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SOME LIPSCHITZ REGULARITY OF THE
CAUCHY TRANSFORM ON A CONVEX DOMAIN
IN C?* WITH REAL ANALYTIC BOUNDARY

KENZO ApAcHIt AND HONG RAE CHO?

ABSTRACT. Let D C C? be a bounded convex domain with real analytic
boundary. We get some Lipschitz regularity of the Clauchy transform on
the convex domain D.

1. Introduction

Let D be a domain in the complex plane C. The Cauchy transform
C(f) of a function f € C°(bD) is defined by

(CF)(z) = —— / S g

271 bDC—Z

for z € D. It is well-known that the Cauchy transform maps C°°(bD)
into A®(D) = O(D)NC>=(D), and so it can be viewed as an operator on
C°°(bD). In this paper, we consider the Cauchy kernel and the Cauchy
transform in higher dimensional cases.

For a domain D in C" we denote O(D) by the space of holomorphic
functions on D equipped with the natural topology in which convergent
sequences are precisely those which converge compactly.

Let D be a strongly pseudoconvex domain in C" and let C((,z) be
the Cauchy kernel of D (see [7]). Then for f € A(D) = O(D)n C(D),

we have

f(z) = /w FOC(C )
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for z € D. We can generalize some classical results for the Cauchy kernel
in C to the Cauchy kernel in the strongly pseudoconvex domain D.

THEOREM 1.1 ([2, 4, 7]). Define

(CHz)= | FIOC, ).

bD
Then
(i) C(f) € O(D) for all f € L*(4D).
(i1) C: LP(bD) — O(D) is continuous for 1 < p < oo.
(iii) C: Ay(bD) — O(D) N Ay(D) is bounded for 0 < o < 1.

REMARK. It is not true, even in the case n = 1, that C(f) extends
continuously to D if f is only continuous on bD; (iii) gives a useful
sufficient condition for the continuity of C(f) on D. Some regularity
properties of the Cauchy kernel on the Hardy space HP( D) were studied
by Stout [9].

Let D @ C" be a convex domain with C* defining function . Then

_ 1 / ( LOr(Q) A (B0r ()
(27)" Jyp < 0r(¢), —z >

for f € A(D)=O(D)NC(D) and z € D ([7], IV-3).

DEFINITION 1.2. Define

(1.1) f(z)

_ Or(Q) A (@ar(g))"

)= a0 >
and .
(CHI) = G [ FOCE)

for f € L'(bD). Then C((,z2) is called the Cauchy kernel and C(f) the

Cauchy transform of f on the convex domain D.

Let D @ C? be a convex domain with real analytic boundary. We
define ¢(¢,z) =< 0r(¢),( — z >. By Range [6], there are a positive
number € > 0 and a positive even integer m > 2 such that

6(C.2)| 2 [Im ¢(¢, 2) + dist (z,6D) 4 [¢ — z|™
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for (¢,z) € bD x D with [ — z| < €.
For any bounded domain E, we denote by A,(E) the classical Lip-
schitz space of order a (See [8]). Now we state cur main results.
THEOREM 1.3.
(i) C(f) e O(D) for all f € L'(bD).
(i1) C: LP(bD) — O(D) is continuous for 1 <{ p < oc.
(ili) f 1 -2 < a < 1, then there exists 0 < 8 < a such that

m

C:Au(bD) - O(D) N Ag(D) 1s bounded.

2. Elementary estimates

We first prove elementary estimates which will be useful in proving
the main results.

LEMMA 2.1. For 7 > 1, 6 > 0, and a positive even integer m > 2,

d.T .
gz —————— < §TOE
/ff&l (8 + |z|m)8 ~

PRrROOF. By using the polar coordinates, we get

1 g oo o o
/ﬂzLﬁ/ pd/)____sé_5+%/ sds
lz[<1 (6 + [z|™)# o (6+pm)B o (L+sm)8

Since # > 1 and m > 2, the last integral converges, and we are done.

We now show that Im ¢((, z) can be used as a local coordinate on 8D.
This can be proved by Range ([7], V-3). But for the reader’s convenience.
we give the proof.

LEMMA 2.2, There are positive constants M a, and n < ¢, and, for
each » with dist (z,bD) < a, there is a C™ local coordinate system
(ti,t2,t3,t4) =t =¢((,z) on B(z,n) such that the following hold:

t((,z)=r(¢) and t(z,z)={(r(z),0,0,0),
tZ(C7 Z) = I ¢(sz)v
HC 2 <1 for ¢ € Bz,

|Jr(t(-,2))| <M and |detJg(t(-.z))| 2 —]%i



978 K. Adachi and H. R. Cho

Proor. Fix z € bD. Since

it follows that

0 R 0¢ A

(z,2)d¢, +"8E(47~')d€2
or or

= —(2)dC, + 2L (2)dC,
3(1(2) G 5‘(2( )d¢,

= 0(7‘(2’).

(2.1) deg(z,z) =

Thus, at the point ¢ = z, one obtains

1 _ _
dg Im o A dc?‘ = Z(agr - BCT) A (aCT‘ + 84:7‘)
= l,(?r AOr #0.

i

Hence, we have the result.

LEMMA 2.3.
d
[ S
JbD ’¢(Ca Z)I

3 do(¢) y|—2tatd 2
(i1) /bD 6(¢.2)[p == < ir(2)] if 1 — <o < 1.

PROOF. We shall use the special real coordinate system (1, 15,13, 14)
on the ball B(z,7) introduced in Lemma 2.2. With the notation chosen
there, it is clearly enough to prove the estimates for Ir(z)] < a. and the
region of integration replaced by 4D N B(z,n). By using the estimate
18] 2 [tal + [r(2)] + [(23.14)|™ for ¢ € bD N B(z.n), it follows that

/ da‘(i) 5/ 1< dtfdtsdt‘i - S L
sp |6(C, 2)] i t2] 4 [r(2)] + |(ts,t4)]

(t2,t3,t4)
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For the case (ii), by Lemma 2.1, we get

/ dO’(C) </ , dtzd‘t3dt4
oo [6(C, P2~ LS (el +Tr()l + [t ta)[ )30

t'=(1,t3,t4)

</‘ dt, 2
o (tz+|r(z)])3 2=

— 2
S Ir(z)| 72 et

3. Proof of Theorem 1.3

Since (i) is trivial, we prove only (ii) and (iiij. For a compact subset
K of D, it follows that

IC(f) = Clg)lk = sup [(Cf)(z) — (Cg)(=)]

=sup‘/ (F(C) - 9(0)C(C, 2)
2€EK bD
SIf=9glleeepy, L <p<oo.

This proves (ii).
For the proof of (iii), let 2 = (z1,x3,73,74) € R*. Then we have

acsf)y . 1 _?_
oz, (2) = (2m1)?2 '/;Df(C)azj / K C)d)a(c do((¢)

where K((,z) € C*®(D x D) and do(() is the surface measure on bD.
Let v > 0 be the smaller of the constants a and 7 in Lemma 2.2. It
suffices to show that |I(z)| < Culr(2)|°7!|f|a, sp) for z € D, where
8 =a-+ —7% — 1 and

B MOK(CS)
K@—Ammm)w) 5o

where x is a compactly supported cut off function in B(z,~).
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We decompose
{31) f(t) - [f(tlat27t3vt4) - f(0707t37t4)] + f(0307t37t4)'

Corresponding to (3.1), we have I(z) = I,(z) + I;(z), where, with #' =

(t27t37t4)w
|t2]*

1h(2)] £ ,flAa(bD)/ g dtadizdiy
<1 ,¢'

and

S 4! "4t
(32) 12(2) — /l l f(ov 01 t3nt4))((t )I\(t ’Z)dtzd:;d‘i.
t')1<1

¢3

From (ii) in Lemma 2.3 it follows that

()] S fla. o / Mol ity

vi<i |9
1

< ————dtydtadt

N iflAa(bD)/lt,l<1 pp—a Hadtsdta

2
SUflapoylr(z)| 2ot

In order to estimate (3.2), we first integrate by parts in t3, using the
fact that —1 (;9: % = # We give some explanation for the identity.

From (2.1) one also obtain that 2 d. Re ¢ = d¢r at { = z, therefore
d¢e Re ¢ Ade Im ¢ # 0.

If we choose coordinates t; = r({) and t, = Im ¢((, z) as in Lemma 2.2,
then 9 Re d 0 Im ¢
J Re ¢ m
=0 and =1
Bt T,

Thus, it follows that -a%% = 1, therefore

19%1 10, 10¢.

298 20, ston,)
_i 209,
20 ¢ oty
1

¢3
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Since x has compact support in B(z,7v), by integration by parts. one

obtains
1 £(0,0,t3,t4) 0? ,
Liz)= —= (YR, 2))dE o dt s dt
A(2) 2/mg1 e OB (2 it

which leads to. by (i) in Lemma 2.3,

[L(=) SIS

Lo (bD)-

Thus we get (iii).

1.

2.

-
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