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1. INTRODUCTION

Track formation is the process of associating
several detections over time and deciding that
these detections originated from the same tar-
get. The common approaches for track forma-
tion in a tracking system are an m out of n
(m/n) logic" and a two — stage cascaded logic
sup”. The m/n logic initiates a track when m
correlative detections occur in n consecutive

scans. The two - stage cascaded logic consists

of two stages. In the first stage, a 2/2 logic is
tested. If the 2/2 logic is satisfied, the second
stage starts and waits a new detection to initi-
ate the first stage otherwise. In the second
stage, an m/n logic is tested using a validation
gate determined by the Kalman filter based on
the assumed target and measurement models.
Bar - Schalom et a/*. presented a Markov -
chain - based performance evaluation tech-
nique for the two - stage cascaded logic(2/2 x

m/n) for track formation in a cluttered environ-
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ond stage when Pr and Pp vary. Fig. 5 through
Fig. 7 show that the limiting value of the cpmf
Prr for the case of using the nearest neighbor
rule in the second stage is smaller than that for
the case of using the track splitting method.
This is due to the fact that the nearest neigh-
bor rule is more susceptible to the false alarms

than the track splitting method.
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Fig. 4 Cumulative probability mass function of
true track formation for the 2/2x1/2 logic
using the track splitting method in the first
and the second stages when Pg, =10 %
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Fig. 5 Cumulative probability mass function of
true track formation for the 2/2x1/2 logic
using the track splitting method in the first
and the neighbor rule in the second stages
when Pra=0.

Table I shows the average true track forma-
tion time Tc of 2/2 X 1/2 cascaded logics using
the track splitting method both in the first and
the second stages. Table II shows the average
true track formation time Tc of 2/2x 1/2 cas-
caded logics using the track splitting method in
the first and the nearest neighbor rule in the

second stages. The results in Table 1 and 2
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Fig. 6 Cumulative probability mass function of
true track formation for the 2/2x1/2 logic
using the track splitting method in the first
and the neighbor rule in the second stages
when Pra=10 °.
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Fig. 7 Cumulative probability mass function of
true track formation for the 2/2x 1/2 logic
using the track splitting method in the first
and the neighbor rule in the second stages
when Pra=10 *
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stage cascaded logic is in the state i at time k.
The probability vector f(k)=[u(k), -, ug(k)l
propagates according to the following relation :

fk+1)=0"(k) (25)

where the initial value {(0) is assumed to be
{1, 0, ---, 0}. Then, for the 2/2x 1/2 cascaded
logic, the cumulative probability mass func-
tion(cpmf) Prr(k) of true track formation at

time & is
Prr(k)= (k) (26)
Another quantity of interest is the average

true track formation time Tc

kilk[PTT(k) ~ Prr (k- D}
S AP - Prr (k- 1)

(27

4. RESULTS AND DISCUSSION

Here, using the procedure described in Sec-
tion 3, we present the performances of 2/2 X 1/2
in terms of the cpmf Prr(k) and the average
true track formation time Tc.

For performance evaluation, we assume V(2)
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Fig. 2 Cumulative probability mass function of
true track formation for the 2/2x1/2 logic
using the track splitting method in the first
and the second stages when Py, =0.

=400(resolution cells) which follows from the
assumption of a maximum velocity of 10
cells/scan in x and y directions. Also we assume
that Rx and Ry which are respectively measure-
ment error covariances in x and y coordinates
are l(resolution cell). We assume that the pro-
cess noise is zero and the normalized gate size
v=9.21 guaranteeing Pc=0.99. The sampling
interval T used in determining the volume of a
gate is assumed to be 1(sec).

Fig. 2 through Fig. 4 show the cpmf Prr(k) of
true track formation for 2/2 X 1/2 cascaded log-
ics using the track splitting method both in the
first and the second stages with Pra and Pp
varying. The figures show that the cpmf Prr (k)
of true track formation increases more rapidly
with time as the detection probability Pp
increases. They also show that the limiting
value of the cpmf Prr(k) becomes below unity
when Pra is high. This phenomenon occurs
because a true track is unlikely to form at time
k larger than three in a dense environment.
Fig. 5 through Fig. 7 show the cpmf Prr(k) of
true track formation for 2/2 X 1/2 cascaded log-
ics using the track splitting method in the first
stage and the nearest neighbor rule in the sec-
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Fig. 8 Cumulative probability mass function of
true track formation for the 2/2x1/2 logic
using the track splitting method in the first
and the second stages when Pra=10 *.
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stage and the nearest neighbor rule in the sec-
ond stage, we define several quantities related
to the nearest neighbor rule. Let Pccip denote
the probability of a correct correlation, given
that a target detection occurs. Let PnE be the
probability of no correlation, given that a tar-
get is not detected. Let Pr be the probability
that an incorrect measurement is detected clos-
er to the predicted position than the correct
one, conditioned upon that the correct one is
within a validation gate. Then the probabilities
of the three events(CC, FC, and NC), which are
associated with the states 3, 4, 5, and 6 in the

second stage, can be expressed as

P[CCl=PpPccip (15)
P[FC]=PpPcPE+(1-PpPcX1 Pne) (16)
P[NC1=(1 - PpPc)PnE (17)

These probabilities depend on the detection
sequence indicator &(k).

The innovation ¥ (k) of the Kalman filter at
time & is assumed to have an M - dimensional
Gaussian distribution fi3(k)) with a covariance
S(k), ie.,

SBY) = 1
P = sty

x exp{——Ql FB S’l(k)&(k)} (18)
where M denotes the dimension of a measure-
ment and the innovation y(k) is a M x 1 vector.

Defining z(k)=y(k2)'S (k) y(k), Z(k) has an M -

dimensional chi - square distribution. That is

E e Iexp{— 1 é(k>}
2M/’2 l'*(M / 2)

f(z(k)) = (19)
where I'( - ) denotes the gamma function.

Since the number of incorrect measurements
was assumed to have a Poisson distribution
with density Pra and the nearest neighbor rule

is used for data association, Pccin can be

expressed as®
Pcep= [ fZ(k)expl - PaV(R)NdZ(k) (20)

where G is a normalized gate size and V(&) is
the volume of an ellipsoidal gate of a normal-
ized gate size Z(k) at time k. In this paper, since
we consider a target moving in two — dimen-

sional space(M =2), Pccip becomes
, exp{-Lae)
Peewp = | —erm
x exp{—Pra C2|[|S(k|2(k)}dz(k)

) 1- exp{—(§1 +PraCy M)G}

1+2Ppa Ce \ﬂS(k)i

2D

According to the definition of Pyr and (12),

P~k for an ellipsoidal gate of a normalized size

(G becomes

Pug = expl-Pps C2|S(RYG) (22)
Since

Pcc.p=Pc(1 - PE) (23)

PE can be expressed in terms of Pcc:p and P as

follows

—1_Pcen
Pe=1 Pe

) 1- exp{—(% + PraCa \/ISW)UG}

P {1+ 2P 5 Co ISR}

(24)

Until now, we have illustrated the procedure
for modeling the operation of the 2/2 x 1/2 cascad-
ed logic by a Markov chain. In case of Pra =0,
the derived Markov - chain model is reduced to
that in the reference 2), which confirms the cor-
rectness of the technique presented in this paper.

Let w(%) be the probability that the two -
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transition probabilities must be defined. If we
ignore the effect of clutter, the state transition
probabilities can be expressed with only the
detection probability Pp and the gating proba-
bility Pe*. However, if we consider the effect of
clutter, the state transition probabilities are
dependent upon the size of a validation gate,
the false alarm probability Pra, a correlation
method in addition to P, and Py,

Let @ be the state transition matrix associat-
ed with the Markov chain. Let the (i, j) compo-
nent ¢i;j of ® be the state transition probability
from state i to state j. Determination of the
state transition matrix © depends on the data
association technique. We first consider the
case of employing the track splitting method®
in the first and the second stages.

There are two events(T'D and NTD) associat-
ed with the state 1. Since the probabilities of
the two events are related to only the detection
probability Pp

¢1,1:1”P0y ¢1,2:PD (8)

There are three events(CC, FC, and NC)
associated with the states 2, 3, 4, 5, and 6.
Since the number of incorrect measurements
was assumed to have a Poisson distribution
with density Pra and the track splitting method
is employed for data association, the probabili-
ties of the three events(CC, FC, and NC) can be

expressed as

PICC)=PnPq (9)
P{FC]=(1-PpPc)1 -expl — PraV(R))) (10)
PINCl=(1 - PpPclexp( - PraV(k) (11)

where V(£) denotes the volume of a validation
gate at time k. Since V(2) is usually taken to be
large enough to contain almost a target detec-
tion, P is almost equal to unity. The second
stage is assumed to use an ellipsoidal gate for

data association. In general, the volume V(&)

for an ellipsoidal gate of a normalized gate size
G at time k is related to the innovation covari-
ance S(k) of the Kalman filter as follows : ®

V(k) = Cy (|S(R) G¥2

where Cu is

(12)

nM/Z
Cv =T M2+ D

M2

m for an even M
=Y oMl A M-1r2
2 {(M(&ll/f)i! nt for an odd M.
(13)

The states 7 and 8 are terminating states.
Accordingly

(14)

The state transition probabilities without
explicit assignment of specific values are
assumed to be zero.

In case of using the track splitting method in
the first and the second stages, the number of
initiated tracks can be considerable in a heavi-
ly cluttered environment, which increases the
computational load required for multiple target
tracking. As a solution to this problem, we may
consider the case of using the tracking splitting
method in the first stage and the nearest
neighbor rule in the second stage. Since this
solution uses the nearest neighbor rule for data
association in the second stage, the number of
initiated tracks is small compared with the
case of using the track splitting method. How-
ever, this solution may eliminate potential true
tracks.

If the second stage employs the nearest nei-
ghbor rule for data association instead of the
track splitting method, the associated state
transition probabilities changes. To express the
state transition probabilities ¢:i; for the case of

using the track splitting method in the first
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where P(k |k - 1) is the prediction error covari-
ance and K(k) is the Kalman gain at time k.
The Kalman gain K(k) at time & is given by

Kk)=8k)P(k |k - DH'S(R)* (M

where the detection indicator 8(k) is 1 if there
is a detection in the validation gate at time %
and 0 otherwise. Therefore the innovation cov-
ariance S(k) used to determine the size of the
validation gate depends on the time sequence
of &%) as well as the target and the measure-

ment models.

3. TRACK FORMATION IN A CLUT-
TERED ENVIRONMENT

A Markov - chain technique has been used
for performance evaluation of logic ~ based tra-
ck formation approaches'®. In this paper, we
employ the Markov — chain technique as a tool
for performance evaluation of the two - stage
cascaded logic.

Here we illustrate the procedure for perfor-
mance evaluation of a general two — stage cas-
caded logic for true track formation in a clut-
tered environment by presenting the procedure
for evaluating the performance of a 2/2 x 1/2
cascaded logic which is a simple example of the
two — stage cascaded logic.

The operation of a 2/2 X 1/2 cascaded logic
can be represented by a Markov chain with 8
states as shown in Fig. 1 and its states are

defined as

(1) Initial state ; TD— 2, NTD — 1
(2)8(2)={1]; CC 3, FC -4, NC—1
(3)8(3)=[11]; CC~T7a, FC -»8a, NC—5
(4)8(4)=[11]; CC--8b, FC — 8c, NC —6
(5)8(5)=1110]); CC--»7b, FC-+8d, NC—1
(6158(6)={110}; CC-—8e, FC - 8f, NC-—1
(7a) 8(7a)=[11 1] ; terminate

(7h) 8(7b1=[110 1} ; terminate

—~Heon Lim

(8a) 8(8a)=[1 1 1] ; terminate
(8b) 3(85)=[111] ; terminate
(8¢} 8(8¢)=[111] ; terminate
(8d) 8(84)=[110 1] ; terminate
(8e) 8(8¢)=[110 1] ; terminate
(8 &(8H=[110 1] ; terminate

The two states 7a — b represent the status of
true track initiation and the six states 8a—f
the status of false track initiation. Each state is
characterized by the corresponding 8(k) which
is a sequence of the detection indicator 3(k)
from initial to time £. 1 and 1, which are possi-
ble values of 8(k), represent detection of a cor-
rect measurement and an incorrect one, respec-
tively. The notation event — number means that
if an event occurs, go to the number - th state.
TD denotes the event of a target detection and
NTD the event of no target detection. CC indi-
cates an event that a correct measurement is
selected, FC an event that an incorrect mea-
surement is selected, and NC an event that no
measurement occurs in a validation gate.

For the Markov chain to be complete, state

¢58d

Fig. 1 Markov chain model for the 2/2x1/2 cas-
caded logic
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ment. However, the technique did not consider
the effect of clutter in evaluating the perfor-
mance of the two — stage cascaded logic for true
track formation in clutter.

In this paper, we present a technique for
evaluating the performance of the two - stage
cascaded logic for true track formation in a
cluttered environment taking the effects of
clutter into account. Data association tech-
nique is necessary for track formation in a clut-
tered environment, since observations more
than one may be within the validation gate.
Two cases of employing the track splitting
method* and the nearest neighbor rule are con-
sidered in evaluating the performance of the
two ~- stage cascaded logic for true track forma-
tion in a cluttered environment.

Following this section, we describe the
assumed target and measurement models in
Section 2. In Section 3, we illustrate the pro-
posed procedure for evaluating the perfor-
mance of the two - stage cascaded logic for true
track formation in clutter. Finally, in Section 4,
we conclude with presenting the performances
of 2/2 x 1/2 as an example of performance eval-

uation.

2. TARGET AND MEASUREMENT
MODELS

In the two — stage cascaded logic, a validation
gate is determined in a different way according
to the associated stage. In the first stage, the
size of the validation gate is determined by the
maximum target maneuverability. In the sec-
ond stage, it is determined by the Kalman filter
based on a target and a measurement models.
Therefore it is necessary to assume the target
and the measurement models for performance
evaluation of the two - stage cascaded logic.

We assume that a target moves in the two -

dimensional space and the model for the two -
dimensional motion can be decomposed into
two independent and identical one ~ dimension-
al motions, i.e., motions in x and y coordinates.
For each coordinate, the motion of a target is

assumed to be modeled by
x(k+ D)=Fx(k)+Guw(k) (1)

where x(k) is a 2 X 1 state vector consisting of
position and velocity ; w(k) is a 1x 1 white Ga-
ussian noise vector with zero mean and covari-
ance @ ; F and

17 2
SRR
11 T

A correct measurement which is defined as

(2)

one from a target of interest is assumed to be

modeled by

2(k+1)=Hx(k+1)+u(k+1) (3)

where z(k) is a 1 X1 measurement vector at
time & ; v(k) is a 1x 1 white Gaussian vector

with zero mean and covariance R ; H is

H=[1 0] (4)

An incorrect measurement which is defined
as one from clutter is assumed to be uniformly
distributed, and the number of incorrect mea-
surements is assumed to have a Poisson distri-
bution with density Pra. Then the probability
Pr that there are n incorrect measurements

within a volume V per unit time is

(5)

For the state — space model (1) and (3), the
innovation covariance S(k+1) of the Kalman fil-

ter at time £+ 1 is

Stk+D=HFU - Ktk XH)P(k |k - DFTH"
+HQH +R
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Performance of Track Formation of a Two - stage Cascaded Logic in a Cluttered Environment

Table 1. Average true track formation time for 2/2
X 1/2 logic using the track splitting
method in the first and the second stages

T
, Py

PD ﬁ"’—“’—“"‘* T T T .
i 0 | 107 [ 10

1.0 | 3.0103 | 3.0101 3.0018

0.9 . 34962 | 34814 | 3.1340

0.8 ’ 42023 | 41586 | 3.2042

Table 2. Average true track formation time for 2/2
x 1/2 logic using the track splitting
method in the first stage and the nearest
neighbor rule in the second stage

A —
P o 107 10

L0, 30103 | 30101 | 30013

09 | 349%2 | 34810 | 3.1290

08 ' 42023 | 41580  3.2850

indicate that T'c gets smaller as Pp or Pra
becomes higher. As Pp becomes higher, Tc gets
smaller since a true track is expected to be
formed more earlier. Similarly, for high Pra, the
probability that a true track is formed beyond
three scans is very small, which explains the
result that Tc gets smaller as Pra becomes
higher.

5. CONCLUSIONS

The previous work® on performance evalua-
tion of the two - stage cascaded logic did not
take the effects of clutter into account. In this
paper, we presented a technique for evaluating
the performance of the two - stage cascaded

logic for true track formation in a cluttered

environment taking the effects of clutter into
account. Two cases of employing the track split-
ting method and the nearest neighbor rule for
data association were considered in evaluating
the performance of the two - stage cascaded
logic for true track formation in a cluttered
environment.

The presented technique is computationally
efficient since it can predict the performance of
a two — stage cascaded logic without the Monte
Carlo simulation and can be utilized in select-
ing a two - stage cascaded logic satisfying the

requirement of a given radar tracking system.

REFERENCES

1) Bar - Schalom, Y., Campo, L., and Luh, P.
B.(1990) : From receiver operating characteristic
to system operating characteristic : evaluation
of a large - scale surveillance system, IEEE
Transactions on Automatic Control, 35(2), 873 -
877.

2) Bar - Schalom, Y., Chang, K. C., and Shertukde
H. M.(1989) : Performance evaluation of a cas-
caded logic for track formation in clutter, IEEE
Transactions on Aerospace and Electronic Sys-
tems, 25(6), 873 - 877.

3) Blackman, S. S(1986) : Multiple - Target Track-

ing with Radar Application. Dedham, MA,

Artech House.

Smith, P. and Buechler, G.(1975) : A branching

algorithm for discriminating and tracking multi-

4

ple objects, IEEE Transactions on Automatic
Control, 101 - 104.

,99,



