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EXISTENCE OF SOLUTION OF NONLINEAR
FUNCTIONAL DIFFERENTIAL EQUATIONS
IN GENERAL BANACH SPACES

JIN GYyo JEONG AND KI-YEON SHIN

ABSTRACT. The existence of a bounded generalized solution on the real
line for a nonlinear functional evolution problem of the type

(FDE) /() + A(t,z)z(t) 30, teR

in a general Banach spaces is considered. It is shown that (FDE) has
a bounded generalized solution on the whole real line with well-known
Crandall and Pazy’s result and recent results of the functional differen-
tial equations involving the operator A(t).

1. Introduction and preliminaries

Let X be a real Banach space with norm || - ||. The symbol || - ||«
denotes the sup-norm of a bounded function over its domain. The sym-
bol R, C denote the sets (—oo, 00), {¥ : (—00,0] — D ; ¥ is strongly
continuous and ||¥||s < 7}, respectly. Here D is a fixed closed subset of

X and r is a positive constant. We also let z,(s° = z(t+ s), s € (—o0,0]

fort € R.
An operator A : D(A) C X — 2% is called “w-accretive” if

llz1 — 22+ Myr —y2)|l = (1 = dwillzy — 24|
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for each A > 0 such that wA < 1 and every [zy,y1],[z2,y2] € A Tt
is called “m-w-accretive” if it is w- accretive and R(I+ )A) = X for
all A > 0. Also A is said to be “accretive” if w = 0, and “strongly
accretive” if w < 0. If A is m-w-accretive, we set ’AL" = llm,\_,o [[Axz]|,
x € X where 4y = (I — J))/) with J)‘ = (I +X4)7'. We also set
D= {re X : |Ar| < oc}. It is well-known that D(A) C D(A) C —D(—‘ﬁ
For other properities of these operators, the reader is referred to Barbu

[1], Crandall [3], Crandall and Pazy [4] and Evans [Z].

In this paper we consider functional equation of the type :
(FDE) ' (t)+ At z)z(t) 50, teR

with the operator satisfying at least the following conditions.

(H.1) The domain D(t) = D(A(t,v)) is independent of 4 € C. Moreover,
A(t,v)u is strongly m- dccretlve with respect to u ¢ D(t), i.e. R(I +
MA(t,¢)) = X for A > 0, (t,¢) € R x C and

lu — v+ ACA(t, ¢)u — A, ¢ )o)|| > (14 Ao)|lu — o]

for u,v € D(t), where a is a fixed positive constant.
(H.2) There exists a monotone increasing function I : [0,00) — [0, c0)
such that for every (t,s,11,12,u) € R? x C? x X we have

HA)\(L U>l )U' - A)\(Se u’?)uH
< LllulD{t = sl + [JANCs. w2)ull) + 101 — 2]l oo)-

It is very well-known that the generalized domain D(¢ t) and the closure
D(t) are fixed subset of X by the above condition [5, lemma 3.1]. For
simplicity, we denote by D D( A)and D = D(t)

(H.3) _
that }A(t,'¢’)xo| < N for every (t,¢) € R x C.

Our purpose here is to show that, under an add:tional assumption
of the constants N,o and r, the conditions (H.1)-(H.3) gurantee the
existence of a bounded generahzed (to be defined below) solution z(t) of

(FDE) such that [jz(¢)|| < r.
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(FDE) and equation of the type
z'(t) + A(t)z(t) 3 G(t, x,)

have been studied by many authors for last two decades where A(t) is
m-accretive and G(t,1) is locally Lipschitz continuous with respect to
t,%. In case that A(t) is strongly accretive with locally Lipschitz G, it
is special case of (FDE). However, (FDE) also includes equation with
multiplicative perturbation of A(¢). The reader is referred to that paper
for various fundamental results concerning evolution equations in general
Banach spaces. Important result can be found in [6,7.,9].

For general result concerning linear and perturbed linear evolution
equations, we cite the book of Pazy[11]. For other results concern-
ing ordinary and functional version of (FDE), the reader is referred to

4,5,6,7.8,9,12).

Consider the equation
(E) z'(t)+ B(t)e(t) 30, te€ [Ty, T],

where Ty, T are two fixed constants. We assume that B(t), t € [T, T,
satisfies the following conditions.

(C1) For the domain D(B(t)) C X, D(B(t)) = D, is independent of ¢
and for some w € R, B(t) + wI is accretive on [T0,T): i.e. for every
A€ (0,00) with Adw < 1 and all u,v ¢ D(B(t)), we have

lu—v+ AB(tu — B(t)v)|| > (1~ Iw)llu—v|.

Here I denotes the identity operator in X.

(C2) R(I+ AB(t)) > Dy for t € [Ty, T] and A € (0,)g), where ) is a
posttive constant with Agw < 1.

(C3) There exists a continuous function & : [T;,T] — X of bounded
variation on [Ty, T] and a monotone increasing function L : [0,00) —
[0, 00) such that

17a(00 = Ia(s)ull < AfA() ~ A(s)IL(ful )T + [B(s)e])

for every A € (0, Ao), t.s € [Ty, T), and u € D;.
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Given ug € Dy, s € [Ty, T), (E) has the “generalized solution” u(t) =
U(t,s)up, t € [s,T] where U(t,s), Tp < s <t < T, is the evolution
operator associated the B(t), t € [Ty, T], as obtained by Crandall and
Pazy in [4]. We have u(s) = up.

Now, assume that f,g : [Tp,7] — X are two given continuous func-
tions. Assume, further, that B(t¢), B1(t) = B(t) - f(t), and By(t) =
B(t) — g(t) satisfy the conditions (C1)-(C3). Let 2(t),y(t) be general-

ized solutions of

2(t)+ B(t)e(t) 3 f(t), t€[To, 7).
y'(t) + B(y(t) 3 glt), t€ [T T).

respectly. We can easily see that for Ty < s <t < T,

t
(1) Mle(t) =yl < ™= Dlla(s) — ()| +/ eI f(7) — g()|ldr.
Given interval J of R, assume that the conditions (C1)-(C3) hold
with [T, T] replaced everywhere by J. Let z(t), t € J, be a continuous
X-valued function such that for every finite interval [Ty, T] of J, the
restriction of z(¢) on [T, T] is a generalized solution of (E). Then x(t)
is called a “generalized solution of (E) on J”.

2. Main results

THEOREM 1. Assume that the conditions (H.1)-(H.3) are satisfied
with a > max{2L(r),2N/r}. Then there exists a bounded generalized
solution z(t) of (FDE) such that ||z(t)|| < r on R. This solution is

globally Lipschitz continuous and lies in D.

PROOF. Let K > 0 be a constant such that Vo + L(r) < (a —
2L(r))K. Such a constant exists by our assumption « > 2L{r). Let

S={f:R— D;||fll <rand ||f(t)— f(s)]| < K|t - 3| for all t,s € R}.

Then S is a closed and bounded subset of the Banach space of all
bounded continuous functions on R. Thus, § is a complete metric space



Nonlinear functional differential equations 1007

with the sup-norm. Let f € § be given and B(t) = A(t, f;). We consider
the equation

(2) 2(t) + Alt, fz(t) 3 0

Clearly, the operator B(t) — al is accretive for every t € R by (H.1). It
1s easy to see that R(I + AB(t)) = X for all (t,A) € R x (0, oc). Since

[fe = fallos = sup | f(t + 6) — f(s + 6)]| < K|t - s,
<0

we actually obtain by (H.2) that

1Ba(t)u — Bas)ull < L([lul)llt = s|(1+ [IBa(s)ull) + | fi = Folloo]
< L(JlulDlt = sl(1 + K)|Bts)ul.

It has shown that B(¢),t € [-n,n], n =1,2,---, satisfies the conditions

(C1)~(C3) so that there exists a unique generalized solution z,(#), t €

[=n,n], of (2) with z,(—n) = 2o by Crandall and Pazy [4, theorem 2 1]
In what follows, we let By(t) = k(I--Jx(t)), Ji(t) = (I+(1/k)B(t))~

We consider the equation
(3) z'(t) + Be(t)z(t) =0, t€[~n,n], =(-n)= .

For each k = 1,2,---, since Bi(t) - Gil, where 8¢ = (ka)/(k + a),
is accretive by [4, lemma 1.2] and R(I + ABi(t) = X for all A > 0,
By(t) is also satisfies (C1)-(C2). Moreover, By(!) is single-valued and
D(Bi(t)) = X is independent of t € |—n,n|, Bi(t) satisfies (C3) by [4,
lemma 3.2]. We let z%(t), t € [-n,n], be a unique generalized solutlon
of (3) foreach k =1,2,---.

We note that zX(t) converges uniformly to z,(t) on [—7,n] by Cran-
dall and Pazy [4, comments after the proof of lemma 4.2]. We also note
that ||2,(t) — xo]] < N/a for each t € [-n,n]. To show this, we first
consider the equation

(4) y'(t) + Br(t)y(t) = Be(t)zo, t € [-n,n], y(—n)=zo.

Clearly, y(t) = z¢, t € [—n,n], is a strongly continuously differentiable
solution of (4). Since By(t) satisfies the conditions (C1) ~(C3) on [—n, n]
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for n,k = 1,2,.--, we have a inequality which is very similar to (1). It
means that, for t € [-n,n] and k = 1,2, ---

len(t) = zoll = llzn(t) = y(1)]

t
< e 2k () — y(—m)]| + / e By (5o ds

t k
S/ Pt 8)‘—‘—‘k% 3 |B(s)xo|ds

71, t
< Nk / —dk(f ‘?)ds
Tk + Bk
Nk N 42k +ka?) Ny
T Bk + By alk®+2k2a) 0 o

where v = (k* + 2k%a + ka?)/(k® + 2k%a). We note that v > 1 for
k=1,2,--- and 74 — 1 as k — oo. Here we have used gy = (ka)/(k+a)
and condition (H.3). Thus, by letting & — oo, we may conclude that
|lzn(t) — zo|| < N/a for t € [—n,n].

Now, we show that |B(t)r,(t)] < K for t € [—n.n] and z,(t) is
Lipschitz continuous on [—n,n]. We fix t € (—n n) and let b # 0 be
such that t + h € (—n,n). We also let ¢X(t) == zk(t + h) — «(¢).
Since z*(t) is strongly continuously differentiable, so d()es ék(t). By [1,
proposition 9.4], we have

lim sup([lo%())|* — [|6h(t — R)|IF)/Rh <2 < 68)(1).5 >,
h a0

where j is any element of F(¢%(t)). Here F : X = 2% is the duality
mapping and < u,u* > denotes by the value of u* € X* at u ¢ X. We
see that F(¢k(t)) is non-empty set by Hahn-Banach theorem.

From the above inequality, we have

(d™/d)|gn()])* <2 < (ap)'(t+ 1) - (z3)' (1), >
= —2 < Bi(t + h)zk(t + h) — Bi(t)zk(t).
= —2 < By(t + h): ﬁ(f+h)~lfk(f+%z)r (1),7 >
~2 < By(t+ h)zk(t) — Bu(t)ak(t).j > .



Nonlinear functional differential equations 1009

But, since < Bg(t)u — Bi(t)v,j* >> Bi|lu — || for j* € F(u — v), the
above inequality becomes

(d~/db)||on(t)II®
< —28¢|[5 ()12 + 2| Ba(t + h)zk(t) — Be(tizk()||]| ok (1))
< =253kl oh(1)])?

+ 2L([lan(OIDURIL + [ Be()a (DI + 11 e — fallsll o5 (]-

We note that, since 2N/a < r and v4(> 1) — 1 as k — oo, there
exists an index kg such that 2N~ /a < r for all k > k;. Also, we have
an index kg such that

(5) Na+ L(r) < (8 = 2L(r))K < (a - 2L(r))K

for all £ > ic[, by the fact Sy < « for all ¥ = 1,2,--- and S — a as
k — oo. Let k¢ = max{ko,ko}. From now on, we only consider such
values of £ > kg. For all k > kg we get

L(|lzkll) < L(|[woll + Nvx/a) < L(r/2 + r/2) = L(r).
Then, we have

(d™/dt)||ef(t)])* < —2/3k||¢ﬁ<t)li2
+ 2[L(r) AL+ [ (@®)) + L)L+ K)][ln(t)]].

We now apply [1, proposition 9.5] to have

65 ()| < ||ok(—n)llePrltrm)

t
PRl [ e P12 k) ()] + 1+ K)ds.

e
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Dividing by |k| and then letting h — 0, we get

IaE) ()] < (k) (—n)|je=Brttm)

FEOI4K) s (hy(s)]) [ e

s€[—n 1

<
k

k ; , !
n ]B(—n)xole“/j"(&") + L(r)(1+ KA) / e Pelt=9) g
o ~

+ L(r)( sup u(x:z)'mru)/ (=) g
] J -

t€[—n,n
< NEk/(k+a) + L(r)(1 + K)/ 84
)/ B sup () (DD

te[—n,n]
Thus we have

(= Lr)/Be) sup i(25) (1))l < Nk/(k +a) 4 L(r)(1 + K) /.
tEi—n.n

Since L(r) < 2L(r) < Bx < &, 1 — L(r)/Bx > 0. It follows that

sup ||[(zF)'(¢)]] < Nk/(k + a') + L(r)(_ L+ K)/ 5%

te[~n,n] ‘ = L(r)/B)
792
_ Nj; /aj:_L r?)1+]\ <K
by (5). In other words, we obtain that
sup || Br(t)en(t)| = sup ||(z5)'(t)] < K.

te[—n,n) te[—n,n]

Since z%(t) — z,(t) as n — oo uniformly on [-n.n] by [4, comments
after the proof of lemma 4.2] and

(14 a/H)|IB;(zh(t)] < (1 + a/k)||Bilt)z (1))

k by [4, lemma 1.2], we have ||B;(t)z,(t)| < K and

for kg < 5 <
)| < K, t € [-n,n]. Consequently, for n = 1,2,---. we have

|B(t)z4(1)



Nonlinear functional differential equations 1011

shown that the equation (2) has a unique generalized solution z,(t), t €
[—n,n] such that z,(—n) = z¢, [|[2.(t)]| < ||zo|| + N/a < 7, zo(t) € D,
and z,(t) is Lipschitz continuous on [—n,n] with Lipschitz constant K.

Now, let the numbers a, b be such that —n < —m <a<b<m < n.

Then
[2a(t) = m(t)]] < e™ ™|z (<m) — 20|

< (N/a)e——a(t+m)
for all t € [a,b]. Hence {z,(t)} is a Cauchy sequence in the sup-norm

on [a,b]. Let z(t) be the uniform limit of r,(#) and y(¢) be a unique
generalized solution of (2) on [a, 8] such that z(a) = y(a). By (1),

lzn(t) =y S e Vlzn(a) —y(a) |, t€[a,b].

This shows z(t) = y(t) on [a,b]. Since [a,b] is arbitrary, we conclude
that there is a generalized solution z(t) of (2) on R such that ¢ € S.
To show the uniqueness of such a solution, we let x1(t), z2(t) be two
generalized solutions of (2). By (1),

lz1(t) = z2()] < e |z1(s) — z2(s)]
< eI (lea ()] + [lza(s)]) < 2rem)

for every t,s € R with s <t. Letting s — —oo, we obtain z,(t) = z,(t)
on R.

We now define an operator T : § — S such as T'f is a unique bounded
solution of (2) on R for given f € §. We have shown that Tf € S. We
show T is a strict contraction on S. For sufficiently large k and fixed n,
we let [a,b] C [-n,n] and consider the equations

2'(t) + Ak(t, fO)z(t) =0, t€[-n,n], z(—n)=zy,

yl(t) + Ak(tsgt)y(t) =0, t¢€ [—n,n], y(—n) = zo,
where f,g € S are two given functions and Ag(t, fy) = k(I — Ji(t, f1))
with Ji(t, ft) = (I + A(t, fo)/k)~!. Let zX(t), y%(¢) be the unique

strongly continuously differentiable solutions of the above equations, re-
spectively. Since we may handle the second equation as

yl(t) + Ak(t7ft)y(t) - Ak(taft)y(t) - Ak(tv gt)y(t)v
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we obtain that

t

leA () — yh(0)] < / B Aas, £UR(D) - Ax(s, gl (s)l|ds

— 0

< /_ e TEILlYR(S) DSy~ ol sods

t
< / B L)1 F — gllocds

hlle o}

= (L(r)/BIf = glloe-

Therefore, letting ¥ — oo, we have

KT HE) = (Tg)DI < (L(r)/a)llf = gllos < |f = gll.

It shows that the unique fixed point z(t), t € R is a generalized solution
of (FDE) by Banach’s contraction principle.

=]
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