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A WEAKLY DEPENDENCE CONCEPTS
OF BIVARIATE STOCHASTIC PROCESSES

JEONG-YEOL CHoI, JONG-IL BAEK AND EuN-Ho YOUN

1. Introduction

In the last years there has been growing interest in concepts of pos-
itive(negative) dependence of stochastic processes such that concepts
are considerable us in deriving inequalities in probability and statistics.
Lehmann[7] introduced various concepts of positive(negative) depen-
dence in the bivariate case. Stronger notions of bivariate positive(negativ
e) dependence were later developed by Esary and Proschan([6]. Ahmed
et al.[2], and Ebrahimi and Ghosh[5] obtained multivariate versions of
various positive (negative) dependence as described by Lehmann[7] and
Esary and Proschan[6]. Concepts of positive(negative) dependence for
random variables have subsequently been extended to stochastic pro-
cesses in different directions by many authors. For references of avail-
able results see Baek(3] and Ebrahimi[9,10]. When we observed several
processes we could study each quantity on its own and treat each as a
separate univariate process. Although this would give us some infor-
mation about each quantity it could never give information about the
interrelationship between various quantities. This leads us to introduce
some concepts of weakly positive(negative) dependence for multivariate
stochastic processes. To introduce the new ideas involving in the study of
multivariate processes and to avoid complexity we consider the bivariate
processes. The extension to the multivariate case is straightforward.

In this paper, we introduce the notions of weakly positive(negative) de-
pendence of two bivariate processes. Furthermore, the main objective of
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this paper is to survey important results and the weaker properties than
positive(negative) quadrant dependence defined over bivariate stochastic
processes.

Also, the usefulles of weakly positive(negative) dependence in hypothesis
testing, probability inequality theory, confidence estimation and reliabil-
ity theory is well known. In Section 2, some definitions and properties
are given. Some preservation theoretical results are proved in Section 3
and then illustrated with examples in Section 4.

2. Preliminaries

In this section, we present definitions, notations. and basic facts used
throughout the paper. Suppose that we are given two stochastic pro-
cesses {X(t)|t > 0} and {X,(¢)|t > 0} . The state space of (X, (t), X5(1))
will be taken to be a subset, E = E; x E3 of the plane R?. For any state
a; € E;,1 = 1,2 we define the random times as follows

Ti(a;) = inf{t|X;(t) < a;,t > 0},7= 1,2,

In other words, T;(a;) is the first time that the process X;(t) reaches or
goes below a; (see[9]). If we base the dependence batween two processes
on the dependence of their hitting times, then we have the following
definitions.

DEFINITION 2.1 [EBRAHIMI (1987)]. The processes {X;(t)|t > 0}
and {X,(t)|t > 0} are said to be positive(negative) quadrant dependent

(PQD(NQD)) if

2
PN (Ti(ai) > 1) > (<) [[ P(Tilai) > t),
i=1

(2.1) -
for allt; > 0,a, € E;,1 =1,2.

If equality holds in (2.1), then we say two processes are independent.
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DEFINITION 2.2. The processes {X;(t)|t > 0} and {X(t)|t > 0} are
said to be weakly positive(negative) quadrant dependent 1(WPQDI1(WN

QDl)) if

/ / P(Ni_(Ti(a;) > t;))dt1dts

/ / HP Ti(a;) > t;)dt1dty, for all t; >0,a; € Ey0=1,2.

DEFINITION 2.3. The processes {X;(t)[t > 0} and {X,(t)|t > 0} are
said to be weakly positive(negative) quadrant dependent 2 (WPQD2(WN
Q@QD2)) if

ta ot
- PlOizi(Tia) > t))dtidty 2 (<)
(2.3)
/ / HP i) > t;)dtdty, forallt; >0,a; € E;;i=1,2.

Moreover, {X1(t)|t > 0} and {X(t)|[t > 0} are said to be weakly
positive (negative) quadrant dependent (WPQD(WNQD)) if they satisfy
both WPQD1(WNQD1) and WPQD2 (WNQD2).

DEFINITION 2.4 [EBRAHIMI(1987)]. The processes {X;(t)[t > 0}
and {X,(t)|t > 0} are said to be associated if

(2.4) cov( f(T1(a1), Ta(az2)), 9(Ti(ar), Tz(az))) 2 0,

for all non-decreasing, non-negative functions f and g for which the co-
variance exists and a; € E;, 1 =1,2.
First, we list below a number of important properties between defini-

tions (2.2)-(2.4). It is easy to prove that

(W Py) If the processes { X;(#)|t > 0} and {X,(t)|t > 0} are independent,
{X{(t)}t > 0} and {X»(t)|t > 0} are WPQD(WNQD).

(W P,) The union of independent set of WPQD(WNQD) is WPQD (WN
QD).

(W P3) Non-decreasing, non-negative convex functions of associated sto-
chastic processes are associated.
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Also, as a direct consequence of definitions (2.1)-(2.3), it is easy to
verify that PQD(NQD) = WPQD(WNQD).
The following example shows that WPQD1 does not imply PQD.

EXAMPLE 2.5. Consider a stochastic process { X;(¢)[t > 0} and {X,
(t)|t > 0} such that X;(0) and X,(1) have the following joint probabili-
ties

| o 1 2
01 0 015
0.3 015 0.05

0 005 02

N = O

It is easy to check that X;(0) and X,(1) are WPQD1 but not PQD.

3. Some preservation of theoretical results

THEOREM 3.1. The processes {X(t)|t > 0} and {X,(¢)|t > 0} are
WPQD1 if and only if {f(X,(t))[t > 0} and {g(X3(¢))|t > 0} are
WPQD1 for all non-decreasing convex functions f and g. Similarly
the processes {X(t)|t > 0} and {X2(¢)]t > 0} are WPQD2 if and
only if { f(X(t))jt > 0} and {g(X2(2))|t > 0} are WPQD2 for all non-

decreasing concave functions f and g.

THEOREM 3.2. Let (a) {(X;1(t), Xi2(t))}t > O} ne WPQD1 processes
foreach: = 1,2,....,n (b) {{X11(2), X120t > 0}, . ., {{(Xn1 (), Xna(t))
[t > 0} are independent 2-variate processes with increasing sample paths
(c) f and g are non- negative non-decreasing convex functions. Then
Yi(t) = f(X01(t), - Xna(t)), Ya(t) = g(X1alt), -, Xpa(t)) are WPQ
D1.

PROOF. The proof will be given for the case n = 2. For the general n,
the proof is similar. Fix #; > 0,7 = 1.2 and introduce the variables V; =

Xoi(t;) and U; = sup g,'(X“( ) Xg, (s)),7 = 1,2, where for simplicity,
0<s<t;
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t1,12 have been suppressed in V; and U;. Consider any hitting times of
Yi(s) = gi(X1i(s), X2i(s)) given by

Wi(a;) = inf{s|Yi(s) > a;},: = 1,2.
It suffices to show that

/ / P(W](al) > tl,VVg(az) > t2)dt2dt]
o Jig

> / / P(Wl(al) > tl)P(Wg(azi > tg)dtgdt1
t, Sty

Note that U; = sup g¢;(X1:(s),V;) and that, by hypothesis, V; and V,
0<s<t;
are WPQDI random variables( see [1]). Now, we obtain

/;30 /;00 P(Wi(ay) > t1,Walag) > tg)dt,dt,
1 Yt
= /t»oo/;oo P(Uy < a1,Uz < ag)dtadty
=/°° [‘JEP(U1 < a1, Uy < ag|Vi, Va)dtpdt,
i Ji
> /j“ /t°° E[P(U1 < a1]V1)P(U; < ap|V2)]dtsdti(by (a), (b),(c) )
> /jo /;OO EP(U; < a1|V1)EP(U;y < az|Vy)dt,ydt (by (a), (c))

_ /°° /oo P(Wi(a1) > t1)P(Wa(as) > to)dtdt,

CoROLLARY 1. Let (a) {( Xiu(t), Xia(t))|t > 0} be WPQDI1 pro-
cesses with for each t = 1,2,...,n (b){Z1(t)|t > 0} and {Z,(¢)|t > 0} are
independent stochastic processes and {(Z;(t), Z3(t))|t > 0} be indepen-
dent of (X1(t), Xi2(t)),i = 1,2,...,n (c) f and g are non-negative non-
decreasing convex functions. Then X(t) = f(Z:(t), X11(t), X21(t), - -,
an(t),Xz(t) = g(Zg(t),X21(t),X22(t), e ,Xng(f)) are WPQDl

The next theorem demonstrates the property of the WPQD1 under
limites.
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‘THEOREM 3.3. Suppose {X1,(t)|t > 0} and {.X2.(t)|t > 0} are se-
quence of non-negative WPQD1 with distribution functions H,, such that
H, — H weakly asn — oo, where H is the distribution functions of a sto-
chastic processes. If E(Ti(ay)T2(az)). E(Ti(a,)) and E(Ty(ay)) are finite
and cov(T'1n(ay), Ten(az)) — cov(Ti{ay), Ta(az)), then {(X1 (), Xa2(t))|t
>0} is WPQD1

PRoOF. We show that {X(¢)]t > 0} and {X,(¢)|t > 0} are WPQD1.
Consider that

/ / [P(Tln(al‘) >t1, Ton(az) > ty)
ti Jt

~ P(Tin(a1) > t1)P(Tan(az) > ty)]dt,dt,

4
= cov(Tyn(ay), Tanlaz)) —/ / [P(Tin(ay) > tr. Tonlaz) > 1)
4] 0

— P(T]n((1|) > tl)P(Tzn(ag) > fg)]dtgdtl.

By taking the limit(as n — oo) and using the doninated convergence
theorem and using the assumption of the theorem concerning the con-
vergence of cov(Tin(a1), Tan(az)), we can obtain the result for hitting
time processes.

The following theorem is application of theorem$.3 which is very im-
portant in recognizing WPQD1 in compound distributions which arise
naturally in stochastic processes

THEOREM 3.4. Let (a) {(Xi(t),Yi(t))|t > 0} ke WPQDI. for i =
1,2,...,00 (b) N(t) be a Poisson process which is independent of X(t)
and Y;(t) (c) {(Xi(t),Yi(t))|t > 0} be a sequence of non-negative in-

N(t)
dependent bivariate random processes. Then X(t) = ZX,(t) and
i=1

N(t)
Y(t) =) _Yi(t) are WPQDI.
=1
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Proor.
/ / Tl a]) > tl, Tz(az) > t2)dt2dt1
00 oo N(1)
:/ / PUY. Xi(t) > anty < s < ),
t t2 1=1
N{(s)

{Z y—](t) > ag,ts < s < OOHdtzdtl

N(tl) N{tz)

/ / (1) > a1, Y Yy(t) > az)dtadty

7=1

//ZZPZX(t>a1,Z} ) > as

t2 k1=0 ky=0 1=1

tl) - k‘], (tg) = kz) . P(N( ) = kl ]V(tz) = kQ)dt2dt1

/ / ZX t)>a1,ZY > ag)

k1 0k2_0 =1

P(N(t;) = khN(tZ) = kp)dt,dt,

/ / (ixi(tbal)P(i}g(t)mQ)

kl Okz—o =1 ]':_—1
P(N(t;) = kl,N(tz) = ky)dtadt;

= /00 > P(ZXi(t) > a1|N(t1) = k1) P(N(t1) = kq)dt,

U p=0  i=1

f ZPZY ) > as|N(t2) = ko) P(N(t2) = ko)dts

t2 ko =0 j=1

/ / Tl al > tl)P(Tz(az) > t;g)dt;;dtl
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4. Examples

EXAMPLE 4.1. Consider a bivariate process {( X (), Yo(t))|t > 0,n >
1} such that (X (), Y1(t)), (X2(¢), Ya(t)), - - - are independent with WPQ
D1 respectively. Then it is easy to check that {(X,(t), Yn(t))|t > 0,n >
1} is WPQD1.

EXAMPLE 4.2. Let {(N{(t), No(¢))|t > 0} be a hivariate poisson pro-
cess(cf Barlow and Proschan, p137) joint probability function

P(]V](t) =ny, No(t) = ny) = e~ AT (Pii+P o+ Por)

min(k; ,k —tm —m
2)(/\‘*‘Pn)m()\'*”Plo)k1 (A -+ Pyy)ke
x )

m!(ky — m)l(ky — m)!

m=0

Then it is easy to check that {(Ny(t), No(#))|t > 0} is WPQDI.

EXAMPLE 4.3. Let {X(t)|t > 0} be a Brownian motion process (cf.
Ross(1983)) and let {Z(¢)|t > 0} be a Brownian motion reflected at the
origin, that is Z(¢) = |X(t)|,# > 0. Then we can obtain that {X(#)|t > 0}
and {Z(t)|t > 0} are WPQDI.

EXAMPLE 4.4. Consider a system with two components which is sub-
Jjected to shocks. Let Ny(t), Na(t) be the poisson process of shocks re-
ceived by time t and let X (¢) = Z,\Ql(” X, Y1) = Zf\:lm}’,- be total
damages to components 1,2 by shocks, respectively. Then, by Theorem

(3.4), {(X(#),Y(t))]t > 0} is WPQD1.
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