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ENUMERATING EMBEDDINGS OF A
DARTBOARD GRAPH INTO SURFACES

JIN HwanN KiM, HYE KyUnG KiM AND DAE KEUN Lim

ABSTRACT. We enumerate the congruence classes of 2-cell emmbeddings
of a dartboard graph into surfaces with respect to a group consisting of
graph automorphisms of a dartboard graph.

1. Introduction and Preliminaries

Let G be a finite connected simple graph witl a vertex set V(G) and
an edge set E(G). Let Aut(G) denote the grovp of automorphisms of
G and let N(v) denote the neighborhood of a vertex v € V{(G), 1.e..the
set of all vertices adjacent to v. Any graph G can be regarded as a
topological space in the following sense: Each vertex is represented by a
distinct point and each edge by a distinct arc, homeomorphic to a closed
interval. so that the boundary points of an arc represent the endpoints of
the corresponding edge. Two graphs G and H are homeomorphic if and
only if they have respective subdivisions G’ and H' such that G’ and H'
are isomorphic graphs. Throughout this paper, all surfaces means closed
connected surfaces that are either orientable or 1onorientable.

An embedding of a graph G into a surface 5 1s a continuous one-
to-one function ¢ : G — S. It can be shown that for any embedding
i : G — S, i(G) is contained in the 1-skeleton of a triangulation of
the surface S and the graph embeddings in surfices can be analyzed by
combinatorial methods. If every component of S — (&), called a region,
is homeomorphic to an open disk, then the embedding ¢ : G — S is
called a 2-cell embedding. Every embedding treated in this paper is a
2-cell embedding. Two 2-cell embeddings 7, j of « graph G into a surface
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S are said to be congruent with respect to a subgroup T' of Aut(G) if
there are a homeomorphism h : $ — § and an automorphism v € T
such that ho: = j o+. If two embeddings are congruent with respect
to Aut (G), we say that they are congruent. If the surface S is oriented
and the surface homeomorphism h preserves an orientation, we call it
oriented congruence. Let |Cp(G)| denote the number of the congruence
classes of 2-cell embeddings of a graph G into surfaces with respect to a
subgroup I' of Aut (G) and [Cpy¢ (6)(G)| is written as |C(G)].

The oriented congruence of a graph G into oriented surfaces with
respect to the full automorphism gronp of G was enumerated by Mull et
al [5]. Recently, Kwak and Lee [3] gave some algebraic characterizations
for congruence and formulas for enumerating the congruence classes of
2-cell embeddings of a graph G into surfaces, and the congruence classes
of 2-cell embeddings of complete graphs were enumerated. In this paper,
we enumerate the congruence classes of 2-cell embeddings of a dartboard
graph into surfaces with respect to a subgroup of the automorphism
group of a dartboard graph.

An embedding scheme (p,A) for G consists of u rotation scheme p
which assigns a cyclic permutation p, on N(v) to each v € V(@) and
a voltage map A which assigns a value A(e) in Zy = {1,-1} to each
e € BE(G).

Stahl [7] showed that every embedding scheme for a graph G deter-
mines a 2-cell embedding of a graph into a surface S, and every 2-cell
embedding of th graph into a surface is determined by such a scheme.
Kwak and Lee (3] gave the following.

LEMMA 1.1. Let (p,A) and (7,u) be two embedding schemes for a
graph G with the corresponding embeddings i : G — S and j : G —
S respectively, and let T' be a subgroup of Aut(G). Then these two
embeddings i,j are congruent with respect to I' if and only if there are
v € I' and a function f : V(G) — Z, such that Totw) =70 (po) /¥ 0y~
and p(vy(e)) = f(u)A(e)f(v) for all ¢ -= uv € E(G).

Suppose that any graph automorphism + of a graph G is given. The
subgroup < v > of Aut (G) generated by v acts on the vertex set V(G)
and the edge set E(G) of G, and hence it gives a new graph G, with
vertex set V(G,) = {[v] | v € V(G)} and edge set E(G.,) = {[¢] | ¢ €
E(G)}, where [v], [e] are the orbits of v and e respectively under the
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< v > action on V(G) and E(G).
Now, for any v € Aut(G) and v € V(G), let

P(U;.Y) = {Gto’is a cycle permutation onN(U)and’)’l"U” oo} 7"“”“ = 0’}
and
I(UW) = {o|ois a cycle permutation onJV(v)and‘yl[v“ 0o o ’y_“v” = 0'—1}.

Let j(o) = (j1, - ,in) denote the cycle type of a permutation o in Sp,
where j; is the number of cycles of length k in & factorization of ¢ into
disjoint cycles. As usual, ¢(n) represents the value of n under the Euler
phi-function.

According to the cycle type of ¥ € Aut (G), |Pp;y| and [I(y;)| were
computed as follows ({3], [5]), where |X| represents the cardinality of a
set X.

LEMMA 1.2. If[v] € V(G,) and |N(v)| = n, then

IP(v'-Y)I — { d)(d)(% - l)!dn/d-l if )(’Y‘[U]HN(L)) = ()7 ‘,Oyjd = %707 e 10)

0 otherwise.
and
(251)12(r=1/2 if nis odd and j(y/ll|y 0)) = (1, 25,0, -, 0),
¥ | (%)!2"/2—1 if n is even andj(7|[”]||N(v)) =(0,2,0,---,0),
(i) (5 - 1)127/2=1 if n is even and j('y”"]||]\v(v)) =(2,%2-1,0,---,0),
0 otherwise.

2. Congruence classes of 2-cell embeddings of a dartboard
graph

For positive integers n (> 3) and k, a dartboard graph is a simple graph
formed from k concentric cycles, a central vertex and n line segments
joining the central vertex and the outmost circle as shown in Figure 1.
The resulting graph is written as W, x. In particular, W, is a wheel .
We label the vertices of the concentric cycles in Wy as vi1, v21, * -,
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Unl, """ . Vik, U2k, "+, Unx and the central vertex as vy so that the edges
of Wy, x are vgv;, vivy and vivim, where 1 < 4,3 < n, 1 <I,m < k,
J = t+ 1{mod n) and m = [ + 1(mod k) as Figure 1. The graph
W31 is the complete graph K, and Aut (W) = S4. The number of
noncongruent 2-cell embeddings is 11 ([3]). From now on, we assume
that n > 3.k > 1and n+ &k > 5. Let T, x be the spanning tree of Wa ok
with vertices and edges on the n line segments. The automorphism
group of Wy, x is naturally isomorphic to the symmetry group I, of the
regular n-gon with vertices 1,--- ,n and so it is considered as I,,. The
identity automorphism of Aut (W, ;) is written as I. Note that every
automorphism in Aut (W, ) fixes T, and vo. Let 0 = (12-.-n) be
a fixed generator of the cyclic subgroup of order n of D,,. The cyclic
subgroup of D,, generated by ¢ is regarded as Z,,.

FIGURE 1. A dartboard graph Ws 3 and its spanning tree Ts3.

We first devide D, into the subsets A4, B,, where dln and i = 0.1,2,
as follows:

Aa = {o*| ged(k,n) =n/d, 1 <k < n},
By ={y € Dy, | j(7) = (0,n/2,0,---,0),y # o"/?}.
By={y €D, |j(7)=(1(n-1)/2,0,---,0)},
By ={y€Dx |j(y)=(2n/2-1,0,---,0)}.
Then, Aut (Wyx) is Ugjnda U By if n is odd and Uy, 44U By U By if n

1s evern.

Let £7(n, k) denote the set of all embedding schemes (py A) for Wi,
with A(e) = 1 for all ¢ € E(T, ). Now, we introduce an useful group
action on E7(n, k) which will give an equivalence relation characterizing
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the congruence classes in the 2-cell embeddings of Wy k. The group
action of I' x Zy on Ep(n, k) is defined as follows:

(v, a)(p, A) = ({7, a)p, Ay)

for any (7,a) € T x Zy and (p, A) € E7(n, k), where

[(vya)pls = 70 (pr-1(w))* 07" and Ay(e) = Ay '(e))

foranvaV(W ) and e € E(Wy ).
Let Fix "‘ denote the set {(p,\) € Ep(n, k) | (v, a)(p, A) = (p, M)}
For v € Ad, let

Vaj = {[v) € V(W) = {vo} | []l = &, IN(v)[ = j},
where j = 3, 4. For v € B;, let

Vi, ={lv] € V(Wni,) — {vo} | V]l = LIN(v)] = j},

where [ =1, 2 and j = 3, 4.

We observe that if (p, A) € le ;) and 7 is a natural number, then
AM~i(e)) = A(e) for any e € E(Wn, ), and paiy = 7' o (pu)* o~~* for
any v € V(W, ). In particular, M~i(e)) = 1 for any e € E(Tn ). Let
ET(VV,,,;C_Y) be the set of edges of E(Wh, &) which can not be represented
by edges of E(T, k). Then the values of A on [e] € ET(Wp k) are com-
pletely determined by the value A(e) of e in Zj, and the assigned cycle
permutations of p on [v] € V(Wn,kv) is determined by the cycle permu-

tation p, on N(v). Moreover, p, € Py if allll =1 and p, € Iy if

all?ll = —1. Thus we have the following identities. If v € Aq4, then
ET(W,,
Ile( 1)| =2 kw)llp(vo;‘r)‘ H 1P| H | Pus
[v]Edea [U]E\/dq
and

ET (W,
|le 1)l = 2l2" (7 ’k")III(vo;‘r)l H |Proi| H |Proim-
[v]€Va,s [v]€Vy,a
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If v € B;, then

. Tn, T(w,
,FIX (‘y,lk)‘ = QIE (W, ""7)|'P(vo;‘y), H IP(v;v)’
[U]E‘/Ifj
le{1,2},5€{3,4}

and

. T, T(w,
,le('y,il)| =2l W 'k7),|I(vo;7)l I l v I I 1Pl ],
[UJEVI",;‘ [U]EV;J
JE{3,4} J€{3.4}

where the product over empty index set is defined to be 1. On the
other hand, for any v € Aut (Wy.k), the number ]E'T(Wn,kv)[ is given as
follows:

k—d'l if v e Ay,
“L;rll if n is odd and v € By,

k(L;-z_)_ if n is even and v € By,

kn
2

]ET(WMV)I =
if n is even and v € B,.

Using Lemma 1.2, we obtain the numbers | Pv;y)] and [ {(v;+)| as follows:
(i) For v € A4 where d|n, |Po;yy| is 2 if [v] € Vy5 and 6 if [v] € Vig;
|Pooipy | is (d)(n/d ~ 1)lgn/d-1, [ (vo;m)| 1s (d)(n/2)127/2-1 if 1 is even
and d is 2, and 0 otherwise. (ii) For v € B, where i = 1 or 2, [Py
is 21f [v] € V3, and 6 if [v] € V{,, and 0 if [v] € Vis(# 0); T4y is
((n —d)/2)120=8/2 1 1 is 2if v # v, (iii) For -y € By, | Py, is
(n/2 —1)l2n/2-1. H(vo:0)| is (n/2)12n/2-1. | Po;y] is 2 if [v] € Vi3 and 6
if [v] € V§,.
Therefore, we have the following lemma.

LEMMA 2.1.
(1) If y € Ay where d|n,

[Fix (T;"l")] = ¢(d)(§ - 1)!dn/d—122kn/d3(k~-1)n/d’
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and

|Fi | = { (an)!2(2k+1)/2—13('°_1)"/2 if n is even and d = 2,
ix |
(v, ‘1 0 otherwise.

(2) If n is odd and v € By,

|Fix 71)|-0 |F1x ' ])l—(
(3) If n is even and v € By,

|le e 1)'2((2k+1)n+2(k 1))/23(k 1)n/2

il =
|F1X ])l _ (n)!2((2k+1)n+2(k—1))/',33(k—1)n/2.
2
(4) If n is even and v € B,

[Fix Th k | =0, |F1x ])[ — (_ . 1),2(2k+1) 24+ k- 13(k 1)(n— 2)/2

To an embedding scheme (p, A) for W, x, we associate a new embed-
ding scheme (p, A) in E7(n, k) as follows: for any viyv;; € E(W, ) where
1<¢,7<nandj=:+1 (modn), define

pvjl = (pvjl )A(vovﬂ)m)‘(vﬂ_w”
and

j\(quﬂ) = Awovir - Mwa—1vi) Mviw;) A(vevs ) - - - Mvjivj0).

Then we can drive the following from Lemma 1.1.
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LEMMA 2.2. If(p,)) and (7, i) are embedding schemes for W, ; with
the corresponding embeddings i : W, — S and j : Wynx — S respec-
tively, then these embeddings i,j are congruent with respect to a sub-
group I of D, if and only if (v, a)(p, /\) = (7, ) for some (y,a) € ' x Zj.

By Lemmas 2.1 , 2.2 and Burnside’s lemma,

ICr (W k) 2!FI Y (Fix 7+ |Fix ™* )

~er
SaE Y O (Rl Pt )
d|n v€MNAg
2|F| Z Z (lleW 1)I t IFIX ))
ieJ ~el'nB;

where J is {1} if n is odd and {0, 2} if n is even. Therefore we have the
following theorems.

THEOREM 2.3. Let n and k be positive integers with n > 3 and
n+k > 5. Then

—Z(¢(d |dn/d IZan/d 23(k l)n/d

din

n-1 . . .
+ ( )!2((2k+1)n+2k—5)/l if nis Odd,
IC(Wni)| = S 2

_Z(¢(d)) (__ _ 1)!dn/d—-l22kn/d—23(k—1)n/d

dln
+ (5 — 1)12(2k+1n/2-4(q 9k | okg1=F 4 ok=11) if n is even.

THEOREM 2.4. Let n and k be positive integers with n > 3 and
n+ k> 5. Then

_Z ¢(d) (___ |dn/d l92kn/d—1g1k—1}n/d if n is odd,
d|n
|CZ,,(Wn,k)| = _Z #(d))2(Z — 1)1dn/d-192kn/d~1g(k~1)n/d
dn
+"(‘2‘)!2(2k+1)n/z—23(k_])n/2 if n is even.
n
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THEOREM 2.5. Let n and k be positive integers with n > 3 and

n+k > 5. Then

’C{I}(Wyn,k)l — (n — 1)!22kn—13(;\~_1)n.

Table 1 shows the number of the congruence classes of 2-cell embed-

dings of a wheel W, ; for small numbers n, which are calculated from
the above theorems.

2.

n 4 ) 6 7 8
ICz, (Wai)| 206 2464 41148 842616 20647700
IC(W,1)] 135 1360 21214 424380 10342282

Table 1.

References

J. L. Gross and T. W. Tucker, Topological Graph Theory, John Wiley and Sons,
New York, 1987.

J. H. Kwak and J. Lee, Isomorphism classes of cycle permutation graphs, Discrete
Math. 105 (1992), 131-142.

. Enumeration of graph embeddings, Discrete Math. 135 (1994), 129-151.

. B. Mohar, An obstruction to embedding graphs in surfaces, Discrete Math. 78

(1989), 135-142.

- B. P. Mull, R. G. Rieper and A. T. White, Enumerating 2-cell imbeddings of

connected graphs, Proc. Amer. Math. Soc. 103 (1988), 321-330.

- 8. Stahl, Generalized embedding schemes, J. Graph Theory 2 (1978), 41-52.

, The embedding of a graph - A survey, J. Graph Theory 2 (1978), 275-

298.
A. T. White, Graphs, Groups and Surfaces, North-Holland, Amsterdam, 1984.

Jin Hwan Kim
Department of Mathematics Education
Yeungnam University

Kyongsan 712-749, Korea



1104 Jin Hwan Kim, Hye Kyung Kim and Dae Keun Lim

Hye Kyung Kim

Department of Mathematics

Catholic University of Taegu Hyosung
Kyongsan 713-702, Korea

Dae Keun Lim

Department of Mathematics
Keimyung University

Taegu 704-701, Korea



