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A SOLUTION OF EINSTEIN’S
UNIFIED FIELD EQUATIONS

JONG W00 LEE AND KYUNG Tatr CHUNG

ABSTRACT. In this paper, we obtain a solution of Einstein’s unified field
equations on a generalized n-dimensional Riemannian manifold X, .

1. Introduction

Einstein [2] proposed a new unified field theory that would include
both gravitation and electromagnetism. The intent of this theory may
be characterized as a set of geometrical postulates for the space-time Xjy.
The geometrical consequences of these postulates have been developed
very far by a number of mathematicians, such as Chung [1], Eisenhart [3].
Geroch [4], Hlavaty [5], Mishra [8], Wrede [9], ete. In particular, Hlavaty
[5] gave its mathematical foundation, and Wrede |9] studied Principles A
and B of this theory on an n-dimensional generalized Riemannian mani-
fold X, for the first time. Recently, Chung [1] and Lee [6,7] introduced
the concepts of SE-connection I'} , and SE(k)-conaection I'y, in a simple
and useful form, and studied Einstein’s unified fizld equations.

2. Preliminaries

This section is a brief collection of basic concepts and results which
are needed in our subsequent considerations in the present paper.

Let X,, be an n-dimensional generalized Riemannian manifold covered
by a system of real coordinate neighborhoods {U;z"}, where, here and
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in the sequel, Greek indices run over the range {1,2, ..,n } and follow the
summation convention. The manifold X, is endowed with a general real
non-symimetric tensor gy,, called the basic tensor, which may be split
into its symmetric part hy, and skew-symmetric part kx,:

(2.1) Iap = hop + kap,

where we assume that

(2.2) (a) det(gan) #0 , (b) det(ha,) #0.
We may define a unique tensor h**=h"* by

(2.3) hauh™ =6,".

The tensors hy, and k™" will serve for raising and/or lowering indices
of tensors on X, in the usual manner. The manifold X, is assumed
to be connected by a general real connection I'} , which may also be
decomposed into its symmetric part A,"\# and skew-symmetric part 5,",
called the torsion tensor of I'y, :

1 v v v v
(24) F (Ap) — 2( Ap + Fp,A)v SAu [Au - (F Fuz\)'

Einstein’s unified field theory on X, is governed by the following set
of equations:

0

(25) augz\u - gaur)‘y g/\aF =0 (6 Oz

);

(2.6) (@) Sx=5x"=0, (b) Rpy=0nP,, (c)Roy =0,

where P, is an arbitrary vector, called the Einsteir. vector, and Ry, is
the contracted curvature tensor Riua of the curvature tensor R:\Juv"

V]

(2.7) v = 0%, = 0TS, + T3, Ts, — TS, s,
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It has been shown by Hlavaty [5] that if the equation (2.5) admits a

solution I'},.» then this solution must be of the form:

(2.8) e = Aul UL+ 50"
where {,”,} are the Christoffel symbols defined by k., and

(2.9) U, =2k"*Sa(z ks

3. A solution of (2.5)

The equations (2.8) and (2.9) reduce the investigation of I'y | to the
study of its torsion tensor Sy,”. Hence in order to know the connection
FK,‘ in (2.5), it is necessary and sufficient to know the tensor 5,,".

THEOREM 3.1.  If the system (2.5) admits a solution I'§ , on X,
such that its torsion tensor §»," is of the form

(3.1) Sap” = kYY"
for some nonzero vector Y,, then it must be of the form
(3.2) 3, = 070} = 260" 2 + koY,
where {\",} are the Christoffel symbols defined by hy,, and
(3.3) Z, = kY.
PROOF. Since the system (2.5) admits a solution on X4, it is of the

form (2.8). Since its torsion tensor Sy, is of the form (3.1), the tensor
(2.9) is given by

(34) Uf\/# — hya(ka,\}"ﬁkuﬂ + kaﬂyﬁk’\ﬁ) =z —-2}6(/\”2#)

making use of (3.3). Substituting (3.1) and (3.4) into (2.8), we obtain
(3.2).
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REMARK 3.2. In virtue of Theorem 3.1, in order to know the con-
nection I'{  in the system (2.5), it is necessary and sufficient to know
the vector Y, which defines the connection (3.2).

THEOREM 3.3.  The connection (3.2) on X, is a solution of the
system (2.5) if and only if the vector Y, on X, satisfies the following
condition

(3.5) Vikay = =2k,nY 42 Pk, 2,

where V, is the symbolic vector of the covariant derivative with respect
to {x\",} , Z, is given by (3.3), and (Z)k,\u = k\%kq,.

PROOF. Substituting (2.1) and (3.2) into (2.5), and making use of
Vb = 0, we obtain

(3.6) Vikau +2k,0Y, =2 Pk,nZ,y =0

by a straightforward computation. Hence the connection (3.2) is a solu-
tion of (2.5) if and only if the vector Y, satisfies (3.5).

LEMMA 3.4. The curvature tensor RY,, defined by the connection
(2.8) is given by

L:\Jm/ = H:\dpu + vu T:\du - vl/[];}u + V;J.S/\uw - VVSA;:.W‘
(37) + Tfu :;L - Lf/‘\]” (‘;ll - SanU)l\)p + SO{;LwL'fz(\lu

+ Skuabr:u - SA;;QU;JV + SAVaSapw - Sx\uusauww

w
where HA;w

is the Riemannian curvature tensor defined by {,*,}.
PROOF. Substituting (2.8) into (2.7), we obtain (3.7) by a straight-

forward computation.

THEOREM 3.5. Suppose that the condition (3.5, is satisfied on Xp,.
Then the curvature tensor Ry, defined by the connection (3.2) is given

by

:)l“' = H;‘dw/ — 2]\?,\[#,4,,]“) + Qk,\wV[#Z,,] — 2k‘muB,,],\

(3.8)
=2 Ok, 22 +2 Ph,“Z,) 25 + 2k, (YA + Z,Y"),
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where

(3.9) (a) A=V, Y*-Y,Y*+2°Z,
(b) B#/\ = V“Z)\ — 2Z(MY,\) + QZWICA)QZQ.

PROOF. Substituting (3.1) and (3.4) into (3.7), and making use of
(3.5), (3.9), and

(3.10) Y,Z% = koY *Y*? = 0,

we obtain (3.8) by a straightforward computation.

4. A solution of (2.5) and (2.6)

In this section, we shall display a particular solution of (2.5) and (2.6)
on X, (n > 3). Assume that ((hy,)) is defined by an n x n diagonal
matrix

+1 0 0 0
0 +1 0 0
(4.1) ((haw)) = : :
0 0 +1 0
0 0 0 -1

Then all the Christoffel symbols {1”,} vanish. Define two n-vectors on
X, by

(4.2) (a) Yr:(0,...,0,1,=1), (b) Wyx:(e',0,...,0),

where t = 2"~! — ™. Then they satisfy the conditions

(4.3) (@) VaY =YaWr=0, (b)) VaY,=0, (c) VaW,=Y\W,,
Now, define a basic tensor on X, by

(4.4) gap = hop + kxps
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where hy, is defined by (4.1) and kxy, 1s defined by

Then we obtain, in virtue of (4.3),
(4.6) krxaY® =0
(4.7) Vika, =2Y, YW, = =2k 2 Y,

With the vector Y, defined by (4.2)(a), define a connection on Xn
by (3.2). Since the condition (3.5) is satisfied on X, in virtue of (4.6)
and (4.7), the connection (3.2) is a solution of the system (2.5), and this
solution reduces in our case to

(4.8) e = kA Y = YW, Y.
Furthermore, in virtue of (4.6), its torsion tensor 55,7 satisfies
(4.9) Sx =5 =kY*=0.

Hence the system (2.6)(a) is satisfied automatically. Next, substituting
(4.6) into (3.8), and making use of (4.3)(b) and HY,, = 0. the curvature
tensor Ry, defined by the connection (4.8) is given by

(4.10) Ry, = 2k, Y Y™ + 2k, Y,

Contracting w and v in (4.10), and making use of (4.3)(a) and (4.6). its
contracted curvature Ry, is given by

(4.11) R, =0,

which implies that

(4.12) (@) Rpw =0, (b) Rixy =0
Hence the system (2.6)(b) is satisfied by

(4.13) Py = 0\P,

and the system (2.6)(c) is satisfied automatically.
Consequently, the Einstein’s unified field equations on X, are satisfied
by a basic tensor (4.4), a connection (4.8), and an Eirstein vector (4.13).
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