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Free Vibration of the Composite Laminated Cylindrical Shells
Stiffened with the Axial Stiffeners

Young-Shin Lee and Young-Wann Kim
Key Words : Stiffener (¥ 7}=)), Stringer (~E 2 #), Smeared Stiffener Theory (&4l 8 7}o] &)
Abstract

The analytical solutions for the free vibration of cross-ply laminated composite cylindrical shell
with axial stiffeners (stringers) are presented using the energy method. The stiffeners are taken
to be smeared over the surface of shell with the smeared stiffener theory. The effect of the
parameters such as the stacking sequences, the shell thickness, the shell radius-to-stringer depth
ratio, the stringer depth-to-width ratio, the shell length-to-radius ratio are studied. By comparison
with the previously published experimental results and the analytical results for the stiffened
isotropic cylindrical shell and the unstiffened orthotropic composite laminated cylindrical shell,
it is shown that natural frequencies can be determined with adequate accuracy.

JlEMy Wan (i, w) BEOA L] ZAlEs
As 2x8 79 whed
bs I =EF7AY .M B
ds I 2EZA Fo
I, =EYA Y FAe iF ey Hgdn Bde gy, 54, A3k =AY el
ilR=S dal o] &sly Qv FRERAM FH g wE
Ls 49 Foduic] oidh 25 A4YRle o244 AFot IRy T& FuAA = o]
Jo AL vEH A4 oAHdHe g AdFaEe]l MAE FRE HE
Jes A Fotulo] Widt AEAe] SagRale AEa Mol G JEA $oh, 2 Zo] olze v}
Ky D AFFAAe MY G s 2 ool w3 e] 243 HgAEE AEsd 7=
My AFgubA el deke 4 9 FAE oA & 5 A so] Uk A3rzE
S He FodHolAd A AEUATY FA O o B¥AEF EU4E o]Ex1 gl
A e T w7kde] sf4e] ofsf Hoppman'Vo]
wyw . e FofdalAe Hax 1958 A& st 2= FEE9 ZHd
xnhz Ao 2A3A BRead F44A e o ARAsE AR
zs Ao Fodudelly AL TR A  Fgord Ao mAd Y54 FHHAHE
"34l, Fede AAdA B ik Eglest Sewall®s chefat AAzas 2
34, duidz Ay ZIAMLA Fs £ #(ring) ¥ AE3 A (stringer) T ¥ 75 d%



sted o}, Rayleigh-Ritz
A=z, AAzAE
o] &3k H&=

]
ce} viselAde] FAso] mE An) 2HA

=
ol ohAsh ejoiA =)

o]
weh opzk 27 vpebgrel, 2% Wahe} Hu®t o)
3 Wasel BlEeERHAe ol Yude 5
S0%o] Wa ol&dl% AAlekel Hoppman®e
Aggeh vaaee

o, EYACE Aol
| chekat AAzZ e o
Sewall 5Wol] o3 A=l

pe|g dof vla] AoiHor 2 7k4

25 70 BE e do) ol Bale]| &L 7
2 Fodon, o] ATuyd Ay olE Y ¥
glolc}, Sewall#st Naumann®-& Ref.[4]0]

14 Hagd e sidde] ol&d WA b
7o arg def Fdidl

2
>
T
:oxg
2
ol
ok,
3R

ol & 4o 3wzl

e, oy EAACE Exjgtezs d9 &
AL Z742 70k Eglest Sewall®ol §-}sh7|
gk z#ql ubajo] Eglest Soder®el ofsl A4
HAowm, of7|A, F FAZo] ik §d, B
o] Alak 9 wlEdle] meis e}, #HAlxe] ¥zkyl

o TFAFFolA R W HADA L3}
Parthan®} JohnMe| 2o} <oi-1xgl AL o
3w Agelda, A shbel FEol dig

F8e] x2=glch, Rinehartel Wang®2 Ach
Diaphragm 7ZAz721& v ~EyA 2744 e

ol 2| W &t4ol| ~E B A2 warping 7-4-& Zd
Azt SagE s v 22 w22 Uiy
of g THAE4E Rosenit Singer®e) ofsf
AFslglen], oE& &4lu7}lo|E (smeared stif-
fener theory)-& | Aol AbLslgion, ojuwl ®7
Aol HAHFAdel FA=HA AF 59

o ag
o] 7ol A £& YAE wich Singer FU10

& A4t web dod AAzAe 2E o
2 2AdERde AEHAE A Wy s
oAk, ol md ol B Aol FAro|ES ol &3
oeh, 2ol HA g WY AFAFSE oE

ol

of Mustafa SV ouiR| &
‘EmE Yo Hrty 4 g T
den, F7tx BAANE FAl med dof o

A% #4% sheich Langley'

ot ~E=A Bl 4o Wil wbtal(floor) &
2 27 2 a8 AFAAE o, 47
A e d7AEel E3AMae AH A4S
2sted B3HEE mbEolal EAEA g 47
2%l Wt AFHAE vlmA gol sPsialent
ol Al Al4lgl wpeh o] RATFEE] F T
AABER olFo] Fowl, ¥ ol FYstuzt
she SR AFAEdel delide aoka B

A7} olfoix A ehgkeh Reddy §09e whxl
AEddol N2 FAo] hE SYLALE HFol
Ho bl SRR S Ed dol o
F2¢ sty on, 2219951l Schokker 514
2 2PABE 45 PuBUELel el FH
Aol A A2AEE dFeiadeh 22ln o4
£ oolodAl ol wAAEAel HAFEAA hb
oA FVsh wAHFUEA, Ade) AFAY 7 A
ol 4003 §AZ AYA LRATe) A5
S 4L st

oo 7ol HYARAS vrdol e A5 a4
Ashs o wlol g vl ek ek 2 ATl
SRR 4R dolws widME wid
gl el ol i GE ol &atel WEAAL 4
Asheiom el A
A% sed a4l o gH e,

2
b 2ol ge &

2. FA3E}
2ol Fold nedEl HPAs AEYdEAde 2=

e shgelA Agsilen), Fig 13 el 4ol I,

ps

Fig. 1 Coordinate system and stiffener cross-section
for the composite cylindrical shell
Stringer : Section A-A



Aolugte s MY BYAE 4FA AFAE 2225
A h 2 odd RS Zhervh o] W #H¥Ale Vo Kx
(x, ¢, 22 B, xv 9, o= dFY +2 ) Q] ke |2z (3)
ol i, zv dbAWES vEb, Zzbe} gkl Kxo
A EALED w0 wR FEARE 2D g ve wzgelge AE4E R, ke
H¥As dede Aol WAl 2EIAR g v opig oo wa® AHw Qe Skl
wabel Agledt, wadel HAZ Fig 1o W5 g ggze wojmiiAe s deds, o
At dx Qs xil el dial MaEs A 4ol
v 5] R
AZIA et bt A ARRAS Fol B RE g gy g @s 3¢ olgs MFUAE
"]’E}"Hm‘, Zoe 4o T%L“Loﬂfﬁ 3170]'2}]9] FA 7 chenl 7re] A4 el 3ok,
A 2) 7 gfele},
1 TR M e k)
Uc*?/‘ / 2 {Qn 5x+2Q12 ExEp
!:H%:‘o."l_-ixl 3 0 k:l_hk-l
Z%I L—,]oiéloi L wHeAls des el + Q' 4+ Q%
Hz L s Hofl i x]= > o . —
o 1 dgdal A2 43 ¢ + (206 v +2 QB eors) (@)
e + QR+ 2O ket + Q13
UCZ%/:Z/(;M,/D-L[NJC5X+N¢E¢+Nx¢6x¢ + @—éé()K’z‘¢)}(R+z) dz dx d
+ Mkx+ Moko+ Mpkxo] drdédz ) aEn HYE a=(i=x, ¢ x¢) 4 FF =0
=x, ¢, x¢)-& Fliigge!'® o]&o| we} cfga 3
0:‘7’<‘1, NXv N% Nxviq MXy Mm Mx¢"\.? @—%Ej o] 7@3]5]12}
o gteaes o 3ol Aesloh
Nx G Ex=U, x
N hirt Uy w
Ny =l§lfhk 0o &R TRtz ®)
qu) 0x¢ .
€x¢:Jb_L+R+ZL’ .
N R+l k) Ex R+Z R
Z’Z:]_/;k [ iy ] &g dZ Kx— W,y xx
Exe o Wype
o Ke R(R+Z) (6)
N Akl
2103
T
Kxe¢
Me)o 0 G meE 48 ofuho] wEAAE AAxAL
Mo =3[ oo |2z e bt g Fad 2HYE ZEc
qu) Ux¢
. vix, g t)=wlx, ¢, t) =M.(x, ¢, t)
N hrs1 = = =
=2 [0 eo |2 a2 Nelx, 6,0)=0 atx=0, L (7)
e Exs dAlA AAzAE wEsE WAL b
iz
i Middle Surface | s 3% Middle Surface
)T T
' 1 llhk
[ J , _
(N f Original Stacking Sequence Reduced Stacking Sequence
(a) Stacking sequence for the laminated (b) Stacking sequence for the stringer stif-
structuro fener

Fig. 2 Stacking sequence of the

stiffened laminated composite cylindrical shell



2226 ojed Al -
£ ol &3t ohgat o] AT 4 Ut
. mmx
U= UnnCOS™ 7 —COS T ¢ COS Wmnt
mrx
v= zzmnsm*Tsmn @ COSWmnl
s MMTX
w= Wusin [ COSN b COSWnnt (8)

047]/{1 Umnq me 4
vebl e, wm 72 mEo] gk 2l
deh, b wea | L

A

Uc:[a/lcl Urzrm+ LYZCZ Vrgm + CIBCB /;
+2£ch2 Unn Vi + 208 Unn Wmn]% (9)

0:‘7]/H Z”T al.ll_. D‘— "’]‘ 7LE+

a’lcx*( ”27[ ) (AnR+ Bn)

e e
asi=( 2% (A +3De )
s Az By

4
a363:D11< _7}2_7[ ) R

mnr \2Dy | n*Da
+< L ) RT R
A22+ Dzz 2M2D22
RTRTTR
mmr >&
R
c n
an= {Asz+ Ase)

a/fa:—<mT”> (BuR -+ Dy)

M mn’z { 2Bes _7%)
+ L A12+ L < R Rz
ass= nzzn[g'Dlz oL Bzz+ RAzz
A 5B+ 308 ) (92)

1714, Ay Byt Dyt S3FN3E HEA] el o &t

A, A4 W FRRAATE et ge] 42s
e},

N
Az‘j: 2 Qz;"()[hk'hkﬂ]

k=1

N o
By= 2 Q¥li— I (10)
_1 y (k) 3 3
D ~—3“2 [h k+l]
k=1
Tl AHolutgk B akAfgl Ax o] oigh W FH el
e Aol £ ol Seh e e HHAdow
o] 5012}
2 L
USZ%A /0{Exs(Asu,i—ZZsAsu,xw,xx
L, B+ ijs< toge_ Vox )Z}a{x dé
(11)
A7) 4, ol HA (5)& 2EUAE Jepdul, S

= owaAhe] Arjeln zk 4o Fobudld u
A2l FAMAY Aelelet, A :ULX}H sl

A, Lew 4o Fobwol ik pgalel fAzel
Eoln, JiE waalel vEg auge.i Sest 2
o] 2@t}
[os:]s+AsZg
[s:bsd;}/].Z
2eg7le Fig 2004 vehe 29 4443
7] wlel 7 uhael W BAASE 84S
ol e T + 9
Evs= (AnsAns— A%zs) /A22s
Gps = Asss (13)
I HAASE st AEE #HId ogw
ol el iAol g WHelA AZ
o qkgo{Act
Us=lafi Uan+ @ Vin+ as Wan
+zai53 Umn Wmn+2a@s3 an Wmn]_[:;‘ﬁ“ (14)
o171,
= Ests< _mr )2
4 S L
as= ZsExsAs mn >3
13 S L
as:G;W‘S]s mr >2
S L
m




= 3 Bt 225 )+ Gun{ 225

22 2304dX|

Tei® SR A5 5oL et

2n L
Tc————%—p,./; l (@ + 02+ 02 R dx do

N
ﬂz:kg}ﬂkhk (15)
A7, ()& Azl A& elEE vEhie, o
 oeddel dsolch Held $FouA s
a0 e dgsel geleiy e el W
5
Tc:w%nn[ﬂlcl( +an+ Wmn) l:{r
Ah=pR (16)
g AeyAR G e FEelvAe o
2,
_ 1 Loran fea ca 2
Ts—zspslf [Asku + i ?)
+2Asz_s< uw,x+7y€——-v—uéli)

Lot 5 (5 =, ) ]dx dg  a7)

A7) A, Jst 4] Fokdel i3 BAAHY I
geaEelct ool dish 4E HANE ol&3)
o ohg o] Aok

Ts: CU%rm[Bisl Urem + stz VI%?I + Bgﬁ) Wr?m

+ 25]3 Umn Wmﬂ +2623 an Wmn] L]T (18)
o 7] 4,
— psAs

11 S

s _ Os 2AsZs lfi
ﬁzz*‘g( As+ R + R2 )

2

3353:%( As+los Wngl' + ];%721 >

s _ PsAsZs mu
A=—"5"L
=t 2 Az+ls) (182)

FPAE dEde ARAE 2227
23 As o*’éiﬁ!

AEYAZ 2E Y5

g-foﬂdﬂ%-ﬁﬂﬂ SRR

Ut:UC+ Us
Tt: Tc+ Ts (19)
278 Ede G AFFUEAdL ched
Rayleigh-Ritz & o] &34 A 78 + 3t
S (U= T) =0
X:me me Wmn (20)
A 200F A3 oFd e YA AF
S ae) frin
Kll‘(l)%nnMu K KIBWCUEIMMIB Unn
Kon— WMo Koy~ 0sinMa || Vin
Symmetric Ksy— @3nMss )L Win
=0 (21)
Ag Ky Mye A7 24 3 Age424, K,
=ai+al, Mys=p5+p50, j=1, 2, 3)°lc}, we}

Zo] 2% gl g A

A ol 2 EAE

. 4%% Xﬂi
A A
A arojubA vl A 4 (Fu/
Ex)v Bl 50m, 4] Frle 2 mmol
of, neE HEY e 4o St s FH"“’]
i, cross-ply® 3" Z35 [0°/90°/0°]& o] 2

Table 2= Table 1o A A% YUEH FH?'SH

Table 1 Properties of the glass/epoxy composite

Material properties | Layer thickness(h=2 mm)
E,;,=7.6GPa Inner layer=h/3(4=0°)
E/E»n=25 Middle layer=h/3(6=90°)
G,=4.1GPa Quter layer=h/3(8=0°)

v12=0.26

p=1643 kg/m?
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Table 2 Comparison of the fundamental frequency parameter @ = pR%/Ez for a [0°/90°/0°] laminated
cylindrical shell (m=1, h/R=0.002, h= 2 mm)

m=1 Circumferential wave number (n)
L/R | Method e 3 s | s 6
1 Ref. (20) 1.061285 [ 0.804058 0.598340 0.450163 0.345288 0.270814

Present 1.061159 0.803994 0.598273 0.450024 0.344993 0.270249
5 Ref.(20) 0.248635 0.107214 0.055140 0.033591 0.026129 l 0.026362
Present 0.248649 0.107215 0.055086 0.033758 0.025700 0.025720
10 Ref. (20) 0.083910 0.030044 0.015376 0.012605 0.015784 0.021763
Present 0.083917 0.030018 0.015204 0.012179 0.015217 0.021153
20 Ref.(20) 0.023594 0.008032 0.006324 T 0.009588 0.014823 0.021394
Present 0.023594 0.007919 L 0.005894 0.009037 0.014246 0.020805

Table 3 Geometric and structural properties of the stiffened isotropic cylindrical shell

Geometric properties Structural properties
No. of stringers 60 E (GPa) 63.95
Radius (mm) 1 242 v 0.3
Length (mm) | 609.6 o (kg/m?) 2714
Shell thickness (mm) | 0.65
Depth of stiffener (mm) } 7.02 ‘*
Width of stiffener (mm) 2.554
Stringer type l External
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Table 4 Natural frequencies (Hz) of an isotropic cylindrical shell stiffened with 60 external stringers
Method
Ref. (11)
Discrete

Discrepancy

(%)
Ref.(2)
Experiment
Discrepancy
(%)
Present
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