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Dynamic Stability Analysis of Axially Oscillating Cantilever Beams
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ABSTRACT

Dynamic stability of an axially oscillating cantilever beam is investigated in this paper. The
equations of motion are derived and transformed into non-dimensional ones. The equations include
harmonically oscillating parameters which originate from the motion-induced stiffness variation. Using
the equations, the multiple scale perturbation method is employed to obtain a stability diagram. The
stability diagram shows that relatively large unstable regions exist around the frequencies of the first
bending natural frequency, twice the first bending natural frequency, and twice the second bending
natural frequency. The validity of the diagram is proved by direct numerical simulations of the dynamic

system.
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Fig. 1 Configuration of a axially oscillating cantilever

beam
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(a) The first order perturbation results
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(b) The second order perturbation results

Fig. 2 Dynamic stability diagrams for axially oscillating cantilever beams
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Fig. 3 Seven parameter positions in the stability dia-
gram



(e) Position E with Parametric Values (3,10, 0.50)

S GE$TS s o BRe) 53 A Y
4.0x102 4.0x102 , r ’
:% 20x107 | CASE A (0.2,0.1) é 200107 b CASE F (3.2, 0.5)
=
w § ‘ ;’\ /,-\\ ?A\ / /\ m\ "/\‘ ‘A‘. A
E’ ool 3 0.0 '\\/ \\ { ‘v \/ / \' / \\ // \ / '\ ! -‘ I Py
2 3 oy VoV VY Y Yy
_1 < . al
é‘ 2.0x107 | g 2.0x10
< s a . . .
- 0 s 6 15 20 “40x30% s 10 15 20
TIME TIME
(a) Position A with Parametric Values (0.20, 0.10) (f) Position F with Parametric Values (3.20, 0.50)
2.0x10° T T T 2
4.0x10 T T T
z
;1 1.0x10* | CASE B (0.2, 0.3) % 200107 F CASE G (4.8, 0.5)
w =
. u
SVATAAVAVAVAVAVAVAVATA
a 3 / \/ \
- sl
g e 2 2.0x107 b
w [ 4
* . o
= -2.0x10 2 t r . N
0 5 10 15 20 S 4.0x107 | L - * 3
TIME TIME
(b) Position B with Parametric Values (0.20, 0.30) () Position G with Parametric Values (4.64, 0.50)
1.0x10° v T T 4.0x10% y M
Z 500 b CASE C (0.75, 0.3) Z ool CASE H (4.6389, 0.5000)
=z = A
y s A AN
< 0.0 < 0.0 | /\ / \ f i
: 3 \ VRVRVILVALY
Q [a]
2 Ssox10 < -20x10?%
[ 4 x
w w
< . N . . < \ . N
3 -tox10 5 10 15 20 b .4_0:10"0 : o T5 30
TIME TIME
(c) Position C with Parametric Values (0,75, 0.30) (h) Position G with Parametric Values (4.6369, 0.5)
8.0x10? T v y 2x10°
é 4 on0? b CASE D (1.7, 0.5) FRRTICH S CASE | (4.6389, 0.5000)
=
e w
: : \ 8 il "!l! m
< ]
Y °”\ V&KA/VVNA/ 3 WMM%H
o 2}
[a] o (]
< -4.0x107 | b -1x10° |-
<4 o
w w
< < . . . .
~ -sox107 ] 3 5 T 20 S 0, 50 100 150 200
TIME (.) Po < 2 - TIME‘
(d) Position D with Parametric Values (1,70, 0.50) i) Position G with Parametric Values {4.6369, 0.5)
3.00x10' . v Fig. 4 Dynamic response simulation results
=
W 1soxt0' CASE E (3.1, 0.5) i ]
§ B zpgito A #ukak S 0.012 F<o} Fig
i oo st 4(a)i= Fig. 39] Aol thdt FAug S| A7
a =
8 % HoiFud Fig o4 o35t Wz e &
-1 s0xt0' {+ .
g o %<& 3l glch. Fig. 4b)e} (c)ol| Al B 5e] Fig. 3¢
w
5 -3.00x10'o 5 T i 20 Bzxj-”}‘ C@—’] 73“1" a}\‘l'- = 56]\5(}-'5;1: ‘ﬂo % y_o:]
TIME Z31 Q). od71A] &8 B2 first ordershg 128

ril‘

A HMelME HAE el £ P2

=285 X| /A 6H A 435, 199637473



&

-@_l’

o

"

<+ 3

second order7} x| 2 wedd wink A s A= 4
USg HodFr) Fig 39] DAL first orderyt e
¥ e 2R ol
second order7}A] 123w
By ole] #Fah
g AAE HoF3 gk Fig
e A2 EAH Ao} 27 Beby e
gE) $1A8kal glom meba 2 s A
He)ot (D= 77t wars sfehs
Fig. 3] G2 o] wj$ =2 4o
Hole}, o] Mo FAHA Aol
@ 2e GUd AskE BT ol el
deje] Fo ¥
FREAAA B gro] meslA
9T FAE 4171 S Relel, Fig il
v GAae o AR e (RERA 4= %
g ke AW ThAa FANAE FAE 4&
24 2)7ke] AEA A Eo] opxb FA Frlet
Boj3m vy, Fig (e o 2 A2tz
*w Asolv] o] Lafel A WA &
3ol o] File] Balth e
MVH ue A Es e wew
2 AR vheAe] ME dlvia dulE

aE
=
&3 3etel
X
o

[<}
x ul-2-0o]

o]

=

erl

5.4 =2

B oERAe 2gsE U
TR FEREY Xz kA

Fasdch, WY 48 2 Fol
WA el skt Fosglen ol
2 multiple scale perturbation method& o] &
A el FAEAN o] HNATN y=w, ¥
20, BT y=2w, THA T Fof &1 o4

o}ﬁ—i,}

2 N o 2 ff

4g = AL & F AR, 2 99 ool
= AEE AL Zo] Bl AdYEnhes e e
S e, olele A A4 AE s
A3 FA-uES S Fdstelan] kA s
AEAAS Fdg8 5 Aok

Bnes

(1) Southwell, R. and Gough, F., 1921, “The Free
Transverse Vibration of Airscrew Blades,” British
A. R. C. Reports and Memoranda No. 766.

-
-
N
e
Al
k>
0j0
™
ofn

255X /A 6 W A 43, 1996

(2) Schilhansl, M., 1958, “Bending Frequency of a
Rotating Cantilever Beam,” ]J. of Appl. Mech.
Trans. Am. Soc. Mech. Engrs, 25, pp. 28~30.

(3) Putter, S. and Manor, H., 1978, “Natural Fre-
quencies of Radial Rotating Beams,” J. Sound and
Vibration, 56, pp. 175~185.

(4) Kane, T, Ryan, R. and Banerjee, A., 1987,
“Dynamics of Cantilever Beam Attached to a
Moving Base,” Journal of Guidance, Control, and
Dynamics, 10, pp. 139~151.

(5) Yoo, H, Ryan, R. and Scott, R., 1995, “Dynamics
of Flexible Beams Undergoing Overall Motions,”
J. of Sound and Vibration, 181(2), pp. 261~278.

(6) %3], 1995 “Fd +x2F FHNHA 2
A Adyrdelel AFA," N3hr)A 3] A e
5, A19¢|, A7Z, pp. 1657~1664,

(7) Faraday, M., 1831,
Acoustical

“On a Peculiar Class of

Figures and on Certain Forms
Assumed by a Group of Particles upon Vibrating
Elastic Surfaces,” Phil. Trans. Roy. Soc. (London),
pp. 299~318.

(8) Mathiu, E., 1868,
Vibratoire D'une Membrane de Forme Elliptique,”
J. Math,, 13, pp. 137~203.

(9) Hill, G., 1886, “On the Part of the Lunar Perigee
which is a Function of the Mean Motions of the
Sun and Moon,” Acta Math,, 8, pp. 1~36.

(10) Beal, T., 1965, “Dynamic Stability of a Flexible
Missile under Constant and Pulsating Thrusts,”
ATAA J., 3, pp. 486~494.

(11) Iwatsubo, T., Saigo, M. and Sugiyama, Y.,

“Memoire sur le Mouvement

1973, “Parametric Instability of Clamped-Clamped
and Clamped-Simply Supported Columns Under
Periodic Axial Loads,” J. of Sound and Vibration,
30, pp. 65~77.

(12) Nayfeh, A. and Mook, D., 1979,
Oscillation, John Wiley & Sons, Inc.
(13) Eisenhart, L., 1947, An Introduction to Differ-

ential Geometry, Princeton University Press.
(14) Kane, T. and Levinson, D. 1985, Dynamics,
Theory and Applications, McGraw-Hill Book Co.
(15) Nayfeh, A. and Mook, D., 1977, “Parametric
Excitations of Linear Systems Having Many

Nonlinear

Degrees of Freedom,” J. Acoust. Soc. Am., 62, pp.
375~381.



