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MAXIMAL INDUCED CYCLES
IN STEINHAUS GRAPHS

DAEKEUN LM

ABSTRACT. In this paper, we introduce some prcperties of Steinhaus
graphs of order n, and prove that the size of some special type of induced
cycles in Steinhaus graphs of order n is bounded by L-’-L—;CQJ

1. Introduction

A Steinhaus graph is a labelled graph of order n whose adjacency
matrix (a; ;) satisfies the condition that a; ; = a;.-1 j-1+a;-1,; (mod 2)
for each 1 <7 < j < n. The triangle (a;;)2<icj<n in the adjacency
matrix is called the Steinhaus triangle of G. It is clear that a Steinhaus
graph is completely determined by the first row of the Steinhaus triangle
and the first row (a1,;)]_, is called the generating string for the graph G.
It is obvious that there are exactly 2"~! Steinhaus graphs of order n. Let
G be a Steinhaus graph of order n with the generating string (a1,;)]-,.
The partner of G, P(G), is the Steinhaus graph generated by the string
(@n_it1,n)iq. It is obvious that G and its partner P(G) have the same
graphical structure, which means that they are isomorphic. A Steinhaus
graph G is said to be doubly symmetric if G = P(G). Steinhaus graphs
have several interesting properties which are not shared by all graphs.
For example, the diameter of all Steinhaus graphs with n vertices except
the path P™ and the empty graph E™ is at most [1(n + 2)] ([5]), the
order of a large clique in any Steinhaus graph with n vertices is at most
[3(n+3)] ([5]) and a Steinhaus graph is bipartite if and only if it has no
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triangle ([7]). More on the properties of Steinhaus graphs are found in
[9], [10]. Also, it seems reasonable that the size of a large induced cycle in
any Steinhaus graph with n vertices might have an desired upper bound.
In this paper, we investigate the maximum size of an induced cycle in a
Steinhaus graph which is simple in the following sence:

DEFINITION 1. Let G be a Steinhaus graph of order n. An induced
cycle C = zy75...2; of G is said to be simple if r; = 1, r, = n and
r; < x; whenever i < j.

Let G' be a Steinhaus graph and C be a simple induced cycle in G.
For our convenience, we decompose the Steinhaus graph G with the
simple induced cycle C in G as follows: Let ®¢ = {A;: A; C C} be the
partition of C such that each A4, is a maximal subset of C consisting of
consecutive vertices and the largest vertex in A, is joined to the smallest
vertex in A;41. Thus each induced subgraph 4; in G is a path. Let
®c = {B; : B; C G — C} be the partition of G — ¢ such that each B;
is the largest subset of G — C consisting of consecutive vertices. Then
®=& U @ is said to be the cover of the Steinhaus graph G with the
simple induced cycle C'in G. Let us give an example of the cover of a
Steinhaus graph with a simple induced cycle.

EXAMPLE 2. Let G be the Steinhaus graph which is generated by the
string (01000001111). Then C={1,2,3,4,5,11} is a simple induced cycle
of G. The cover of G with C is given by 4; = {1,2,3,4,5}, A; = {11}
and B; = {6,7,8,9,10}.

Let us mention the following simple lemma and some facts about
Pascal’s triangle.

LEMMA 3. Let G be a doubly symmetric Steinhaus graph with gen-
erating string (al,i)?zz- Then a; n, = 0.

Proor. If ay , = 1, then 11+ a2, =1 (mod 2). So G is not
doubly symmetric. 0O

We now present some facts concerning Pascal’s triangle modulo two
that will be needed later. The rows of the triangle are labelled Ry, R,, . .. ,
and so the k' element of R, is ("_ ) (mod 2) if 1 < k < n. A Pascal

triangle is said to be of dimension n if the triangle consists of the n rows
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Ry, Ry,. .., Ry, and is denoted by (a; j)1<j<i<a. More on the properties
of Pascal triangles are found in [8].

ExaMpPLE 4. Here, we give the Pascal triangle of dimension 6.

R,— 1

R,— 11

Ry — 101
Ry— 1111
Ry— 10001
R¢e— 110011

LEMMA 5. Let (a; ;) be the Pascal triangle of dimensionn. If a, ; = 1
for all j < |3(n +4)], then n is a power of 2.

PROOF. We will use an induction on n. Since a, ; = (;’:11) = (Z:Jl)
@pn—j41 (mod 2), ap pn; = 1forall y > L%(n +4)|. Let n =2" + k for
some 0 < k < 2™. We want to show that k is equal to 0. Suppose that
k is greater than or equal to 1. Then the Pascal triangle of dimension k
satisfies the condition in lemma. So k is a power of 2 by the induction
hypothsis. Since a,; =1for1 <j <n - L%(n “+4)| + 1, k 1s equal to
2™=1 Then a, x4+1 = 0. This gives a contradiction since k < L%(n +4)].
It proves lemma. [

LEMMA 6. Let a, ; =1 for some 1 < j < n in the Pascal triangle of
dimension n. Then n is odd if and only if a, jy = 0 and a, j4+, = 0.

PROOF. Suppose that n is odd. Since (;’:11 is odd and n — 1 is
even, j — 1 is even by Luscus’ Theorem (see [11]}. By applying Luscus’
Theorem to the 0-th binary digits of j — 2,7 and n — 1, we have that
(7:1) and ("_.1) are even. S0 ap ;1 == ap j41 = (.

1—2 J ¥ WJ

Conversely, suppose that n is even. So n — 1 is odd. Therefore n — 1
has 1 as its 0-th binary digit. Now, j — 1 has either 0 or 1 as its 0-th
binary digit. If ; — 1 has 0 as its 0-th binary digit, then j has 1 as its
0-th binary digit. So (";1) is odd by Luscus’ Theorem. If ; — 1 has 1 as
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its 0-th binary digit, then j — 2 has 0 as its binary digit. So ('.'_ l) 1s odd
also by Luscus’ Theorem. Thus either a, j-1=1lora,;;; =1 0O

2. Simple maximal induced cycles in Steinhaus graphs

Let G be a Steinhaus graph with n vertices and («; ;) be the adjacency
matrix of G. Let C' be a simple maximal induced cycle in G and =&~ U
¢ be the cover of G with C. In particular, in C, the largest vertex in
A; is joined to the smallest vertex in Aitr.

Now we give a series of lemmas in order to estimate the size of B; in
®c={B;:i=1,2, .,t}. Let a; be the smallest vertex and 3, be the
largest vertex in A; respectively. Note that aj is the vertex 1 and 3, is
Jjoined to a;4; for each 1 <7 <t. Also, B; = {Bi+1,8:42,... a4 —1}.
Let a; be the size of A;. Then b, =a;;; — a; — 1 is the size of B,
respectively.

Let us observe the following simple facts about strings in the Steinhaus
triangle by using the above notations.

fact 1 Since A; is the path oo, + 1...8;, the str: ng (G, j)a,<j<p; 18
(010...0) for each :. Thus for all a; < s << 3y

1 s =s5+1;
a.s,s’ ==

0 otherwise.

fact 2 For each 1 < i < ¢, the transpose of (ag, ,.+1)a'<k<3., is the
transpose of (00...01). Therefore, (Ao j)aig—ai41<i<ary, 18
(10...0).

fact 3 Since 3, is joined to a;, the string (@8 5oy <j<pips 15 (10...0).

fact 4 Either a; or a, is equal to 1. (Otherwise, the entries a; ,,_; and
ain are equal to 1 since a; , = 1 and azn = 0. Then C' is not a
cycle.)

In the following lemmas, we will use the above facts.

LEMMA 7. For each i, b; > maz{a; — 1,a,4; — 1}.
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Proor. Without loss of generality, we assume that a; is greater than
or equal to a;4, by considering its partner, P((7). of G. Suppose that
b; is less than max{a;, — 1,a;4; — 1}. Counsider the string in fact 2.
So the entry ag,—», -1, is equal to 1 by the Steinhaus property. Since
b; < a; — 1, the entry ag, .y, -1 5 1s in the subtriangle generated by the
string (aa, j)a;<j<g- Therefore, 3; —b;,—1+1 =3, by fact 1. We have
b; = 0, which gives a contradiction.  square

LEMMA 8. [fa; 1s equal to a4, then

a; 1f a, is a power of 2;
b; > :
a;+ otheruse.

Proor. First, b, is at least a; — 1, by Lemmra 7. Suppose that b, is
equal to a; — 1. Then the string (aq, ;)a:<j<s:,, in the o't row in the
Steinhaus triangle is clearly (010...0). Since b, is equal to a, — 1, the en-
tTY Qo;yy —1.6:4, 18 €qual to 1. Since (@q,,, j)aiy <j<fiy, 0 the ot row
is equal to (010...0), the string (aa, ., —1,j) a1 — <j<gey: 1 (001...1) by
the Steinhaus property. But the triangle (@ j)o, <k<aisq -1.8+1<j<k+a,
is the Pascal triangle of dimension 2a; — 1. By Lemma 5, 2a;, - 1 1is a
power of 2, which gives a contradiction. Suppos: that a; is not a power
of 2. Assume that b; is equal to a,.
Case 1 a,, 3,41 1s equal to 0.
I an 1,84 18 0, (@aiyy 25 )aip —2<5< 3,4, 10 the afﬁr] TOW 18
(001...1) by the Steinhaus property with the afil row. By the
same argument as the above, 2a; — 1 i1s & power of 2. This gives
a contradiction. If aqn,,, —1 5,4, 151, (a4, ~15) e —1<5<Biq, 1D
the i, row is (001...1) by the Steinhaus property. By the
same arguement as the above, 2q; 1s a power of 2. which gives a
contradiction.
Case 2 a,, g,4+1 1s equal to 1.

If Aoy —1,8 41
arguement as in Case 1. This gives a contradiction. Similarly, if

15 equal to 0, then 2a; 1s a power of 2 by the same

Qa4 ~1,8i4, 15 equal to 1, then 2a; + 1 is a power of 2. This gives
a contradiction also.

By combining both cases, we prove lemma. [
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LEMMA 9. If |a;41 — a;] is equal to 1, then

. { maz{a;, a;} of min{a;,a;11} 1s a power of 2;
te maz{a;, a;41} +1 otherwise.

PROOF. Without loss of generality, we can assume that a; is greater
than a;4;, by considering its partner, P(G). First, b; is greater than or
equal to a;;; by Lemma 7. Suppose that b; is equal to a;4. Assume
that i1y is not a power of 2. The string (aa,,j)a,<j <84, it the a!* row
is (010...010...0) where aq, g,41 = 1.

Case 1 aq,,, 1,3, is equal to 0.
By the Steinhaus property with aa,,, —2.8,,, = 1, Gy, 1,84, =
0 and the a? | row in the Steinhaus triangle, the string (@q,,, —2,5)
ai+1~2§js[3i+1 18 (001 e 1) Then (ak,j)aiSk5§0i+1—2,3f+1§j§k+a.'
is the Pascal triangle of dimension a;;| + b; satisfying the con-
dition in Lemma 5. So a,4; + b; = 2a,4 is a power of 2, which
gives a contradiction.

Case 2 aq, ., —1,5,,, Is equal to 1.

Again, by the same arguement in the Case 1, (Qagpr —1,5darigr—1
ijﬁi+l in th() (Q’,‘_H —"].)th Trow 18 (001 . 1) SO az'-i'-b,‘ = 2a,-+1+1
is a power of 2 by Lemma 5, which gives a contradiction.

By combining both cases, we prove lemma. O

From Lemmas 8 and 9, we observe the followings: Let {A; : ¢ =
L2,...,t+1}U{B;: i =1,2,...,t} be the cover of G with a simple
induced cycle C' with |A,4;| = 1. First, if b; is greater than or equal
to a; for all 1 < i < ¢, then it is clear that the order of C is at most
L-%(n +3)]. Second, if b; is less than a; for some ¢, we can not guarantee
that the order of C is at most [$(n + 3)]. It is the case from Lemmas
7 and 9 that there exists ¢ such that b; is equal to either a; — 1 = a4,
where a; 41 is a power of 2 or a; — 1, where a;;; < a, —2. Thus we give
better estimations regarding the second observation in the following two
lemmas.

LEMMA 10. Suppose that a; is equal to a;4+; + 1 and that b; is equal
to ai4+1 for some i. Let a;y1 be a power of 2 whiclh is greater than 1.
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Let k be the smallest number such that k > 14 1, ay > 2 and for all
1+ 1<I<k~1

Q) = Q441
and
ag # ak—1.
Then either
k-1 k-1
a; < by

or

Proor. First, since a;4; is equal to a;4 and a;4; is a power of 2,
by Lemma 8, we have b;y; > a;41. Observe that if b;y; = a;4; + 1 then
biy2 2 aiy2 + 1. By continuing this process, we have inequality

Suppose that we have the inequality

k—1 k=1

Z ap > Z by.

=1 I=1

Then from the above inequalities, we have by = a; for all 1 +1 < [ <
k — 2. Since the a;’s are all the same and a power of 2, the string
(Gay,j)ai<j<ary, in the af® rowis (010...0110...0) fori+1 <1< k—1.
Then we have bx_, > ax_;. Otherwise, we have bi_; = ax_1—1. There-
fore the vector (Ga, ;,j)ax_:<j<os in the af® | row is (010...010...0),
which is impossible by Lemma 6. Hence by_; == ax_;. Moreover, we
have by > a; by the same argument as above. Next, we want to show
that by is greater than or equal to ap + 1, which gives the inequality

k
Zal < Zb;.

=t I=1



1130

Daekeun Lim

Assume that by is equal to ax.

Case 1

Case 2

By combining both cases, we prove lemma.

ap > Ak—1-

First, if ax > ax_; + 2 then by_; > ax_1 + . by Lemma 7. This
is impossible because by = ax. Therefore, a; must be equal to
ak_1 + 1. So the entry aa, _1.5, is 1. By applying the Steinhaus
property to the ai® row in the Steinhaus triangle, the string
(Gag_1—1.j)ak_1-1<j<ps_, in the (ag-1 — 1)t row is (01...1)
because aj_; is a power of 2. Since the string (@, Jay_ . <i<ax—1
in the al* column is (00...01), the entry aa,_,-2,8,_, is equal
to 0, which gives a contradiction by fact 3.

ap < dk_-1-

Since the string (ag, _, ;)8 <j<axs: D the ,B,tch_l row 1s (00...
010...0) and ag is less than ak_, we get the Pascal triangle (ay ;)
of dimension ax_; + 2 such that the entry aq, g,+1 is 0 where
Br_1 <1< ayand j <k+ag_y+1. Since this entry aa, g, +1
is in an even row in the above Pascal triangle, Lemma 6 implies
that the entries aq, g, +; are either all 0’s or all 1’s where j = 2,3.
In both cases, by > ax + 1. This gives a contradiction.

O

LEMMA 11. Suppose that a; is greater than or equal to a;4 + 2 and
that b; is equal to a;—1. Let k be the smallest number such that k > 142,
foralli +1<I<k—-1

and

ar—y > a

2<aj1 <ap— 1

Then either

or

x~
|

—

x
1

-

I}
i

-
2
IN
M-

...
Il
~
~
Il
-
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Proo¥r. First, by Lemma 7, we have b;3; > a;y; — 1. Moerover,
bit1 > ai}1 by the following argument. If b, == a;3; — 1 then we have
Qaiyy,Bigr = 050,48y +1 = Land aq,y, g, +2 = 0. But the entries are
in the Pascal triangle (a; ;) a; <i<ai}1,j<i4a:4, Of dimension a;+b;+1. But
by Lemma 6, a; + b; + 1 = 2a; must be odd, which gives a contradiction.
Next, if b; is equal to a; for some ¢ +1 < j < k--2, then bj41 > aj41 by
the same argument as above. Therefore, by continuing this process we
have inequality

k-2 k-2
-2

a; < b+ 1
_—
=i 1=

Since ax > ar_y + 1, we have by_, > ar_; by Lemma 7. Therefore, we
have inequality

If ap > ag—1 + 2 then we have by_1 > ax_; + 1 by Lemma 7. Therefore,

we have inequality
k—1

k-1
doas ) b
I=i 1=i
and this inequality gives the proof of theorem. So we assume that ay is
equal to ax_; + 1. Suppose that we have the inequality

We want to show that by is greater than or equal to aj + 1, which gives
the inequality

[
-
H
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we have b = q; for all : + 1 < | < k — 1. Therefore, the string
(Ao ,j)ar<j<ary, in the o} row is (010...0110...0) for each I. Since the
entry da, 1,8, = 0, the string (aa, -1 j)a, —1<j<p, in the (ax — 1)** row
is (001...1) by the Steinhaus property along with the at* row. Thus we
have the Pascal triangle (am,j)ak_xsmsak—l,mSj of dimension a; whose
at® row is (11 ... 1). Hence a; is a power of 2. Since |ax — ay_| is equal
to 1 and bg_y is equal to aj_;, we conclude that ay_, is a power of 2.
This gives a contradiction. This proves that by is at least ax + 1.  [J

Now we prove the main theorem.

THEOREM 12. Let G be a Steinhaus graph with n vertices and let
C be a simple maximal induced cycle in G. Then the order of C is less
than or equal to [#J

PROOF. Let {A; : i =1,2,... ,t+1}U{B; : i =1,2,... ,t} be
the cover of the Steinhaus G with the simple induced cycle C. Without

loss of generality, we assume that a; is greater than or equal to a;4; by
considering its partner P(G). Then a;y, is equal to 1 by fact 4. It is

enough to show that
e <Y b2

=1 =1

because this inequality gives

t+1 t+1 t
2(2%‘) < Zai +sz‘+3
1=1 i=1 i=1
=n+3.

SUBLEMMA. Let a; be equal to 2 and b; be equal to 1. Let 7o be
the smallest number such that ¢y > i + 1, a;, 2 2 and a; = 1 for all
1+ 1< 5 <4 ~1. Then

tg—1 1g—1
Z a, S Z bj.
7=1 j=t
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PROOF OF SUBLEMMA. Consider the subtriangle generated by string
(@a; k) in the Steinhaus triangle of G where o; < k < Bi,- Note that
if b; < 2 for all z < j < 45 — 1, then the generating string in the
above subtriangle is (0110...0) by the Steinhaus property. Thus for
a; < s < By, the pair (ag,941,5,542) 18 given by

(0,1) ifs — «;is odd,

a a =
(5,041, @s,12) { (1,1) ifs — «;is even.

Assume that we have the inequality

io—l io—l
Z a; > Z bj.
1=t Jj=1

Then b; = 1forall i +1<j <y~ 1. Since a;, =2 and bip—1 =1, we
have (aaio—1,0i07a’ai0—1aa-’0+l) = (1,1). Thus a;, — a; — 1 is even. This
gives a contradiction because a;, — «; is even.

Now, we claim the following inequality which we asked.

LEMMA.

t
da; <) bi+2

PROOF OF LEMMA. Ift is equal to 1, then a; < b; + 2. Also if t = 2,
it is not difficult to show that

ay+ay <b +by+1

by considering all cases. From now on, we assume that ¢t > 3. If a ;<2
for all 1 < j <t, then we are done by Sublemma. Therefore, we assume
that there exists j such that aj > 3. Suppose tha: i is the largest number
such that

%

Zaj Sj:b]‘-f—l.
j=1

J=1
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We want to show that 7 is equal to . Suppose that ¢ is less than t. If
there is no j > i such that a; = 1, then we have

t

PILIES

t
j=i J=i

bj

by applying either Lemma 10 or Lemma 11 sucessfully, which gives a
contradiction to the choice of i. Therefore, there exists a smallest number
k such that ¥ > 71+ 1 and a;y = 1. First, if a;,... ,a3_, satisfy the
conditions in Lemma 10, then ax_; < by_; and the string (aa, j)a <;
in the of* row is (000...1...) because as_; is a power of 2. Thus
by > 2, which gives a contradiction by the choice of ¢. Next, suppose that
a;, ... ,ar_; satisfy the conditions in Lemma 11. Note that by_; > aj_,
by Lemma 11. If there is some ko > k such that ag, > 2 then

Z a; < Z by

=1 =1

for some s > jo by Sublemma, which gives a contradiction by the choice
of i. Ifa; = 1forall k <j <t then i is equal to ¢, which gives a
contradiction. Finally, if a; < 2 for all j < [ < #, then by applying
Sublemma, we have a contradiction by the choice of :. By considering
all cases, we prove the lemma.

By the above Lemma, we prove theorem. [J

The proof of Theorem 12 shows that if ¢ > 2 then the order of any
induced cycle C' can not achieve the upper bound. Therefore, we get the
following:

COROLLARY 13. Let G be a Steinhaus graph with n vertices and C
be a simple induced cycle in G. If the order of C 13 L%(n + 3)] then C
is either {1,2,...,[3(n+ 1)],n} or {1,n — 3(n+1)],...,n}.

Now, we give an example of simple induced cycle which achieves the
bound in the theorem. Let G be the Steinhaus graph with generating
string (ai,;)2<j<n given by

ay; —

1 otherwise.
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Then G has the induced cycle {1,2,..., [21,n} of order |1(n + 3)].
We close by mentioning the size of maximal induced cycles in Steinhaus
graphs. The question is that “Does the order of any induced cycles in
Steinhaus graphs have a reasonable bound like in Theorem 12 ?”. But
for all n < 30, it is not difficult to show that the maximum size of an
induced cycle in Steinhaus graphs with n vertices is Ll';,téj Thus we
give a conjecture.

CONIJECTURE. The size of any induced cycles in a Steinhaus graph
with n vertices is at most LLL;&EJ
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