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Analysis on the Nonlinear Vibration Characteristics of a Belt Driven System

S.G. Kim, S. Y. Lee and J. M. Lee

Key Words : Belt Driven System ("l & ZX4)),
, Perturbation Method (4 %),

(74A A &)

Hamilton’s Principle (sl = el 1))

Free Vibration (=} 21-%), Forced Vibration
Galerkin Method (Galerkin w}w),

Abstract

In this paper, a mathematical model for a belt driven system is proposed to analyse the

vibtation characteristics of the driving units with belts and the free and forced vibration analyses

are carried out. The mathematical model for a belt-driven system includes belts, pulleys, spindle

and bearings. By using Hamilton’s principle, four nonlinear governing equations and twelve

nonlinear boundary conditions are derived. To linearize and discretize the nonlinear governing

equations and boundary conditions, the perturbation method and Galerkin method are used. Also,

the free vibration analyses for various parameters of a belt driven system, which are the tension

of a belt, the length of a belt, the material properties of belts, the velocity of a belt and the mass

of pulley are made. The forced vibration analyses of the system are performed and the dynamic

responses for main parameters are analysed with a belt driven system.
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7 Slebel wWEel Aolw(rw ezt 2l  AZoz ddsle ok M, mE FEE A
Ay AzZels 243 Mote®e] sjAdmele A3 A Fejelx FA, opAlA, £t
sho], Fadnpek(zwtakiog 279 AY ~zys  wWE AoloE mjrde] gk oA, E +F
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x e AAE FARHS WE A st
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z
A4 VA4 AV A4
X = Principal Belt
. 2
e E——
kLz =2 kRz
- o W - T rk% 8
s 9 Mz Rz
]
1 k]_x [ c MR JR Mg« ka
-~ MNix — A-— —
l/—rw-\ | z
ﬁ \'\.—-/
A< Secondary Belt b
L A-A
E > Young’s molulus a,d : Longitudinal disp. of belts
A . Cross sectional area of belt w,w  Transverse disp. of belts
I . Second moment of area of belt 6., & . Rotational disp. of pulleys
R, . Initial static axial tension of belt 7. - X,y direction disp. of pulleys
R - Initial axial tension of belt at speed ¢ ", r= . Radius of pulleys
c . Initial axial speed of belt M, Mz . Mass of pulleys
m © Mass per unit lenght of belt Ju. Jr : Rotational inertia of pulleys
b . Thickness of belt ki, ke © Support sitiffness
L . Length of belts f; . The j-th natutal frequency
Fea : Unbalanced load of motor

Fig. 1 Theoretical model of a belt driven system
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Z . No. of balls

n . Constant (1.5 in case of ball bearing)

K : Load-deflection constant (130, (00 in
case of ball bearing)

&  Constant (4.37 in case of ball bearing)

J- © Radial displacement

a  Contact angle (used bearing : 30°)

F, . Radial load
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Tabel 1 Characteristics of the belts

Belt type
yp Poly-flex Timing belt V-belt
Items
Young’s modulus (N/m?) 1.54E9 1.35E9 7.45E8
Width (mm) 4.3 13.0 9.3
Thickness (mm) 5.0 4.0 8.5
Length (mm) 400.0 400.0 400.0
Initial tension (N) 300.0 300.0 300.0
Tabel 2 Characteristics of the pulleys Tabel 3 Results of modal analysis
Iterms of pully (steel) Values Natural freuencies(Hz)
Width (mm) 13.5
Radius of left pulley (mm) 25 0 Poly-flex |Timing belt| V-belt
Radius of right pully (mm) 50.0
1 13.66 11.05 14.26
Mass density (kg/m?) 7.8E3
2 20.44 13.76 25.26
x-dir support stiffness of 7 91Es
left pulley (N/m) : 3 20.57 13.93 26.13
x-dir support stiffness of 9 59ES 4 35.43 25.88 43.32
right pulley (N/m) ' 5 40.36 29.47 47 .47
z-dir support stiffness of 1 21E7 6 51.43 40.55 61.54
letf pulley (N/m) 7 51.93 40.98 62.14
z-dir support stiffness of 5 96E7 8 6998 59.79 81.52
right pulley (N/m)
9 76.33 64.22 95.24
10 89.31 79.47 117.21
e 7 dEol wa 4T REUEEE Y -
T e T N 11 90.31 80.14 117.43
gk, ARz YE 14 2= Aoy, v
AFSIE 2N Aom 23T gow, 7 A
DRAFFE 2AE oz AUt olAe o AfVFAAET FAd e Re AAE
oln] Mote®®e] =F-ofA &z Ao} dAstr  xEsigdcl, AA, WEo Lrwdld uE A
ok FAolw #HE AT wf, 7]Ee] uby AFAFH g FYsled, WES £} FrlEs
ol Al F-AlEl= Az dgE neide gy W E wjasid FAEFESol A4S o4+ U
Aol Wapoleh, oL A Azl L3 of A, Weel Aol wsel M A A%A
St Felwey, AAGHI WE Aolold AZY  Fede susd, wEee Aolr} 24T 2%
o] Mkl T Q= AL 9ulFn], 45 o]F & 271 AEgEo] A 24 o 4 Adeh AAM, F
o] ZFAFSE aprl FolA4E AZH Hne T zle AW w2 Ale AFAEHL S £}
ojEc}, Fig 2, Fig. 3+ Zg| Z#~(polyflex) of, g $A7 ZE4E ulidA 2 HAES4
WES gl AN AL 23el BE B4 Ho| asielen), 2 wste wasiA e o
A gkt o, A, EJ Ao ol Wi Al =}
chopd We FEAG shebelel Mste) 4 A FAFaAdelAE, WEe FHe| FAR4EL A
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Fig. 3 2nd mode shape of the belts
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Tabel 4 Analysis of free vibrations in systems for ~ § [, 4 1
different belt tensions 2
.10 10 7 [::
T(N) ‘// poly-flex belt
9
No. 200.0 300.0 600.0 1000.0 'S 100.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
of modes Dimensionless length of belt &)
1 10.79 13.66 19.24 24.50 (a) d of the primary belt
2 14.41 | 20.44 | 29.44 | 36.73 1510
1.0 10
3 14.59 20.57 29.58 36.89 £
Tosow
4 26.59 35.43 49.94 62.67 E o0 100l
5 30.29 40.36 | 58.42 74.20 S 5010
[}
6 40.99 51.43 70.72 88.74 a 1o
7 41.45 51.93 71.46 89.52 s P
2.0 10 L2 R .
8 59.36 69.98 91.99 114.69 6.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
5 — Dimensloniess length of belt (&)
el b o
9 64.21 76.33 101.52 125.01 (b) u of the secondary belt
10 78.35 89.31 114.78 126.19
11 79.12 90.31 115.63 138.57

Tabel 5 Analysis of free vibrations in systems for
different elastic moduli of belt

\E(N,/m?
No. 1.54E9 5.40E9 7.72E9 | 1.54E10
of Modes
1 13.66 25.08 29.80 41.97
2 20.44 37.53 44.18 61.73
3 20.57 37.70 44.36 61.98
4 35.43 64.09 75.76 106.17
5 40.36 75A9VZ 89.99 126.31
6 51.43 90.73 107.27 138.56
7 51.93 91.54 108.13 150.23
8 69.98 117.58 138.53 151.33
9 76.33 128.87 138.99 194.37
10 89.31 138.57 151.80 211.82
11 90.31 145.49 171.49 239.12

Displacements (m)

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Dimensionless length of belt (&)
(¢1 W of the primary belt

L5 10 7
ow 9 /\ ) poty-flex belt
E S / 7\
g 50 100 4 // \\ ‘/ \ /\ //\\
E 00 10°P\/ \/ \\ p [ \ /]
S 50 109 \/ \/‘
a Lo L

1.0 10 9 ~ \ A

-1.5 100

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Dimenslonless length of belt (&)
td) w of the secondary belt
Fig. 4 Dynamic displacements of the poly-flex belt
and the timing belt
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Tabel 6 Data for dynamic analysis

HEEA A A%
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Tabel 7 Results of dynamic analysis [ (xm)

Items Data values Belt type Timing belt Poly-flex belt
fy=f,=mew?(N) 4.1 Direction
Tension R(N) 300 0 Caculated X z X z
. position
Time step 5000
Left pulley 2.013 2.16 | —16.36 | —0.1575
At (sec) 6.28E-7
Right pulley | -0.03535] —2.16 | 0.8805 0.1575
Tabel 8 Results of dynamic analysis [ (xm)
Feq(N) 1.0 5.0 10.0
Direction
- X X z X z
Caculated postion
Left pulley —7.965 -0.195 | —39.83 -0.975 | —79.65 —1.95
Right pully —0.68 0.195 | —3.406 0.975 | —6.811 1.95
Ao nfAErEel FoMEE o 4 Ak A9 Table 7= Ze] Falx WES) Elo]m Wei
WE FEAe chdet shebul el Wl WE AR e we FEA FAsid Az, 4 (32)
AEH Ao 245 Fdslad, wiojede] 98 A T AgEte] 7hal YA (2E F) el x, znbEk
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Foll FEE 7o vl AA ZYn, MEee) Fu, g o 2 ejdoziy bS] AsE wEic
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