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HARMONIC MAPS INTO OPEN MANIFOLDS
WITH NONNEGATIVE CURVATURE

YouNG-HEON KiM AND JIN-WHAN YIM*

ABSTRACT. A complete open manifold with nonnegative curvature is
diffeomorphic to the normal bundle of the soul, and the projection map
is a Riemannian submersion. Under certain circumstances, we prove that
a harmonic map from a compact manifold followed by the projection is
again harmonic. Therefore we obtain a harmonic map onto the soul
when there is a harmonic map into an open manifold.

. 1. Introduction

The harmonic maps between two Riemannian manifolds have long
been a central topic in differential geometry. The basic existence problem
1s concerned with deforming a given map into a harmonic map within
its homotopy class. It is known that a smooth map from a compact
manifold to a manifold with non-positive curvature can be deformed
into a harmonic map using the heat flow method (see [2], [3]). However
if the target manifold has positive curvature, this is no longer true. As
a simple case of positive curvature, it is known that for m < 7 every
homotopy class of maps §™ — S™ a has harmonic representative (cf.
[9]), but no general existence theorem is known even in these dimensions.
In fact, there are not many nontrivial examples of harmonic maps into
positively curved manifolds.

In this paper we are concerned with the harmonic maps from a com-
pact manifold into complete open manifolds with nionnegative curvature.
By Cheeger and Gromoll’s soul theorem (cf. [1]), it is known that a com-
plete open manifold M with nonnegative curvature has a compact totally
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geodesic submanifold ¥, called a soul, and M is diffeomorphic to the nor-
mal bundle of £. This fact has been an essential tool in the study of the
structure of such manifolds. Recently, Perel’'man has proved that there
exists a C'!' Riemannian submersion 7 from M onto ¥ (cf. [7]), and it
was shown by Luis [5] that this projection is in fact €.

Let N be a compact complete Riemannian manifold, and suppose
there exists a harmonic map f into an open manifold M with nonnega-
tive curvature. We study when there exists a harmonic map from N to
the soul ¥ of M. Since T is totally geodesic in M, in fact this implies
that there exists a harmonic map into M with its :mage in 3. This can
be used for nonexistence theorem of harmonic maps in open manifolds
with nonnegative curvature since there are some f such theorems for
compact target spaces. In general, the projection 7 is not a harmonie
map, and the composition of two harmonic maps is not necessarily har-
monic. Therefore there is no reason to believe that she composition map
mof: N — ¥ is harmonic. We will show in this paper that in some cases
this composition is again harmonic. We do not know what is the most
general conditions we can put on f or M to guarantee the harmonicity
of the composition. In one of the cases we will consider, we will have
that m o f is energy minimizing. There are however several results (cf,
[3]) about the instability of harmonic maps betweer compact manifolds.
Therefore, our result can be used for nonexistence in this case.

2. Preliminary

In this section we will review some necessary results about the struc-
ture of complete open manifolds with nonnegative curvature and har-
monic maps between Riemannian manifolds. For the details, we refer to
1], (21, [3].

Let M be a complete open manifold with nonnegative curvature,
Then M is homotopic to a compact manifold and its structure is char-
acterized by the following theorem due to Cheeger and Gromoll:

THEOREM. Let M be as above. Then there exis's a compact totally
convex submanifold ¥ C M such that M is diffeomorphic to the normal
bundle v(T).
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A subset ¥ is called totally convex if for any two points in & every
geodesic in M connecting these two points is contained in £. In par-
ticular, a totally convex submanifold is totally geodesic. This theorem
was proved by showing that there exists an exhaustion of M by totally
convex compact subsets and the soul is at the center of this exhaustion.

It was then shown by Sharafutdinov (cf. [8], [11]) that there exists a
distance nonincreasing deformation retraction kA from M onto ¥, which
means there exists a continuous map H : M x 0,1] — M such that
H(p,0) = p, H(p,1) = h(p) and for each t € [0,1] the map H(-,t) :
M — M is distance nonincreasing. In [7], Perelman showed that this
map actually coincides with the projection map 7 : v(£) — £, which
means that for any normal vector v € v, (%)

h{exp, tv) = p.

It is also known that this map is in fact a Riemannian submersion from
M to X(see [5], [7]).

Let (N, gn) and (M, gps) be two Riemannian manifolds with the corre-
sponding Riemannian metrics. A C! map f : N — M is called harmonic
if it is a critical point of the energy functional Ei f) = [, 1||df||%dvol.
The energy density e(f) = %de”z can be computed by the formula

e(f)= %Tracey]v (f*gm)

_ éZgM(dfm),df(ei)n

where n is the dimension of N and {e;} is an orthonormal basis of the
tangent space of N.

A harmonic map is characterized by the differential equation Trace(V2f) =
0, and it is equivalent to the fact that for each orthonormal basis {e;}
of a tangent space T, N,

Z Vidf(ei) — df(Ve;) = 0,
i=1

where V% df(e;) is the covariant derivative with respect to the induced
connection of the pull-back bundle f~!(TM) and it is same as sz\}j(e.- yaf (eq)
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when these vector fields are properly defined. In particular, if we choose
a geodesic -y, tangent to each e; and put ¢; = f o Yi» then we have

Zn: vMé=o.

=1

If f: N - M is a harmonic map from a compact Riemannian mani-
fold N to a complete open manifold M with nonnegative curvature, it is
easy to see by the maximum principle that the image f(N) is contained
in the boundary of a totally convex set we described above. This image
can be projected down to the soul by the Riemannian submersion, and
we are interested whether this set is again a harnionic image of N. In
the next section, we will use these basic facts to prove our main theorem.

3. Main theorem

For the statement of our main theorem, we reed to explain some
notation and concepts.

The normal bundle () is called flat if the holonomy of this fibre bun-
dle with respect to the normal connection is locally trivial. In particular,
there exists locally a parallel normal frame field along ¥.

For the Riemannian submersion 7 : M — ¥ we denote by H and V
the horizontal and the vertical distributions respecrively. For any vector
X € TM, X" and XV will indicate the horizontal and the vertical
components of X. A map f : N — M is called horizontal if df(TN)C H,
and a vertical map is defined in the same manner.

We now state our main theorem.

THEOREM 3.1. Let N be a compact Riemannian manifold and M
a complete open manifold with nonnegative curvature. If 7 : M —»
is the projection map, then for any harmonic mep f : N — M, the
composition 7 o f is also a harmonic map in the following cases:
1) The normal bundle v(X) is flat.

2) f: N — M is either vertical or horizontal.
3) f+ N — M is an energy minimizing map ir. its homotopy class.
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PROOF. Assume that f : N — M is a harmonic map, and we will
show that the composition for : N — ¥ is a harmonic map in each
cases.

1) For any three Riemannian manifolds N, M, ¥ and two smooth
maps f : N — M and 7 : M — I, we have the following formula for the
tension field:

Trace(V*(r o f)) = dr(Trace(V2f)) + Trace(Vdn(df, df )).

In particular, if 7 is a totally geodesic map, then the second term in the
right hand side of the above formula vanishes and hence the harmonicity
of f will imply the harmonicity of 7 o f. It therefore suffices to show
that the projection 7 is totally geodesic.

In [10] it is shown that if the normal bundle () is trivial then
M is isometric to a product manifold P x ¥, where P is a complete
open manifold with nonnegative curvature which is diffeomorphic to R*.
Therefore, in this case, each fibre of the Riemannian submersion 7 is
isometric to P and totally geodesic in M. In general, when the normal
bundle is locally trivial, we consider the universal covering spaces M, %
of M and ¥. Then it is easy to see that M is a trivial bundle over 3.
and by the same method as the trivial case we see that if the normal
bundle v(X) is flat, then M is locally a product, P x £. In particular,
the projection is a totally geodesic map, and hence the composition 7o f
1s a harmonic map.

2) If f is vertical, then df(T,N) C V = Ker dx. Therefore d( o f)
vanishes on N, and the energy is identically zero, which is clearly a
harmonic map.

Let X,Y € T,M be any two horizontal vectors, we extend them in
a neighborhood of p to basic vector fields X and Y respectively, where
basic vector flelds means horizontal lifts of vector fields on ¥. Since the
second fundamental form Vdr is a tensor, we have

Vdr(X,Y) = Vdr(X,Y)
= Vinx)dm(Y) = dn(VYY)

Since 7 : M — ¥ is a Riemannian submersion, we can apply O'neill’s
formula[6] to obtain

dn(VXY) = Vi 5dn(Y).
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So we see that Vdr vanishes for horizontal vectors. In the case when f
is horizontal, we have df(TN) C ‘H and hence Vdr(df, df) vanishes on
N, which means 7 o f is harmonic.

3) Suppose f : N — M is an energy minimizing harmonic map in its
homotopy class. We will show that there exists a map f; : N — M in
the same homotopy class as f such that f;(N) C ¥ and the energy of
f1 is not greater than that of f. Then we can conclude that the energy
1s actually same and f; is also energy minimizing and hence harmonic.

Let h: M — ¥ and H : M x[0,1] — M be the distance nonincreasing
deformation retraction and the homotopy we discussed in Section 2.
Define a homotopy F : N x [0,1] — M by F(z.t) = H(f(x).t). Then

0) = f(z) and fy(z) = F(z,1) = ho f(z) € ¥. Therefore f; : N —
M 1s homotopic to f and has its image in ¥. Furthermore, since A is
distance nonincresing, for any v € TN we have

ldfy ()il = [ldh(df (v))]]
< [ldf(v)]l;

and equality occurs if and only if dh preserves the length of the vector.
Therefore for any orthonormal basis {e,} of the tangent space of N we
have

= Z“dfl(ﬁi)Hz
< Z ldf (en)l|* = e( ).

Hence the energy E(f1) of f is not greater than E(f), and they must
be same. In fact, dh : T,M — Th(p)M is an isometry on f(N), and we
see that f; and f have isometric images in M. O

As we mentioned in Section 1, we know that 3 is totally convex in
M, and hence it is also totally geodesic in M. Since a harmonic followed
by a totally geodesic map is again harmonic, it is now easy to see:
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COROLLARY 3.2. Let M, N,and f be as above. Theniomof : N — M
is a harmonic map with its image in ¥ C M, where i : ¥ — M is the
inclusion map.

In the proof of our main theorem, we have not used the full strength
of the assumptions and certainly it is conceivable that the theorem is
still true under weaker conditions, perhaps without the flatness of the
normal bundle. We however do not know the answer yet. In fact, there
are not many nontrivial examples of noncompact manifolds of nonnega-
tive curvature, and it seems difficult to find nontrivial examples for the
weaker conditions.

In many cases, for the existence of a harmonic map in a given homo-
topy class of maps, we find an energy minimizing map, which certainly is
harmonic. We will see that this technique fails in the case of noncompact
manifolds as well as the compact case if the curvature is nonnegative.
Let N be an arbitrary compact manifold and let M be a noncompact
manifolds with nonnegative curvature with S™ as its soul. We know
that for n > 3. there is no nonconstant stable harmonic map from S§"
to N, or from N to S™ (cf. [3]). By Theorem 3.1, any energy min-
imizing harmonic map f from N to M induces an energy minimizing
map f; : N — S™ with the same energy. Since f; must be a constant
map, we see that f is also trivial. In fact, there are many nonexistence
theorems of this sort between compact manifolds, and we can apply the
same technique to obtain similar results in noncompact case.
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