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A PARTIAL ORDERING OF WEAK
POSITIVE QUADRANT DEPENDENCE

TAE-SUNG KIM AND YOUNG RO LEE

ABSTRACT. A partial ordering is developed among weakly positive qua-
drant dependent{WPQD) bivariate random vecters. This permits us
to measure the degree of WPQD-ness and to compare pairs of WPQD
random vectors. Some properties and closures under certain statistical
operalions are derived. An application is made tc measures of depen-
dence such as Kendall’s 7 and Spearman’s p.

1. Introduction

A bivariate random vector (X,Y) or its distribution H is positive
quadrant dependent(PQD)if P[X > z,Y > y]-P(X > z)P(Y > y) > 0
for all z,y. Lehmann(1966) introduced this concept of positive quad-
rant dependence(PQD) together with some other dependence concepts.
For review of some dependence concepts, one may consult Barlow and
Proschan(1981) or Tong(1980). For recent literature one may also con-
sult Jogdeo(1982).

Dependence concepts introduced in the literature are mostly stronger
than positive quadrant dependence. Recently, Alzaid(1990) introduced
a notion of weak positive quadrant dependence(WPQD) between two
random variables. The importance of this concept of dependence lies in
the fact that it is weaker than the positive quadrant dependence and it
enjoys various properties. For many purposes, in addition to knowledge
of the nature of dependence, it is also important to know the degree
of WPQD-newss and to compare pairs of WPQI) random vectors as to
their WPQD-ness. Ahmed et al.(1979) have studied very extensively
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the partial ordering of positive quadrant depender.ce which permits us
to compare pairs of positive quadrant dependent bivariate random vec-
tors with specified marginals as to their PQD-ness. Kimeldorf, G. and
Sampson, A.R(1987) presented a systematic basis for studying orderings
of bivariate distributions according to their degree of positive dependence
and introduced a general concept of a positive dependence ordering.

In this paper a partial ordering of weak positive quadrant dependence
is developed to compare pairs of weakly positive quadrant dependent bi-
variate random vectors. The definitions and some basic properties of
WPQD ordering are introduced in Section 2. Scme preservation re-
sults of WPQD ordering are derived in Section 3. It is shown that the
WPQD ordering is preserved under convolution, mixture of a certain
type, transformation, and limit in distribution. We also make an appli-
cation of WPQD ordering to some well known quantitative measures of
dependence such as Kendall’s 7 and Spearman’s p.

2. Preliminaries

In this section we present definitions, and bas:ic facts used in the
sequel.

DEFINITION 2.1. (Alzaid, 1990) A bivariate random vector (X,Y)
or its distribution function H is said to be weakly positive quadrant
dependent of the first type(WPQD1) (second type (WPQD2)) if for all
‘r’,y',

(21) [~ S, [P(X >w,Y >t)— P(X > u)P(Y > t)]dtdu > 0.
(2.1) (ffoo JP_IP(X >wY >t)— P(X > 0)P(Y > t)|dtdu > o)

A bivariate random vector (X,Y) or its distribution H is said to be
weakly positive quadrant dependent(WPQD) if it is WPQD1 and WPQD
2. Let 3 = 3(F,G) denote the class of bivariate distribution functions
H on R? having marginals F and G, H(z,y) = P(X > z,Y > y), and 3
be the subclass of 3 where H is WPQD.



A partial ordering of weak positive quadrant dependence 1107

DEFINITION 2.2. Let H; and H, both blong to 3. The bivariate ran-
dom vector (X, X,) or its distribution H; is said to be more weakly
positive quadrant dependent of the first type(second type) than the bi-
variate random vector (Y1, Y3) or its distribution H, if for all =, y,

(2.2) = fyoo Hy(u, t)dtdu > = fyoc Hy(u, #)dtdu.

(2.2)’ (f_’”oc J¥ Hi(u,t)dtdu > [7_ fj’oczﬁiz(u,t)dtdu.)

where the integrals exist.

We write Hl Z WPQD1H2 or (X],XQ) Z WPQDI(}G,YQ)(H] Z WPQD2
H; or (X1,X,) > WPQDZ(Yl,Yz)). We say that the bivariate random
vector (X, X2) or its distribution H; is more weakly positive quadrant
dependent than (Y7,Y2) or its distribution H, if H; is more WPQD1
than H; and more WPQD2 than H,. We write H; > wpopH; or
(X1,X2) > wpon(Y1,Y2).

REMARK. An equivalent form of (2.2) ((2.2)" is

(2.3) S S Hi(u tydtdu > [7° [ Ha(u,1)dtdu.

(2.3)’ (ffoo [¥ Hy(u,t)dtdu > [*_ ff’ong(u,t)dtdu)

where the integrals exist.

PROOF. Since H;(s,t)=1— F(s) = G(t) + Hi(s,t) for 1 = 1,2, F=
1-F and G =1 GH;(u,t) — F(u)G(t) = di(u,t) — F(u)G(t) for
= 1,2. Hence

/ / (u,t)dtdu > /:O /Oc Ho(w, t)dtdu
:»/ / [Hi(u,t) — F(u)G(t))dtdu
2/1 /y [Ho(u,t) — F(u)G(t))dtdu
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:>/ / [Hi(u,t) — F(u)G(t)]dtdu
z y
> [ [ttt - PGt
zr Y

=>/ / Hl(u,t)dtduzf / Hi(u,t)dtdu
x Y z Y

PROPERTY P1. Let H, and H, belong to 8. Assume that H, is
more positively quadrant dependent than H,. Then H; is more weakly
positive quadrant dependent than H,.

PROOF. From the definition of positive quadrant dependent order-
ing(See Ahmed et al.(1979)) and Definition 2.2 the result follows.
From Defintion 2.2 we have the following property:

PROPERTY P2. Let H;, H,, an H; belong to 3. Then H, > WFPQPH,
and Hy > WPRDH, imply H, > WPQDH,

PROPERTY P3. Let (X,Y) and (U, V) have distributions H; and Ho,
respectively where Hy and H, belong to 3. Assume (X,Y) is more
WPQD than (U, V). Then (Y, X) is more WPQD than (V,U).

PROOF. First, note that both (Y,X) and (V,U) have marginals G
and F.

//P(Ygu,xgt)dtduz/ / P(X < ,Y < u)dudt
¥ z T ¥

2/ / P(Ugt,Vgu)dudt:/ / P(V <u,U < t)dtdu.
r y ] z

Hence (Y, X) > WPV U). Similarly, (Y,X) > WPQD(V,U) and

the proof is complete.

PROPERTY P4. Let Hy, H, belong to 3. Assume that H, is more
WPQD than H,. Then, for 0 < a <1,

(2.4) H, >WPePuH, + (1-a)H, > WPy,
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PROOF. For @ = 0,1 it is clear that (2.4) holds. For 0 < a < 1,

Iler;o{aHl(:c,y) + (1 —a)Hy(z,y)} = G(y),
ylingo{aHl(x,y) + (1 —a)Hy(z,y)} = F(z),

Since aH; + (1 - a)H, is clearly WPQD, it belongs to 3. Next note that

/:O /yooHl(S,t)dtds :/Im/yoo[aHl(s,t) + (1 — a)H(s,t)]dtds

Z/:O /:o[aﬂz(s,t) + {1 —a)H,(s,t)]dtds

=/ / Hy(s,t)dtds.
z t

Thus H; > WPQDlaH1+(1—a)H2 > WPRDIr, for0 < a < 1. Similary,
Hy > WPRD2aH, 4 (1 —a)H, > WPRD2H, for 0 < a < 1. Thus the
proof is complete.

DEFINITION 2.3. A family of WPQD distributions { Hy(z,y)|A € A C
R} is said to be increasingly WPQD in X if )/ > X implies Hy >
WPQDp

EXAMPLE 2.4. A bivariate family of Hx(z,y1,0 < A < 1 is increas-
ingly WPQD in A, where Hy(z,y) = AH(z,y) + (1 - A)FG and H € 5.
It is celar that Hy C 3 by Property P4. For 0 < A; < Ay < 1
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which yields

/I /y AH(u,t) + (1 — M) F(u)G(t)]dtdu

Thus H)(x,y) is increasingly WPQD1 in A. Similarly, Hx(x,y) is in-
creasingly WPQD2 in A and the proof is complete.

3. Some Preservation Results with Application

In this section we establish preservation of the WPQD ordering under
combination, mixture, transformations of random variables by increasing
function, limit in distribution and other operation in statistics.

LEMMA 3.1. Let X = (X,,X,) and Y = (Y},Y,) have distributions
H, and H,, respectively, where H, and H, belong to 3 such that Hy >
WPRDH, and let Z = (Z1,Z2) with an arbitrary WPQD distribution
function H be independent of both X andY. Then X+Z > WFPRPY 4 7.

Proor. First we will show that X + Z and Y +- Z and WPQD.
For nonnegative increasing convex functions f, g

Cov(f(Xi+ Z,),9(X2 + Z32))
= Cov[E{f(X, + Z,)|Z}, E{g9(X, + Z3)|Z}]
+ Ez{Cov(f( X1 + Z1),9( X2 + Z2)|2)}

observe that according to Theorem 3 of Alzaid(1990) the second term
of the right hand side of the above equation is nonnegative while the
conditional expectations in the first term have the same properties in Z;
and Z; as do the functions f and ¢, and the first term of the right hand
side 1s also nonnegative. Thus X + Z is WPQD1.

A similar result holds for the WPQD2 and thus X + Z is WPQD. Sim-
ilarly, it is proved that Y + Z is also WPQD. Next, we need show for
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each (v, w) € R?,
(3.1) /oc /OOP[Xl +Zy > s, Xy + Zy > t)dtds
> /m /OCP[YI + 27y > s, Yy + Zy > t]dtds
(3.2) / / PIX, + 2, > s, Xo+ Zy > t]dtds
/ / PlY1+ Z, > s, Yy + 2, > t]dtds

Note that

left side of (3.1)

/ / / / s — 317)(2 >t-- ZZJdH(z]f:z)dtdS
2/ / / / P[Y1 >5_-:]’Y2>f—’:'2]dH(21,22)d1‘(13

:/ / PY| + Z, > 3. Yy + Z, > t]dtds == right side of (3.1).

The above inequality follows from the assumption that X > WFPePy,
Similarly, (3.2) is proved. Thus we complete the proof.

THEOREM 3.2. Let (X,,Y;) and (U;.V;) be WPQD for: = 1,2. Let
(X;,Y;) be more WPQD than (U;,V,) for i = 1,2. Further, let (X,.Y])
and (X3,Y2) be independent, (U,,V)) and (U3, V,) independent, and
(X2,Y2) and (U,.V}) independent. Then

(X1 4+ Xo. Y1+ o) > WP, 415, V) + 1))

PROOF. By assumption, (X,Y1) > WPeD(L'|, V). Specifying Z to
be (X2,Y3), we apply Lemma 3.1 to obtain

(33) (Xl + )(2, }/1 + }/2) Z VVI‘)QD(Ul -+ XQ, ‘/1 + Y‘g).
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Next, we use the assumption (X,,Y;) > WPQD(1/, V2), specify Z to be
(U1, V1), and again use Lemma 3.1, yielding

(3.4) (Ui + X2, Vi + Y2) 2 WPOP(U, 4 U, V) + W2,

By combining (3.3) and (3.4), we complete the proof according to P2.
From Theorem 3 of Alzaid(1990) it follows that (X, X ;) 1s more WPQD1
(WPQD2) than (Y;,Y3) if and only if

(3:5) Covy, (f(X1),9(X2)) 2 Covp, (f(Y1), 9(Y2))

for all increasing nonnegative convex(nonpositive concave) functions f

and g, where H, and H, are the distributions of (X, X;) and (Y1,Y,)

respectively and H; and H, belong to £.

THEOREM 3.3. Let X = (X;,X,),Y = (11,Y)) have distributions H,
and H,,where Hy and H, belong to 3 so that (X1, X,) > WPRDUY, v,
Then (f(X1),X,) > WFPODPY f(Y}),V3)) for all increasing nonnegative
convex function f.

PROOF. Let h and g be increasing, nonnegative convex functions.
Since hf is an increasing nonnegative convex function for all increasing
nonnegative convex function f
Cov i, (h(f(X1)),9(X2)) > Covy(h(f(1)), 4(Y2)) according to (3.5).
Hence (f(X1), X2) > WPQPI(£(Y7),Y,) and the proof is complete.

COROLLARY 3.4. Let X = (X,,X,) andY = (},,Y3) have distribu-
tions H, and H, respectively, where H, and H, belong to 3, such that
(X1,Xq) > WPRDY(Y, Y),). Then

(F(X1):9(X3)) 2 WPOPL(F(Xy), (V)

for all increasing nonegative convex functions f and g.

DEFINITION 3.5.(EBRAHIMI, GHOSH, 1981). A random vector Y is
stochastically increasing in the random vector X if E(f(Y)|X = z) is
increasing in g for all real valued increasing function f. We shall use the
abbreviation SI for stochastically increasing.

The following theorem gives a sufficient condition for WPQD-ness.
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THEROEM 3.6. Let (a) (X1,X2) given ), a scalar random variable,
be conditionally WPQD, and (b) X; and X, be SIin A. Then (X, X3)
is WPQD.

ProoF. Observe that

Cov[f(X1),9(X2)] = E[Cov{f(X1),g(X2)[A}]
(3.6) + Cov[E{f(X1)[A}. E{g(X3)[A}]
for increasing nonnegative convex(nonpositive concave) functions f and
g. Since conditioned on A (X, X;) is WPQD1/WPQD2) by Theorem
3 of Alzaid(1990) the first term on the right hand side of (3.6) is non-
negative. From Definition 3.5 the conditional expectations in the second
term on the right hand side of (3.6) are increasing functions.

Since A is associated, according Py of Esary, et al.(1967), the covariance
of the conditional expectations in the second term is nonnegative. It

follows that Cov[f(X1),9(X2)] > 0. Thus WPQD1(WPQD2).
We may now define the class gy by

Bx = {Hx: H(z,00[A) = F(z|A), H(o0,y|)) = G(y|A),
Hy|\is WPQD, and both F and Gare Sl inA}

The following theorem shows that if two elements of 3y are ordered
accordering to > WPQD than after mixing on ), the resulting elements
in 3 preserve the same order.

THEOREM 3.7. Let (X, X,)|) and (Y1,Y3)|) belong to 8. Assume
(X1, X2)|A > WPRD(Y,,Y;)|A. Then, unconditionally

(X1, X2) 2> WPQD(Yl,Yz

PROOF. From Theroem 3.6 (X, X;) and (17,Y3) are WPQD. For
showing (X1, X2) > WPQDP(Y,,Y;) we have to show (3.5), i.e.
E(f(X1),¢9(X2)) > E(f(Y1)g(Y,)) for all increasing, non-negative con-
vex (non-positive concave) functions f and g. Now

E(f(X1),9(X2)) =Ex{E(f(X1)g(X2)|M)}
2EX{E(f(Y1)g(Y2)| M)} := E(f(Y1)g(Y2))-
Thus (X, X)) > WPRP(Y},Y;) and the proof is complete.
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LEMMA 3.8. Suppose (U, V) < WPRD(X Y). Let (Z1,2,),(X.Y)
and (U, V) be independent random vectors and f, g . R? — R increasing.

Then (f(U, Z1),9(V, Z3)) < WFPRD(f(X. Z,),4(Y. Z.)).

Proor. By the monotonicity of f and g, the set {(u,a): f(u,z) <
a,g(v,z1) < b} is a lower rectangle and hence

/ / [f(U,2y) < a,9(V, Z;) < bldbda

/ / / / [f(U,21) < a,9(V, 22) < bJdH(z1, z3)dbda
: / / ,/ / P [f(X,21) < a,9(Y, 20) < bJdH (21, 22)dbda

/ / [£(X,Z,) < a,g¢(Y, Z,) < bldbda,

where H is the distribuion of (Z;,Z2;). Thus ( /(U, Z,),¢(V, Z;) <
WPRDI(f(X,Z,),9(Y,Z3)). Similarly, (f(U,Z1),g/V,2Z,)) < WPQRD2
(f(X,Z1),9(Y, Z;)) and the proof is complete.

THEOREM 3.9. Suppose (U,V;)) < WFRP(X,| v}) and (U,, V) <
WPQD(XQ., 2). Then for independent random vectors (X, Yl) (Yg }2),
(U1, V1)(Uq, V3) and for increasing functions f and ¢,

(3-7) (f(Ula 73),9(V1,V )) < WPQD(f(Xl-,XZ)vf/(Yla}'Z))'

PROOF. For increasing functions f and g define j'(s,t) = f(t.s) and
g'(s,t) = g(t,s). Then f’ and ¢’ are also increasing. Apply Lemma 3.8
to deduce that (f(X1,X2),9(¥1,Y2)) is more WPQD than (f(U;,X,),
9(V1,Y2)) = (f'(X2,U1),¢'(Y2, V1)) which is more WPQD than (f'(Us,
U1),9'(Va, V1) = (f(U1,U2),9(V1,V3)) by Lemma 3.6.

THEOREM 3.10. Let {(Xn,Yn) :n > 1} and {(U,,Vy) : n > 1} be
sequences of nonnegative WPQD1 bivariate randon: vectors with same
marginals. Assume (1) (X,,Y,) > WPQDl(Un,Vn), 1) Cov(X,.Y,) —
Cov(X,Y), (iii) Cov(U,,V,) — Cov(U,V), (iv) (X,.Y,) is weakly con-
vergent to (X,Y), (v) (U,,V,) is weakly convergent to (U, V). Then
(va) > WPQDI(U’ V)
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Proor. Observe that

Cov(X,,Y,) / / [P(X, > s,Y, >t)— P(X, >s)P(Y, > t)]dtds
:/oo/ [P(Xn>S,Yn>t)‘P(Xn>3)P(Yn>t)dtds

z Jy
2 /OO/OO[P(Un >s,Vp>t)— P(U, > S)P(Vn > t)]dtds _

Cov(U,,Y, / / (Up > s, Vo >t)— P(U, > s)P(V, > t)|dtds.

Taking the limit and using the dominated convergence theorem and the
assumptions of theorem concerning the convergences of Cov(X,,Y,) and
Cov(U,,V,) we get the required result.

THEOREM 3.11. Let (X1,Y7), -+ ,(X,,Y,) be independent random
vectors having WPQD]1 distribution H,, and let (U1, V1), -+ ,(Un, Vi) be
independent random vectors having WPQD1 distribution H,. Let f and

g be nonnegative increasing convex for the ith coordinate (1 =1, -+ . n).
Assume that Hy > WFPRDPIH, Then

COVH] [f(le e 94¥n)3g(Y17 e 7Yn)]
(3.8) > Covy[f(X1, - Xa)g(¥i- - Y)l

PROOF. According to Theorem 5 in Alzaid{1990) (f(Xi,---,X,),
g(Yy,---,Y,)is WPQD1 and (f(Uy,--- . Up),g(Vi, -+ . V) is WPQDL.
Thus (3.8) holds according to (3.5).

Among the most familiar measure of dependence there are (i) Spear-
man’s p, p( X, Y) = SCov(sgn(Xg——Xl) (Sgn(Yg‘—Yl)) and (ii) Kendall’s
7, 7(X,Y) = Cov(sgn(X,; — X), sgn(Y, — Y})) where (X3,Y7),(X2,Y2)
and (X3, Y3) are independent random vectors having the same distribu-
tion as (X,Y). An application of Theorem 5 of Alzaid(1990) implies that
all of the above measures are nonnegative under the weaker assumption
that (X,Y) is WPQD1. An immediate consequence of Theorem 3.11 is

the following example:

EXAMPLE 3.12. Let H; and H, be such that H; > WFPRPIH, Then
Kendalls 7, and Spearman’s p satisfy 7y, > 7h, and pu, > pn,.



1116 Tae-Sung Kim and Young Ro Lee

10.

References

- Ahmed, A. H., Langberg, N. A., Leon, R. V., and Proschan, F., Partial ordering

of positive quadrant dependence ,with applications, Tech. Report No. 78-5 FSU
Statistics Report M4g2, 1979.

Alzaid, A. , A weak quadrant dependence concept with applications, Commun.
Statist. -Stochastic Models 26 (1990), 353-363.

. Barlow, R. E. and Proschan, F., Statistical Theory of Reliubility and Life Testing,

Probability Models. To Begin With Silver Springs, MD, 1981.

. Ebrahimi, N. and Ghosh, M, Multivariate Negative Dependence, Commun. Stati-

st. 10 (1981), 307-339.
Ebrahimi, N., The ordering of positive dependdence, Commun. Statist-Theor.
Meth. 11 (1982), 2389-2399.

. Esary, J., Proschan, F. and Walkup, D., Association of random variables with

applications, Ann. Math. Statist. (1967), 1466-1474.

. Jogdeo, L, Concepis of Dependence. In Encyclopedia of Statistical Sciences. Bd.

J. Kotz and N. Johnson (1982}, 324-334.

- Kimeldorf, G. and Sampson, A. R, Positive dependence orderings, Ann. Inst.

Statist. Math. 39 A (1987), 113-128.

Lehmann, E. L., Some concepts of dependence, Ann. Math. Statist. 43 (1966),
1137-11563.

Tong, Y. L., Probability Inequalities in Multivariate Distributions, Academic
Press, New York, 1980.

Tae-Sung Kim
Department of Statistics
Won-Kwang University
lksan 570-749, Korea

Young Ro Lee

Department of Computer Science
Chungnam Sanup University
Hongsung 350-800, Korea



