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ON THE TAYLOR-BROWDER SPECTRUM

IN Ho JEON AND W0O YoOUNG LEE

ABSTRACT. In this paper we extend the Zemanek s characterization of
the Browder spectrum for a commuting n-tuple of operators in L{ H) and

show that if T = (T, - ,T,) is Browder then there exists an n-tuple
K = (K1, -, Kn) of compact operators and an iavertible commuting
n-tuple ($y,---,S,) for which T == § + K and S, K; = K;S; forall 1 <
5,5 < n.

1. Introduction

Suppose H is a complex Hilbert space and write: £(H ) for the set of all
bounded linear operators acting on H. Let T = T}, - - - .T,,) be a com-
muting n-tuple of operators in L(H) and let Ale] = {A¥[e,...,e,] h—o

be the exterior algebra on n generators (e; A £, == —ej ANe; foralli,j =
L....n). Write A(H) = Ale] @ H. Let A(T): A(H) — A(H) be given
by
AT (w@ )= Z(Ci ANw)@ T,
i=1

The operator A(T) can be the represented by the Koszul complez for T

Aler) AT 1)

0 — A°H) B AN H) M angy

where A*(H) is the collection of k-forms and AX¥(T) = A(T)|ax(py. Ev-
idently, A(T)? = 0, so that ran A(T) C ker A(T). We recall ([4].[8],[9])
that T is said to be ( Taylor) invertible if ker A(T) = ranA(T) (i.e.,
the Koszul complex for T is exact at every stage.) and is said to be
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(Taylor) Fredholm if kerA(T)/ranA(T) is finite dimensional (i.e., all co-
homologies of the Koszul complex for T are finite dimensional.). We
shall write o7(T) and o7 (T) for the Taylor spectrum and the Taylor
essential spectrum of T, respectively : namely,

or(T) ={A=(A1,--+,A,) € C": T — Ais not invertible}
and
ore(T) ={A = (A1,---,Ap) € C": T — Xis not Fredholm}.

We also recall ([5],(6].[8],[9]) that T is said to be ( Taylor)Browder if T
1s Fredholm and there exists a deleted open neighborhood Ny of 0 € C™
such that T — A is invertible for all A € Ny. Then the Taylor-Browder
spectrum, o74(T), 1s defined by

ors(T) = o7.(T) Uaccop(T)

where accor(T) denotes the set of accumulation points of the Taylor
spectrum of T. In this paper we consider a characterization of the Taylor-
Browder spectrum and a Riesz-Schauder theorem for a commuting n-
tuple of operators.

2. A characterization of the Taylor-Browder spectrum

For a single operator T acting on a Banach space, Zemanek ({14, The-
orem 1, (2)]) characterized the Browder spectrum as the intersection of
the ordinary spectra of compressions to subspaces with finite codimen-
sions. In this section we extend the Zemanek’s characterization for a
commuting n-tuple of operators in £L(H). If M is a common invariant
subspace of H for each T; in L{H ), we denote an n-tuple of compressions
to M by Tar =(Typr, - Tom)

The following observation was, basically, noticec in [4] and [12]:

LEMMA 1. Let T = (Ty,--- ,T,) be a commuting n-tuple of operators
in L(H). If P is a continuous projection commuting with each T;, then

(1.1) O'T(T):UT(TPH) U UT(T(I_p)H).
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PROOF. Since the subspace PH reduces each T; and A(H) is just
Ale] ® (PH @ (I — P)H), A(T) admits the following operator matrix

representation:
: A(T)acra) 0 )
AT) = .
- ( 0 AT -pymy

with respect to the decomposition A{H) = A(PA)&A((I - P)H). Thus
we see that the Koszul complex for T is exact if and only if the Koszul
complex for T py and T(;_ pyyy are both exact, which implies (1.1). [0

Let P(H) denote the set of all projections in H with a finite codi-
mension. For any P € P(H) the compression f T is a bounded linear
operator on the closed subspace P(H) defined by Tpyr = PTx for each
r € PH. The following is a generalization of Zemanek's result for a
commuting rn-tuple of operators in L{H}:

THEOREM 2. If T = (T4, - ,T,) is a commuting n-tuple of operators
in L{H), then

(2.1) oro(T)= () {er(Tpn)| PT, = T.P)}.
PeP(H)

ProOOF. Suppose that A = (Ay,---,A,) € C" is in op(T). If A
does not in the right-hand side of (2.1), then there exists a projection
P € P(H) such that A € op(Tpy) and PT; = T;P. Thus we have a

spectral formula (1.1):
(2.2) J'['(T) = O’T(T])H) U 07‘(T(1 —P)H)-

Thus A € op(T(;-pyn), and hence A € isoop(T) because A € o (Tpy)
and (I — P)H is a finite subspace of H. Thus an argument of Fialkow([7.
Lemma 2.1]) gives that A € o7.(T) because the spectral subspace of A is
contained in (I — P)H. This leads a contradiction. Conversely, suppose
that A € opy(T). Since A € isoop(T), we can fnd a projection ) with
respect to A ([12, Theorem 4.8]) such that QT; = T;(), the spectral
subspace of A is QH, and A € o7(T(j_g)n). Putting P = I — Q gives
that P € P(H) and A € o (T py). Thus the proof is completed. O
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3. A Riesz-Schauder theorem

For a single operator T' € L{H), the Riesz-Schaud=r theorem ([8],[13])
says that
T is Browder < T = S + K,

where S is invertible, K is compact and SK = RA'S. Therefore we meet
a natural question:

QUESTION. Can be the Riesz-Schauder theorem extended for com-
muting n-tuples of operators?

In this section we discuss the above question. R.E. Harte ([8, Problem
11.10.5, p.557]) suggested a half of the above question. The following
theorem gives the “only if” part of the Riesz-Schauder theorem and also
answers a question of R.E.Harte; the answer is yes.

THEOREM 3. If T is Browder , then there exisis an n-tuple K =
(K, -+ ,K,) of compact operators such that T = S + K where S =
(S1,-++,8n) is an invertible commuting n-tuple and S;K; = K S, for
all1 <z,5 <n.

Proor. If T i1s Browder but not invertible then T is Fredholm and
0 € 1soo7(T). The arguments of Taylor ([12, Theorem 4.9; Corollary
4.10]) give that there exists a projection P € L(H | satisfying that P
commutes with each T;, Tpy is a commuting n-tuple of quasinilpotent
operators and 0 € op(T(;_pyy). In particular, P is of finite rank and
hence compact. Now consider the following commuting n-tuple:

T+P=(Ty+P,---,T, + P),
where P = (P,--- , P). Then by Lemma 1,
or(T+P)=0r((T+P)pu)Uor((T+P)_pyu).

Clearly, we have 0 € o7((T+P)(;_p)y). Since a commuting quasinilpo-
tent perturbation of an invertible operator is also invertible, it immedi-
ately follows that 0 € or((T +P)py). Thus 0 € op(T + P), which says
that T + P is invertible. Hence the proof is completed with S = T + P
and K=-P. 0O
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REMARK. A joint Weyl spectrum, w(T), for & commuting n-tuple T
is defined by ([1],[2], [3])

(3.1)
w(T) = ﬂ{a’T(T + K) : Kis an n — tuple of compact operators and
T+K=(T,+ K, -, T, + K,)is a commuting n — tuple}.

In [9], we suggested a question : does it follow that w(T) C opy(T)?
Theorem 2 answers the question: the answer is yes.

We were unable to decide whether or not th= converse of Theorem
2 1s true. However we can show that the converse is true for an in-
teresting class containing normal n-tuples(cf. 10]). To see this, we
recall that a point A = (A, | A,) € C" is called a joint eigenvalue of
T = (T, - . Ty) if there exists a nonzero vector x in H for which

(T; —Aj)a=0 foreachi=1, - ,n.

We write o,(T) for the set of all joint eigenvalues of T and 7y(T) for the
set of all joint eigenvalues of T of finite multiplicity. We now consider
the following property that T = (T}, -- ,T,) may satisfy:

(o) 7o(T) = mo(T*) and the corresponding joint eigenspaces of

A€ mo(T) and X € mo(T*) are all equal.

Here T* = (T}.--- ,T%) and K denotes the set of complex conjugates
of elements in K.

COROLLARY 4. If T = (T),--- ,T,) is a doubly commuting n-tuple of
dominant operators and satisfies the property (a). Then T is Browder
if and only if there exists an n-tuple K = (K ,--- ,K,) of compact
operators such that T =8 + K where S = (S,,---,5,,) is an invertible

commuting n-tuple of operators and S;K; = ;& for all 1 <i,j <n.

PROOF. In the view of Theorem 3, it suffices to show “if” part. If
there exists an n-tuple K of compact operators such that T = S +
K, where S is an invertible commuting n-tuple of operators, then it
1s evident that T is Fredholm. In turn, by [10, Theorem 2.2], 0 is an
isolated point of o (T'), which implies that T is Browder. [J
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