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ON A STABILITY THEOREM
FOR HYPEREXACT OPERATORS

YonG Bin Cuoir AND CHooN KyunG CHUNG

ABSTRACT. In this paper we study the index stability theorem for a
bounded linear operator with closed range and extend the Kato's de-
composition theorem for an absence of the index.

Suppose X and Y are normed spaces, write BL(X,Y") for the set of
all bounded linear operators from X to Y. We recall that if k¥ > 0 and
if ||z|| < k||Tx|| for each z € X then we call T € BL(X,Y) bounded
below, if y € {Tx : ||z|] < k||y||} for each y € Y} then we call T open.
The operator T € BL(X,Y) will be called relatively open ([2],(8]) if its
truncation

TV : X — T(X)

is open. Thus bounded below is just relatively open one-one, open is the
same as relatively open onto. If X and Y are comnplete then ([1],[5])

(0.1) T is relatively open <= T has a closed range
<= T' has a clesed range,

where T1 is the adjoint operator of T. When X and Y are the same
space then we can introduce ([2],[3]) the hyperrange and the hyperkernel
of T € BL(X, X):

T(X)= () T"(X)

and

T=>=(0) = | J T7™(0):
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1t is clear that both subspaces are invariant under any operator § €
BL(X, X) which commutes with T, although for bounded operators on
Banach spaces neither need be closed. If S commutes with T, so that
also ST>(X) C T*°(X), we shall write

(0.2) SN T(X) — T(X)

for the operator induced by S. If in particular S is invertible and com-
mutes with T then

(0.3) (T —$)7'(0) € T™(X),

so that the null space of T'— S is the same as the null space of (T — 5)".
An operator T € BL(X, X) is called hyperexact ([3],[4]) if

T710) C T>*(X).
Also we have
(0.4) T7H0) CT®(X) <= T~(0) C T(X).

Our first observation was noticed by Goldberg (1], Theorem V.1.2),
which relies on Borsuk’s antipodal lemma. But our argument avoids Bor-
suk’s lemma; this was very nearly established by Harte ([2], (6.10.2.9)):

1. LEMMA. Let S,T € BL(X,Y). If T is relatively open and if S has
a sufficiently small norm then

(1.1) dim(T - §)~'(0) < dim T~(0)

PROOF. If dimT~!(0) = oo, this is evident. Suppose dim T~1(0) <
0o. Then we can find a closed subspace W of X for which

TP W =X

By [5] Theorem 4, the restriction of T to the subspace W, Ty is relatively
open and hence bounded below. Therefore there is k > 0 for which

z e W = |[Tz|| 2 kl||z||.
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Thus it follows that
€W = |[(T - S)z|| 2 [|T=|| - [IS|lllz] > (k = |[SIDl}]],

which gives that if ||S|| < k then the restriction ¢f T—S to W is bounded
below and hence one-one:

(T-$)"(0) (] W = {o}.
Thus we have that dim (7' — §)~1(0) < dim X/W = dim T~1(0). e
For brevity, we shall write
o(T) =dimT~'(0) and B(T)=dimY/cT(X).

Thus a(T') and G(T') will be either a non-negative integer or oc.
We are ready for a stability theorem :

2. THEOREM. Let X be a Banach space and let T € BL(X, X ) have
a closed range. If S € BL(X, X) is invertible, commutes with T' and has
a sufficiently small norm then

(2.1) T is hyperexact => «(T — S) = a(T) and B(T - S)=p(T).

Further, if T~'(0)NT>°(X) is finite dimensionai and if || is sufficiently
small then

(2.2) a(T — X\) = a(T) = T is hyperexact.

PROOF. By (1.1), we have that a(T — S) < a(T). For the reverse
inequality, suppose that r € T7'(0) C T°(X). Thus there exists a
sequence {z,} in X such that

I:T21:T222:T323:...

By using (0.4) and (0.1), we can find a constan’ & > 0 and a sequence
(z,)in X with z; = z for which

(23) zp=Tznay1 and k|lzns1]| <||zn]| ‘oreachn=1,2,---
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Since X is complete, the series

is convergent in X because if ||S|| < k then by (2.3),

m

1> S el <l )+ Ll | 4 - 4 L2 12y,

k=1

<l with s = L3l < 1.

Thus Ty, = Sy, which says that y, € (T — §)"0) whenever r €
T7'(0); therefore we have that o(T) < o(T — S).
For the argument for 3, observe, by (0.1) and (0 4), that

T 0) S T¥X) = T~ '(0)* 2TYX)* (v =1,2,---)

= THX") D2(T™)"(0) (n=1,2,- - ) = TT=}(0) C Tt=(XT),

where K1 denotes the annihilator of A .
Now applying the equality for a to Tt gives the equality for 3. Towards
(2.2), we claim that

dim T"71(0) < dim T~ (0) =dim(7T - A)~Ho)
=dim (T - )"~ H0) < dim T"~'(0) :
indeed the first inequality is evident, the second equality is the assumnp-
tion, the third equality is (0.3), and the last inequality is (1.1). Thus

dim7-1(0) = dimT"~1(0). Therefore if T=1(0) N T>®(X) is finite di-
mensional, we can conclude that T-1(0) C T>(X).

If, in (2.2), the assumption “dim (771(0) N T*=(X)) < oo "is dropped
- (2.2) may fail: for example, take X = ¢, and consider the operator

T(CE],.TZ,.T:;,I:;,"‘): (0,0,.?57$7,J79,I\1,"' )
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Then T has a closed range and a(T — A) = a(T') = oo for sufficiently
small A; but 7" is not hyperexact.

If T € BL(X, X) is semi-Fredholm then, by the punctured neighbor-
hood theorem ([1},[2},[5]) , there is € > 0 for which a(T'— ) and 3(T - A)
are both constant for 0 < |A| < e. Thus we can define ([9]) the jump,
J(T), of a semi-Fredholm operator 7'

J(TY=a(T)—a(T —A) for 0< |\ <e ifT is upper semi-Fredholm
and

JT)=p(T)—-p(T—A) for 0<|A <e if T is lower semi-Fredholm.
From Theorem 2, we can see that if T is semi-Fredholm then ([10])
(2.4) 5(T) = 0 <= T is hyperexact.

Then Kato’s decomposition theorem ([7],[10]) says that if T € BL( X, X)
is semi-Fredholm, T can be decomposed as:

(25) T = T1 EB Tg,

where T is nilpotent and T is hyperexact.

We can now have (2.5) for an absence of the index. For this we need
((6D):

3. LEMMA. If T € BL(X,Y) and S € BL(Y,Z) for Banach spaces
X,Y and Z then
(3.1) S(Y) and S7'(0)+T(X) are both closed => ST(X) is closed

and

(3.2)
S7H0) + T(X) is closed and S™1(0)NT(X)
is finite dimensional = T(X) is closed.

For the sake of completeness, we sketch a procf.
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The implication (3.1) is a lemma of Kato ([7] Lemma 331). When the
intersection ST!(0) N T(X) is {0} then (3.2) is a simple application of
the open mapping theorem ([2] Theorem 4.8.2); consider the operator
W:Z=58"10)x X/T1(0) - Y defined by setting

W(y,z+ T 0))=y+Tzrforeachye Y,z € X.

Evidently W is well-defined, bounded, and onto with finite dimensional
null space: there is therefore W' :Y — Z, also bounded and linear, for
which W = WW'W. Now observe that
E=TW':Y — Y satisfies E=FE* and T(X) = E(Y)
=(I — E)™'(0) is closed .

We meet a decomposition theorem:

4. THEOREM. Let T € BL(X,X). If T71(0)N"(X) is finite dimen-
sional and if there is k > 0 for which T~%(0) + T(X) is complemented
then T can be decomposed as T = Ty & T,, where T} is nilpotent and T,
1s hyperexact.

PROOF. Suppose T~'(0) N T(X) is finite dimensional and T-%(0) +
T(X) is complemented. Remembering the isomorpaism ([2])

(ST)=10)/T~(0) = T(X)Nn S~10),

we have

k—1
T50)/T~1(0) =2 T-% D) NT(X) = @ T710)NTHX),

i=1
where each summand is finite dimensional. Thus
(T7%0)+ T(X)) / (T~(0) + T(X)) is finite dimensional

and hence T7'(0) + T(X) is complemented. Thus we can find closed
subspaces L, W and Z of X for which

T7'(0)

X=LaT ' (ONT(X)eW &2 and T Y0)nT(X)D W = T(X).
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Write
M=T'0O)NnT(X)aWa Z.

Then T(M) C M and

T, =0, Ty(M)=T(X) and T.,'(0)=T"'0)NT(X).

:

Since, by (3.2) and our assumption. Ty has a closed range with finite

y D3 P M 2

dimensional null space, Ty is upper semi-Fredholm. By Kato's decom-
P ;s AM PP N

position theorem, Ty can be decomposed as

Ty =Ty 0 Ty,

where T, is nilpotent and Ty, is hyperexact. Now putting T} = T, & T},
and T, = T} gives the result. o
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