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SPECTRAL MAPPING THEOREM
AND WEYL’S THEOREM

YOUNGOH YANG AND JIN A LEE

ABSTRACT. In this paper we give some conditions under which the Weyl
spectrum of an operator satisfies the spectral mapping theorem for ana-
lytic functions. Also we show that Weyl’s theorem holds for p(T) where
T is an operator of M-power class (V) and p is a polynomial on a neigh-
borhood of ¢(T). Finally we answer an old question of Oberai.

0. Introduction

Throughout this paper let H denote an infinite dimensional Hilbert
space and B(H) the set of all bounded linear operators on H. If T €
B(H), we write o(T) for the spectrum of T, mo(T") for the set of eigen-
values of T, wgs(T) for the set of eigenvalues of finite multiplicity, and
moo(T) for the isolated points of o(7T') that are eigenvalues of finite multi-
plicity. If K is a subset of C, we write iso K for the set of isolated points
of K. An operator T € B(H) is said to be Fredholm if its range ran T is
closed and both the null space ker T and ker T* are finite dimensional.
The indez of a Fredholm operator T, denoted by :(T'), is defined by

i(T) = dimker T — dimker T*.
The essential spectrum of T, denoted by o.(T), is defined by
o0(T)={x € C: T — Al is not Fredholm}.
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A Fredholm operator of index zero is called a Weyl operator. The Weyl
spectrum of T, denoted by w(T), is defined by

w(T)={A € C: T — M is not Weyl}.

It was shown ([1]) that for any operator T, o.(T) C w(T) C o(T), and
w(T) is a nonempty compact subset of C.

Recall ([7]) that an operator T € B(H) is said 10 be M —hyponormal
if there exists M > 0 such that

(1) (T = =)z < MI(T - z)z|

for all z in H and for all z € C.

Every hyponormal operator is M —hyponormal, but the converse is
not true in general: for example, consider the weighted shift S on [,
given by

5(351»552»"') - (0723713352-,1’3-,"' ).

If T is both Fredholm and M —hyponormal, then (T) < 0. It was
known that the mapping T — w(T) is upper semi-continuous, but not
continuous at T([8]). However if T,, — T with T,7 = TT, for all n € N
then

(2) limw(T,) = w(T).

It was known that w(T') satisfies the one-way spectral mapping theorem
for analytic funcions: if f is analytic on a neighborhood of o(7T) then

(3) w(f(T)) C f(w(T)).

The inclusion (3) may be proper(see [2, Example 3.3]). If T is normal
then o.(T) and w(T) coincide. Thus if T is normal and f is analytic on
a neighborhood of o(T'), it follows that w(f(T)) = Fw(T)) since f(T)
1s also normal.

In this paper, we give some conditions under which the Weyl spectrum
of an operator satisfies the spectral mapping theorem for analytic func-
tions. Also we show that Weyl’s theorem holds for p(T) where T is an
operator of M-power class (N) and p is a polynomizl on a neighborhood
of o(T'). Finally we answer an old question of Oberai.
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1. Spectral mapping theorem and Weyl’s theorem

We recall ([2]) that for any operator T € B(H ),
(4) o(T) —w(T) C mog(T) or equivaently o(T)— mos(T) C w(T).

THEOREM 1. If either mof(T) = ¢ or mos(T*) = ¢, then w(f(T)) =
f(w(T)) for every analytic function f on a neighborhood of o(T).

PROOF. Suppose m,f(T) = ¢. Since 7,¢(p(S)) C p(m,5(S)) for every
operator S and any polynomial p(t), 7,f(T) = ¢ implies 7, 5(p(T)) = ¢.
Therefore w(T) = o(T) and w(p(T)) = o(p(T)) by (4). Since o(p(T)) =
p(o(T)) by the usual polynomial spectral mapping formula,

w(p(T)) = o(p(T)) = p(o(T)) = prw(T)).

Similarly if 7, ;(T*) = ¢, then w(p(T)) = p(w(T)) since w(T*) = w(T)*.

If f is analytic on a neighborhood of ¢(T), then by Runge’s theo-
rem([4]), there is a sequence (pn(t)) of polynomials converging uniformly
in a neighborhood of o(T) to f(t) so that p,(T) — f(T). Since each
pn(T) commutes with f(T'), by (8],

f(w(T)) = lim pp(w(T)) = limw(pa(T) 1 = w(f(T)).

THEOREM 2. If S and T are comruting M —hyponormal operators,
then

(5) S, T Weyl «<— ST Weyl

PROOF. If S, T are Weyl, then S,T are Fredholm and ¢(S) = (T) =
0. By [4], ST is Fredholm and by the index product theorem, ¢(ST) =
i(S)+iT)=0. Hence ST is Weyl.

For the backward implication of (5) we note that if ST = T'S, then
ker S Uker T C ker ST and ker S* Uker T* C ker(ST)*. If ST is Weyl,
then dimker S,dimker T < oc and dim ker S$*, dimmker T* < oc. Also ran
S and ran T are closed by [6, Theorem 3.2.2]. Hence S, T are Fredholm.
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Since § and T are M —hyponormal, ((S) = «T) = 0since 0 = ¢(ST) =
o(S) +«(T).

If the “M —hyponormal” condition is dropped in the above Theorem,
then the backward implication may fail even though T} and T, commute:
For example, if U is the unilateral shift on Iy, consider the following
operatorson ly ©l, Ty =U @l and Th = [ U*

Also we note that Theorem 2 holds for any hyponormal operator T
since every hyponormal operator is M --hyponormal.

THEOREM 3. If T is M —hyponormal and f is analytic on a neigh-
borhood of o(T), then w( f(T)) = flw(T)).

PROOF. Suppose that p(t) is any polynomial. I et
P(T) =M = ao(T =y, I) - (T = 1, 1).

Since T is M —hyponormal, T — pu;I are commuting M —hyponormal
operators for each i = 1,2,--. ,n. It thus follows from Theorem 2 that

Agw(p(T)) < p(T)— M = Weyl
= ag(T - 1) (T — pnl) = Weyl
< T — p;l =Weylforeachi =1,2,--- .n
> u; ¢ w(T)foreachi =1,2,--- | n

== A ¢ pw(T))

which says that w(p(T)) = p(w(T)).

If f is analytic on a neighborhood of o(T), then by Runge’s theo-
rem([4]), there is a sequence (p,(t)) of polynomials converging uniformly
in a neighborhood of o(T) to f(t) so that pn(T) -» f(T). Since each
pa(T) commutes with f(T'), by [8]

H(T)) = lim pr(w(T)) = limw(pa(T)) = w(f(T)).
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COROLLARY 4. If T is hyponormal and f is analytic on a neighbor-
hood of o(T), then w(f(T)) = f(w(T)).

We say that Weyl’s theorem holds for T if
w(T) = o(T) — moo(T).

There are several classes of operators including normal and hyponormal
operators on a Hilbert space for which Weyl’s theorem holds. Also it
was shown in [8] that Weyl’s theorem holds for any spectral operator of
finite type on a Banach space. Oberai has raised the following question:
Does there exist a hyponormal operator T such that Weyl's theorem
does not hold for T%? Note that T? may not be hyponormal even if T is
hyponormal([5, Problem 209]). We will show that Weyl’s theorem holds
for p(T) when T is an operator of M-power class (V). Thus we answer
an old question of Oberai since every hyponormal operator is of 1-power
class (N).
Recall ([9]) that T € B(H) is said to be wsoloid if iso o(T) C mo(T).

LEMMA 5. ([9]) Let T € B(H) be isoloid. Then for any polynomial
p(t), p(o(T) = mao(T)) = o(p(T)) — wool p(T))-

Let T be an M —hyponormal operator which satisfies the additional
property that for all 2 in the complex plane, all integers n and all z in
H,

(T —=)"e||* < MI(T ~ 2)*"z|| - [|z]l.

T is said to be an operator of M—power class (N)([7]). The following
M — hyponormal operator T which is not hyponormal is of M —power
class (N) : Let {e;} be an orthonormal basis for A, and define

€2, lf =1
Te; = 2e3, if 1=2
€141, lf ) 2 3

i.e., T is a weighted shift. From the definition of T we see that T is
similar to the unilateral shift U([5], Problem 90). Thus there exists an
operator S such that T = SUS™!. In our case ||S|| = 2, ||S7!| = 1.
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Since U is the unilateral shift, U is a hyponormal operator, and thus for
every n and z € C the operator (U — z)" is of class (N). It follows that

U —z)"z||* < (U - 2)?"z|,

for all z € H with [lz|| = 1, and hence T is of M—power class with
M = 4. Thus our class is strictly larger than the class of hyponormal
operators.

THEOREM 6. If T € B(H) is an operator of M—power class (N),
then for any polynomial p(t) Weyl’s theorem holds for p(T).

PROOF. By [7], T isisoloid and Wey!’s theorem holds for any operator
of M—power class (N). Hence by Theorem 3 and Lemma 4,

w(p(T)) = p(w(T)) = p(o(T) — moo(T)) = o(piT)) — moo(p(T))
Therefore Weyl’s theorem holds for p(7").

Since every hyponormal operator is of I-power class (IV), we obtain
the following result which is answer for an old question of Oberai.

COROLLARY 7. IfT € B(H) is hyponormal, then for any polynomial
p(t) Weyl's theorem holds for p(T).
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