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SOME VANISHING THEOREMS
ON KAHLER FOLIATIONS

SEOUNG DAL JUNG AND JIN SuK PaAK

ABSTRACT. We shall prove some vanishing theorems for the transversal
Dirac operators on Kahler foliations

1. Introduction

J. Brining and F. W. Kamber ([1]) studied the transversal Dirac
operators on compact foliated Riemannian manifolds and proved some
vanishing theorems for the transversal Dirac operators. Also, J.S.Pak
and S.D.Jung ([8]) extended the above results to the complete cases. In
this paper, we shall prove some vanishing theorems on compact Kahler
foliations. Throughout this paper, we shall be in ¢*-class. Manifolds are
assumed to be connected, orientable, paracompact and hausdorff spaces.
We also adopt the following ranges of indices :

1<i,g,---<p; 1<a,b, - <n,
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2. Preliminaries

Let (M, gp,F) be a (p + ¢)-dimensional Riemannian manifold with
an oriented foliation F of codimension ¢(= 2n) and a bundle-like metric
gm with respect to F. Then there exists an exact sequence of vector
bundles

O—-L—-TM - Q — O,

where L is the tangent bundle and  is the normal bundle of F with
respect to gas ([9]). The foliation is assumed to be transversally Kihler.
By a Kahler foliation F we mean a foliation satisfying the following
conditions; (i) F is Riemannian, with a bundle-'ike metric gas on M
inducing the holonomy invariant metric gg on ) = L+, (ii) there is
a holonomy invariant almost complex structure J : Q — Q. where
dim@ = g(= 2n) (real dimension). with respect to which gg is Her-
mitian, ie., go(JX,JY) = go(X,Y) for XY € T(Q), and (iii) if V
denotes the unique metric and torsion free conne:tion in @, then V is
almost complex, i.e., VJ = 0. Note that ®(X,Y) = 9o(X, JY) defines
a basic 2-form @, which is closed as a consequence of Vgo = 0 and
VJ = 0. Let Ry be the curvature associated to the unique metric and
torsion free connection V in the normal bundle I'(Q) of the Riemann-
1an foliation F. Let similarily Sy be the Ricci curvature. For a Kéhler
foliation we have then the following properties :

(2.1) Ry(X.Y)J = JRu(X.,Y),
(2.2) Ry(JX,JY) = Rg(X,Y),
(2.3) Sv(JX,JY) = S¢(X,Y),
(2.4) Rv(X.Y)Z + Ry(Y,Z)X + Re(Z,X )Y =0,

where XY and Z are elements of T'(()). In the sequal it will be con-
vinient to use the following orthonormal frame on M. For x € M,
let {e4} be an oriented orthonormal basis of T,if with €; in L, and
¢o in Ly (F is of codimension ¢ = 2n on MP*!"). The transversal
Kahler property of F allows then to extend e,, Je, to local vector fields
E, JE, € TL* such that

(2.5)

(VE,Eb): =0, (Vg,JE), =0, (Vg Ey). =0, (Vg JE), =0.
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As a consequence of torsion freeness
(26) [EmEb]z» [Em JEb]za [JEavJEb]z € Lz-

The E,,JE, can be chosen as (local) infinitesimal automorphisms of F,
so that

(2.7) VxE,=7[X,E,]=0 for X cTL.

We can complete E;,JE, by the Gram-Schmidt process to a moving
local frame by adding E; € 'L with (E;); = e;. In terms of such a
moving frame the transversal Ricci operator and the scalar curvature
are given by

(2.8) pv =Y JRy(E. JE,) and
(2.9) ov = 9q(pv(Ea) Ea)

respectively. Let Q%(F) be the space of all basic forms of degree r.
The exterior differential d restrcts to dp : QF — Q%7 and let é5 be the
formal adjoint of dg with respect to the induced scalar product <, >pg on
Qp ([8]). Now, assume that the mean curvature form k of the foliation
F is isoparametric, i.e., k € Q4(F). It is well known that if k € QL(F),
then dk = 0 ([9]).

3. Vanishing Theorems on Kahler foliations

Let Cl(Q) be the transversally Clifford algebra of @ and CIl(Q) =
Cl(Q)®gr C the complexification of CI(Q). Set

1 1
(3.1) o= 5(Ea—iJEa), €0 =5(Ea+iJEy),
where {E,,JE,} is an orthonormal basis of ). Then {¢,,¢€,} forms a

basis of Q®C , complexification of @ and CI(Q) is generated by {e,, €, }

which satisfies the relations

(32) €a€h + €p€q = —bap, €q€p = —€p€q, €,€p = —E€peq.
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Here we omitted the Clifford multiplication “.”. Let £ — M be the
holomophic foliated bundle of left modules over Cl(Q), i.e., the fiber E,

1s a left module over CI(Q), for each z € M, and the multiplication map
is smooth. We assume that E carries a hermitian metric ( , ) such that

¥

(1) Module multiplication by unit tangent vectors is unitary. i.e..
(3.3) (95,) + (s, 91) = 0
for all ¢ € CI(Q) and for all s,t € T(E).

(i) With respect to the cannonical hermitian connection, covariant
differentiation is a derivation of module multiplication, i.e., for

all p € T(CI(Q)) and all s € T(E), we have

(3.4) Vig,s)=(Ve)s +¢(Vs).

We now introduce two differential operators D, D : T'(E) — I'(E) by
formulas

(3.5) D=) eV, - %H,
D=3 av. 1A,

where H = 1{k — iJk}, k is a mean curvature form of F.

THEOREM 3.1. The operators D and D are formal adjoints of one
another and transversally elliptic.

PROOF. Fix x € M and choose a local frame €1, - ,€en, €1, - , €, as
above such that (Ve,), = (Vé,), = 0. Then for all s, t € ['(E), we have
at the point x that

. 1 ;
(Ds,t), = Z(eave—;‘s - ZHS,t)I
1
== (Ves,&t)s + £ (s, H).
. 1 -
= —Ze’a(s,e;t)IZ—%(s, €aVe, t)r + Z(S,Ht)I

= (dwoU), + Z(s, €V t), + 211—(5, Ht),.
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where U is the complex vector field in Q®C defined by the condition
that go(V,U) = 1((V —1JV)s,t) for all real vectors V € I'(Q). Then

(divl): =Y 9o(VE U, Ed)e + > 90(Vig, U, JEd):
=Y E.gq(U.ea)e + »_ JEagq(U, JEa),
= 1 Y AEW(Ba — iJEu)s,t)e + TEl(JEa +ica)st)e)
= 5 S Bu(eas, 1): 4 i Euleas, 12} = 3 aleass 1)
=) euls,&t)s

By the Green’s theorem ([10]),

/divU =k Uk >»=
M

1 .
n /((k —1Jk)s,t)

M
= l (HS,t) = —1 (Sa'Ht)?
2 2
M M

where < U,V >= [ go(U,V). It follows that
M

/(Ds,t) = /(s,Dt)
M

M

for all s,¢ € I'(E). Hence we have D* = D. Moreover, by straightforward

calculation, op(z,£) = £ and op(x, &) = € for £ € T(Q*) = I(Q),
where £ = (& — iJ&). O

Now, we define the subspace I'g(E) of basic or holonomy invariant
section of E by

(3.6) I'p(E)={s€e(E)] Vxs=0, Xel(L)}.
If we consider the vector bundle E = AQ*® C, then we have

(3.7) T's(E) = Q3(F) @ C.
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From (3.5), we see that D and D leaves I'g(E) invariant if and only if
the foliation F is isoparametric. Put

Dy =Dyp,p) and Dy = ﬁlrast)-
Now, let Q3°(F) be the standard Dolbealt decomposition of QF(F)eC
. Then there are operators
0: Q5 (F)aC — Q" (Fye C,
9: 9 (FleC -yt (Fec
are given by the followings :
(3.9) d=¢€ANV,, 0=€AV,.

where V is the Kéhler connection on Q®C and their formal adjoints of
0 and 9 are

1
(3.10) 0" = —i(ea)Ve, + Si(H),

8" = —i(€,)Ve, + %i(‘H).

L

These follows from dp and §g by breaking up the formulas of d and
0p into ( 1,0 ) and (0.1) components and using dg = 2(0 + 9),6p =
2(8* + 0*). Moreover, if F is harmonic kihler, by the well known facts;
00" + 00 =0, Dy =0+ 0* and D, = 9+ *, we have

: 1
(3.11) DyDy + DDy == ZAB,

where Ag = dgép + pdg is the basic Laplacian Also, we define in-
variant operators on I'(E) by

(3.12) ViVis = V., Vis+ %v,—,s,
ViVis = -V, Vst %VHS,

R = Z catpR¥ (€4, €p),
R = Z cacsRE (€4, &),

where R¥ is the curvature tensor field on I'(E). Then we have
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PROPOSITION 3.2. The operators ViV, and V}, V,, are nonnega-
tive, transversally elliptic, formally self-adjoint differential operators.

PROOF. Fix x € M. If we choose a local frame {€,,€,} such that
(Vea)s = (Véa): = 0, then for s,t € T'(E), we have

1
(v:rvir‘s’t)iv == Z(Vfavfisvt)r + ;(vHsvt)x
== &@(Vastla+ Y (Vas,Vet), + %(v,,s, 1),
Lo 1
= —(divU): + Y (Ve,s, Ve, t)r + 5(Vast):

. - 1
= —(divU); + (divW), — > (s,V. V1) + 5(Vas. .

Here U is the complex vector field in Q®C defined by the relation :
go(V,U) = %(Vv+ijvs,t) for all real vectors V' € T(Q). Also, W is
defined as

‘ 1
g(V.W) = 1(87V\/+iJv’t)-
Note that at the point = € M,
(divU)z =Y {90(VEU,Ea): +90(Vir, U, JEs)s)
=Y {E.gq(U, Ea): + JEagq(U, JE,).}
1
=7 > {Bu(ViE,4is,s:0)e + JE{V yi, —iE, 5, )}
= Zea(vfﬂs,t)x.
By the Green’s theorem ([10]),

1
/divU = U,k >»= 1 /(vk+ijk3vt)
M M

= %/(Vgs,t)
M
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and similarly

(divW), =Y €a(s, Ve, t),

/dmwz %/(s,vm)
JM

M

Hence

Therefore, by integrating

/(v:rvtrs,t) _ /(v”s, V) = /(s, VIVot),
M M

M

where (Vir8, Virt) = 37(Ve, s, Ve, t). Hence V2V, is nonnegative, for-
mally self adjoint operator. Also, by simple caleulation, ViV and
DD + DD have the same principal symbols. So V], V,, is transversally
elliptic. Arguments for V} V,, are similar. O

THEOREM 3.3. Let (M, gp, F) be a Riemannian manifold with an
isoparametric Kahler foliation F and a bundle-like metric gar. Then on
I'(E), we have the following identity

, 1
2ADD + DD)s = ;V3Vrs + R¥(s) + Ks,

where

VTVTS - 2(V7trv7t7"‘s + vtrv"‘s Z(vea a 2J(2,1,Je,z )S‘/
RE = I Z E.E3R®(E,,E3) and
1 _ 1
K=-Z{(0"H+0"H) - 5|H;2}.

PROOF. If we choose a local frame {e,, €,} such that (Ve,), = (Véa)z
= 0, then for any s € T'(E), using (3.2) and (3.4) we have

(DD + DD)s vauvfas+n( )
1 Z{(eaH +He)Ve, s+ (Hég 4+ €, H)V, s}

1 . 1
-7 D {eaVi Hs + €,V Hs) - §|H|23.
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Since Heé, + €, H = —2gqg(H,¢€,) , we have ) (6,H + Hé,)Ve, s =
—Vus. Similarily, Y (e, H + He,)Ve, s = —V gs. From (3.9) and (3.10),

we have
o 1
(DD +DD)s=—» VVes+R(s)+ ;(VHs + Vgs)
1. - . -\ 1
~ (040" H + (8 +0"H}s + ngVs

because of i( H)H = go(H,H) = |H|*. and by another calculation, we
obtain

(DD + DD)s = — Z VaVes+R(s)+ :1}~(VH3 +Vgs)
0+ 0 +(2+0°)H)s + g HIs.
Summing up the above two equations, we have
2ADD + DD)s =(Vi,Vir + Vi Vir)s + (R + R)s

1. - < 1
— 10+ 0" H + (040" H}s + ZIH|25.

Since dk = 0 and dJk = 0. we have 8H = 0H = 0. Moreover, by straight
calculation, we have

| . ,
R+R =g Y E.EsRE(E., Ep).
Hence this proof is completed. [J

COROLLARY 3.4. Let (M,gp,F) be as in Theorem3.3. Then on
I'p(E), we have ) B
2(DyDy + DWvDy) = Alr, (E),

where A = $V*V + R¥ + K is a Laplace type operator.

Corollary 3.4 may be used to prove vanishing theorems for Ker D,
provided one is able to control the divergence term éK in the above
expression for K. In fact, we assume that 6k = (0. Then we have X =
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1|H | and the resulting equation is given as following from Corollary 3.4

- : 1 . 1 - 3 ‘ ‘
9E((PeDo+ DyDo)s,s) = g IIVs|* + 59u(R¥(s). 5) + S1H s

for any s € I'g(E), where gg is a pointwise inner product on E. Thus
we have

THEOREM 3.5. Let (M, gnp, F) be a Riemannian manifold with an
isoparametric Kahler foliation F and a bundle-like metric gar- Suppose
that the mean curvature form k of F satisfies 6k = 0. If RY is non-
negative, then every s € Ker Dy N Ker Dg is parallel. Moreover, If
RE is non-negative and positive at some point of M, then every s €
Ker DyN Ker D, vanishes.

Moreover, since CI(Q) is a left module of itself, we can calculate RE
on Cl(Q) as following : for any s € I'(Q)

(3.13)
1
Eqoy _
RE(s) = ZE EoEsRy(E,, Eg)s

1 ‘
=1 Y EaEsgq(Rv(Eq, Es)s, E,)E,

= 1 S {EuBygo(Ro(Ea, Ey)s, E.E,
+ E.Evgo(Rv(E,, Ey)s, JE,)J/E,
+ JE.JEygo(Rv(JE,, JEy)s, E.)E,
+ JE,JEygo(Rv(JE,, JEy)s, JE.)JE,
+ JEEygq(Rv(JE., Ey)s, E. E,
+ JEEygo(Ry(JE,, Ey)s, JE)JE,
+ E.JEygq(Rv(E,, JE)s, E, E,
+ E.JEygo(Rv(E,JEy)s, JE)JE.}.
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By using the first Bianchi identity, we have
(3.14)

Y E.Esgq(Ry(Eq, Ey)s, E.)E,

=~ 9q(Rv(E4, By)E., s)E,E,E,

1
=—3 Y. 9o(Rv(Es E)E.

a#b#Fc#a
+ Rv(Ey, E.)E, + Ry(E., E,)Ey, s)E,EyE,

+ > (Ba, By)Ep,$)Es — Y go(Rv(Eq, Ey)Ea, s)E,
= =23 " 9o(Rv(Eq,5)Ea, Ey)Ey,.

Similarily, we have
(3.15) Y JE.JEwgq(Rv(JEa, JEy)s, JE.)JE.
= =2 go(Rv(JEq,5)JEq, JE})JE,,
Also, by straight calculation, we have
Y {E.Egq(Rv(E,, Ey)s, JE.)JE.
(3.16) + JE.Eygo(Ro(JE,, Ey)s, E.)E,
+ E.JEygo(Rv(E,, JEy)s, E.)E.}
= =2 go(Rv(Eq, JEy)E,,s)J By
= =2 9Q(Rv(Ea,s)Ea, JEy)JEy,
> {JE.JEygo(Ry(JE4, JEy)s, E.)E.
(3.17) + JE,Eygo(Rv(JE,, Ey)s, JE.\JE.
+ E,JEygo(Rv(Ea, JEy)s, JE.)JE,}
= —2Y go(Rv(JEq,$)JEq, Ey)Ep.
Substituting (3.14),(3.15),(3.16) and (3.17) into (3.13), we have
RE(s) = % > {Rv(Ea,s)Es + Ry(JE,, s)JE,)

1

= §PV(S)-
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Thus we have
THEOREM 3.6. Let (M, gn, F) be as in Theorem 3.5. Then on T(Q)

we have

_ . 1 1 -
2(DyDy + Dy Dy) = EVFVI‘ tgevt K,
where pv is the transversal Ricci operator on I'(().

THEOREM 3.7. Let (M, gn, F) be an isoparametric Kéahler foliation
with bundle-like metric gp;. Suppose that the mean curvature form k
satisfies 6k = 0, then
a) If pv is nonnegative and positive at some point of M | then every

normal section s € Ker Dy N Ker Dy vanishes, and
b) If pv is non-negative , then every s € Ker Dy Ker Dy is parallel.

By means of (3.11) and Theorem 3.7, we get

COROLLARY 3.8. Let (M, gp,F) be a harmonic kahler foliation with
bundle like metric gp;. Then if the transversal Ricci curvature is non-
negative and positive at some point of M, then there are no nontrivial
basic harmonic 1-forms.

4. Vanishing theorems on Kahler spin foliations

Let (M, gp, F) be an isoparametric Kahler spin foliation. In this case
there exists a principal Spin (2n)-bundle, Pgpin(Q) — M, with a Spin
(2n)-equivalent map, £ : Pspin(Q) — Ps,(Q), to the bundle of (ori-
ented) transversal orthonormal frames on M. The foliated spinor bun-
dle, S, is then defined to be the vector bundle associated to the unitary
representation 7 of Spin (2n) given by the unique inreducible complex
representation of Cl(2n), i.e., S = Psyin(Q) @, C*". This bundle is
naturally a bundle of modules over CI(Q) and carries a cannonical con-
nection induced from the lift of the Riemannian connection on Ps,(Q)
([4]). Since F is Kahler foliation, this bundle S is raturally holomorphic
and its connection is hermitian. To compute the term R and R in (3.12)
we need to know the curvature tensor R® of S. This is given in terms of
the Riemannian curvature tensor on @ by the forrula ([5))

. 1
(4.1) R(X,Y)s = 23 90(Rv(X,Y)Ea, Eg)EaEss
a,s
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forall X,Y € I'(Q) and all s € S, where {E,} is any real orthonormal
basis of I'(Q). Choosing a basis {E,, JE,}, we can reexpress (4.1) as

(4.2)
RS(X, Y) = Z{gQ(Rv(X, Y)Eaé'b)eﬂaeb + gQ(Rv(X, Y)é;“ eb)ea€b}
=2% go(Rv(X,Y)es, é)eaes + 3 go(Rv(X.Y)eq, €a),

where we have used the fact : e,€5 + €6, = —4p. It follows that from
(3.12) and (4.2),
(43) R = Z 6agbfzs(fiaa Eb)

- Z gQ(RV(gm 6b)fca fﬁc)fafﬁb

Here we have used the Bianchi identity and the curvature properties on
Kahler foliation. Similarily, we have

(4.4) R = ZgQ(Rv(ea, €b)€cy €c)€ath-
Therefore we have

(4.5) RE=R+R

= ZQQ(RV(%,Q)EIJJ})
1

= 50y,

8

where oy is the scalar curvature on ). Thus we have

THEROEM 4.1. Let (M,gp,F) be an isoparametric Kahler spin foli-
ation. Then on the foliated spinor bundle S, we have

- _ 1 1
2(DD +DD) = §\7;;Y7T + gav + K.

By means of Theorem 3.5 and Theorem 4.1, we have
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THEOREM 4.2. Let (M, gp, F) be an isoparametric Kihler spin foli-

ation. Suppose that the mean curvature k satisfics bk =0. Ifoy 20
and > 0 at some point, then every s € Ker Dy N Ker Dy vanishes, and
ifoy 2 0, then every s € Ker Dy Nker Dy is parallel.

REMARK. To understand D and D in (3.5), we now introduce the

transversal Dirac operator Dy, on T'(E) :

Dir = {EVi, + (JE)V g} - sk

SRR

Then they are related as follows ([6]) :

10.

Dy = 2(D + D).
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