ~an)Ux (8)
IN=—

7],
Flkp)=1(kp) = L(kb)Y {kp) /Y .(kb) ~ (9)

G.(kp)=Jkp)=J (kb)Y ,(kp) /Y (kb) (10)

p=pn/(Bi—a), i=123, N
Vf:qin/(ﬂi“‘ai), i=0,1,2,, N

U‘:{l , o< <g i=1,23 -, N
! 0, otherwise

olw J, 7 v, & 77t 14, 23 WA grolnt. 9]

441



BEERKBREE BT 5 % 199%F 127

2-1.TM 2= sliM

WA, E.#00]3 H=0 ¢ TM ¢l 2
s gic}, oA 7gk zhzte) meE
& p=aolAe] HHAE AA} =A<
ol &gttt p=qgollrle] HAXE AA A
&l o}z o} Ao] e},

o e
787 9
SRR
4ol o

A
=

E!(a, $)=E!(a, $)U,+EX(a, $)U;++

EY¥(a, $)Uy ' (13)
91 Aol 2+ RS el ol s} Folo] o)
zitt,

e N
Y A (ka)em =Y Y. CpF, sin wi(® —a)U; (14)

n=-—L i=1 pi=1

223 p=adld el AARE A Asgel o
) obeh o] o] apzc,

Hy (a, $)=H (a, $)U,+H} (a, $)U,+-+
H)Y (a, $)Uy (15)

b2 N =
Y Adika)e =Y Y G, F, sin (@ —a)U; (16)

n=— L i=1 pi=1

oAl &k £ Ao H44] (14)
PR sia=

9t (16) 2 5-H

442

A9 (14) 0 A g2l 2w A (orthogonality)
& o] &3t MR 4 (—-0<k<wo)E olf} 2
o] vehd & <)

27zAka(ka)=:’v_ priF,,i(ka)f,ﬁ(w) (17)
=1 pi=1
3714
Sy-o={" e sin u($ = )t

otk - (16)ol] AR o] AuA S o] &3}

Cli=1, 2, =, )& o}eis} 2ol fepd + ek
G F (k)=—"— T AT (ka)fy  (18)
714

f,,.,,zj‘ﬂf e/ sin pi(P — ) dd

olth. 4(18)& (17)of tedsto] ul A5 4, ] &
52 7% & A

3 Unlka) b= J3(ka) il Ay = 0 19)

714 §1,2 Knronecker delta o]z

2 F.(ka)

g ,8, ; F/,,i(ka)

I\Mz

1
Ikn:°2— STt~

o]},
Eod Yo 2o Q) Aol gidae A

N BS-=9 AG7t e 7%15; o 28

g 7371 falAE (19« 23 2o 48 7

vl
| el
=
==



sk st

det[J,(ka)dun—J n{ka) Iin] = 0 (20)

9] Alo]A] dominant mode (n=0)°l & o}
# o} o) ks Aoz Vel 4 qlth
1Jo(ka) _Jro(ka)ﬁ)()' = () (21)

oA Fa (20) 2 RE thF ridge 9% E.ﬁ}%

o Auss Fen olw, 257t B@Te
A me SA4(EANA AA) B F 7114
;‘<]. wlo g 71§ H_g_ zsL 2= ol];},'

x©L

S B h(ka)e ™ =¥ ¥.C, G, cos u($ —a)U; (22)

n=—% i=1 ¢i=0

L

£ Bui(ka)e =L £C,6

n=—x

COS v,—(¢ —a,-)Uf (23)

9 4 (22)9 (23)0] 2zt AFFFS 2AR)

sHe] A4 (orthogonality) & ©]8-38t P A%

Bi(—oo<k< o)} in(izl, 2, -, N) 73t
N
B ilka)= Y. Y. D,G.(ka)g, -k (24)
i=1 gi=0
2e,
D,G. (ka)= Y. BuJu(ka)gun (25)
= =%

714 =09 W e,=05°1T ¢#0% W 10]t}.
agla

t}Z Ridge 9 59139 TM# TE 29-Z o 4

B .
gv,(—k>=j e cos v($ —ai)dd

g FW e/ cos vi(p —ai)dd

o] E}.

1

2] (25)8 A (24)0 skl vl A4 B, wrel

5% 78 %9

T (Uilka)Suu—n(ka) Ru B, = 0 (26)

&7 §ue Knronecker delta o] it

Zé’qi GJ,(ka)

8oinvil —k) (27)

otk Eubgt o] R thga e 4 UE
shoF gk,

det[J;(ka)ék,,—J,,(ka)Rk,,] =0 (28)

9] Ao} A dominant mode (n=1)°l tiairE oF
o} o] 7tetsl A o2 ekl 4 itk

|J1/(ka) _Jl(ka)Rll| = () (29)

AR, e AR e FEAAE (F Dol
AAsAT $elel sk #Fagd [3]elM FEM
2 o]&3to] 73 double ridge 98 T3 ate] et
24 (cutoff wavenumber) Z2Ha/b = 0.5¢! 4
oy ums] Btk A2 o Be=E 7HAAL
T 2E3 £9%S ¢ & Jdoh 2 ol
dominant mode®] AR o] A2 A&t s & A
Age 2 4 ot (238 2] & FA7 gl vs
ridge 98 =ot# (i=1~4)9 TM ¥ TE®] xhet

443



RETHKEERAE B TH B 5% 19%F 121

CE 1) °IF ridge 98 =319 90° FAE ze
ridge?] Zo|9] Wizl m& ey

(Table 1) Convergence behavior with changing
ridge length(a /b) for double-ridged cir-

cular waveguides with 90° ride angle
| matrix | 3x3 | 5x5 | 241 | FEM(3] [FEM[3)
size | 21(28) |4](28)| 21(29) |100 nodes| extra-
a/b polation
0.1 0.913 | 0.909 | 0.913
0.2 1.704 | 1.067 | 1.074
0.3 1.213 | 1.204 | 1.213
0.4 | 1.344 | 1.333 | 1.344 |
0.5 1.469 | 1.456 | 1.469 | 1.469 1.456
0.6 | 1.587 | 1.573 | 1.585
0.7 1.688 | 1.677 | 1.685
0.8 1.765 | 1.795 | 1.762
0.9 | 1816 1.814| 1.813
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(Fig. 2] Cutoff wavenumbers versus alb for the
multiple-ridged circular waveguides(TEy,
TE,, TMy, TMy) : In graph, for TM,.,
(N), N is number of ridge.
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(Fig. 3] Cutoff wavenumbers versus a/b for the
double-ridged circular waveguides and
for different ridge angle values.

Hol A double ridge 93 =atho] Ao
[5]e] Azlet vimaldz, AN TS 2 45 U} 1

o P

e}
r7h $7k8tal TE B9=9 A9 2t njdv)
FO=x o] Y-S 2 5 gtk (129 3]
double ridge 938 Tatol A ridges] F7 #3}
of mbe 2k who] Mate 43 ¥t} Ridgeol
A7} 574 o dominant moded) TE, ¢ 3}
T AL YA A9 2Eo) g #47) ARog
HgZo] F718E & < Ak 971A, ridged 9
& =3#<] dominant mode?! TE, &= ridge®] %
ARG dold o] & 4&S B3 U 5 g}
(2" 2)9F (29 394 ridge?) Zo]9 rd o]
w2t A iA T 29zt tjdZe] A sy
& & 5 Utk 93 g2 A W F noece
TE,~TE,°0|3 Q222 TE ~TM, 2. %

LN
R R L B EEEIEES

b
o,
ﬂllﬂ -{ﬂ



(712! 4] Double ridge 9% Euhzre} vjch ol W&
st
(Fig. 4) Cutoff wavenumbers versus alb for

asymmetric double-ridged circular wave-
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