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ON WEAKLY ASSOCIATIVE BCI-ALGEBRAS

Y. Q. Wanct, S. M. WErt anp Y. B. Jun*

ABSTRACT. In this paper, we introduce the notion of weakly associative
BCl-algebras and investigate structure of it. Some of characterizations
of elements of the quasi-associative part Q(X) of a BCI-algebra X are
shown.

K. Iséki [3] introduced the notion of BCI-algebras as a generaliza-
tion of one of BCK-algebras. Q. P. Hu and K. Iséki [1], T. D. Lei and
C. C. Xi [4], and C. C. Xi [13] introduced respectively the notions of
associative, p-semisimple and quasi-associative BCl-algebras. In this
note, we introduce the notion of weakly associative BCl-algebras and
investigate structure of it. Some of characterizations of elements of the
quasi-associative part Q(X) of a BCI-algebra X are shown.

First let us recall some definitions and results.

An algebra (X *,0) of type (2, 0) is called a BCI-algebra if it satisfies
the following axioms: for all z,y,z € X,

(I) ((zxy)*(zx2))* (2 xy) = 0.

(II) (z*(z*xy))*xy =0,

(IIT) zxz =0,

(IV) 2y =y *z = 0 implies ¢ = y.

A partial ordering < on X can be defined by # < y if and only if
rxy = 0.

A BCl-algebra X is called a BCK-algebra if it satisfies

(V) Oxz=0forallzeX.

A subset § of a BCK/BCl-algebra X is called a subalgebra of X if

z*y € § whenever z,y € S.
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In a BClI-algebra X, the following hold:

(1) z <0 implies z = 0,

(2) zx0=r,

(3) (zxy)xz=(z*z)*y,

(4) O0x(zxy) =(0xx)*(0xy),

(5) zx(zx(z*y))=ax*y,

(6) ((zxz)*(y*z))*(z*y) =0,

(7) +y =0implies (z*z) % (y*2) =0 and (z xy)* (zx 1) = 0.

J. Meng and X. L. Xin [9] introduced the notion of atoms. An element
a i a BCl-algebra X is called an atom if  * a = 0 implies z = a for all
z in X. Note that if a is an atom, then a * r is an atom for all z € X.
Let L(X) denote the set of all atoms of X. Obviously, 0 € L(X). For
all a in L(X), the set V(a) = {zx € X : a+z = 0} is called a branch of
X.

PROPOSITION 1. (Meng et al. [9]) Let X be a BCl-algebra. Then
the following results are true:

(8) Forallz € X, 0% (0xz)€ L(X) andz € V(0% (0% x)).
(9) If a,b € L(X), then axb € L(X) and for all z € V(a) and all
yeV(b), zxy € Viaxb).
(10) Ifa,b€ L(X), thenaxx = axb for all € V(b).
(11) L(X) is a subalgebra of X .
(12) ae L(X) ifand only if e ¥ (x ¥ a) = a for all z € X,
(13) Ifa,be L(X), then 0% (a*b) = b*a.

A BCl-algebra X is said to be associative if it satisfies
(14) zx(y*z)=(z*y)*zforall z,y,z € X.
A BCl-algebra X is associative if and only if it satisfies
(14) O0xz =z for all € X.
A BCI-algebra X is said to be quasi-associative if it satisfies
(15) (z*xy)*x2<zx(y*z)forall z,y,z € X.
A BCl-algebra X is quasi-associative if and only if it satisfies
(15)) 0% (0*z)=0x2z for all z € X.

For any BCl-algebra X, the set B(X) = {z € 3 : 0 xz = 0} is the
BCK-part of X, the p-semisimple part of X is the set P(X) = {r €
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X : 0% (0%z) = z}, the associative part of X is the set A(X) =
{z € X : 0xz = z}, and the quasi-associative part of X is the set
QX)={z€X:0«(0xz)=0=xz}. If B(X)= {0}, we say that X is a
p-semisimple BCI-algebra. A BCl-algebra X is p-semisimple if and only
if X = P(X).

The following proposition is obvious.

PROPOSITION 2. Let X be a BCI-algebra. Then the following results
are true:

(16) L(X) = P(X),
(17) z € Q(X) implies z € V(0 * (0 * z)),
(18) Q(X) =U{V(a):a € A(X)}.

PROPOSITION .3. (Meng et al. [10] and Wang [12]) Let X be a BCI-
algebra and let x,y € X. Then the following results are true:

(19) A(X) = Q(X)n P(X) and B(X) C Q(X),

(20) B(X),Q(X), A(X) and P(X) are all subalgebras of X, and B(X)
and Q(X) are both ideals of X

(21) z € Q(X) if and only if 0 x z € Q(X),

(22) zxy € Q(X) ifand only if y xz € Q(X).

THEOREM 4. Let X be a BCI-algebra. Then the following conditions
are equivalent for all z,y,z € X, u € P(X) and a € A(X):

(23) y € Q(X),

(24) axy € A(X),

(25) 0xy € A(X),

(26) usxy =ux*(0=*y),

(27) ux(z*xy)=(u*xzx)*y,

(28) O (zxy)=(0*z)=*y,

(29) ux(z*x(zxy)) =ux*((z*2)*y),
(30) O0x(zx(zxy)) =0+ ((z*z)*y),
(31) zxy <z x(0x*y),

(32) (z*y)*y <,

(33) (zxy)xz <y,

(34) (zx2)*xy <z *(z*y).
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PROOF. (24)=-(25). (27)=-(28), (29)=(30), (31)=>(32) and (32)=
(33) are trivial.

(23)=(24). If y € Q(X), then 0%(0xy) = Oxy and hence 0xy € A(X).
Note from (8) that 0x(0xy) € L(X)and y € V(04 (0xy)) forall y € X.
It follows from (10) that a*y = a* (0 (0*xy)) = a* (0*xy) € A(X) for
all o € A(X) C L(X). Hence (24) holds.

(25)=(26). f 0y € A(X) fory € X, then 0% 0*y) = 0*y. For all
u € P(X), by (8) and (10) we have u*xy = u* (0% (0xy)) = u+* (0 * y).
Hence (26) holds.

(26)=(27). Huxy = ux*x(0xy)for 2,y € X and u € P(X), then
(uxz)*xy =(uxz)*(0*y). It follows that

u* (T *y)

*(O*(O*(r*y))) [by (8) and (10}]
= (ux0)*((0%(0*x)) = (0=(0xy))) [by (2)and (4)]
(u*(O* 0+1)))*(0x(0*(0xy))) [by (8)and (11)]
= (ux (0+y)  [by (5), (8) and (10)]
= (

u*:r)*y

Hence (27) holds.
(28)=(29). For z,y,z € X and u € P(X), if 0= (z*xy) = (0 x2) x y,
then (0 % (z x z)) xy = 0% ((z * z) xy). It follows that

*(z*(z%y))

=ux(0x(0x(zx(z+y))))  [by(8) and (10)]
=ux(0x(((0*xz)*x0)*((0xz)*(0xy)))) by
=ux(0x(((0xz)*(0*2))*x(0x(0x*y)))) [by (
=ux(0+((0+(zxz)*(0x(0xy))))  [by (4)]
=ux(0+((0x(zxz))xy))  [by (8)and (10)]
=ux(0x(0x((zx2)*y)))

=ux*((z*2)*y). [by (8) and (10)]

(2) and (4)]
11

)]

Hence (29) holds.
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(30)=(31). fOx(zx(2*y))=0x((zx2)*y) for z,y,z € X, then

(zxy)* (2 (0xy))

=(z*(z*(0xy)))*y [by (3)]
=(0xy)*+y [by (12)]
= (0% (0 (0*y))) *y [by (5)]
=(0x((0%0)*y)) *y [by (30)]
=(0*x(0*y))*xy=0. [by (IIT) and (3)]

Hence z xy < z * (0 x y).
(33)=(34). For z,y,z € X, if (z xy) xz < y, then

(z*z)xy)*(z*(2%y))

=((z*(z*(z*xy)))*2)*y [by (3)]
<({(z*xy)*z)*y [by (II) and (7)]
<yx*y [by (33) and (7)]
=0.

It follows from (1) that ((z*z)*y)*(zx(z*y)) = 0 or (z*2)xy < z*(z%y).
(34)=>(23). For z,y,z € X, if (z *x2z)xy < x (2 *y), then

Oxy=((z*xz)xy)*(zxz) <(zx(z%y))*(z*z)
=(zx(z*xz))x(zxy) <zx(zxy) <y.

Hence y € Q(X). O

THEOREM 5. Let X be a BCI-algebra. Then for all z,y € X and
z € Q(X),
(35) zxy € Q(X)ifand only if (O z) vz = (0 *y) + y.
(36) y€ Q(X) ifand only if 0% (2 xy) = 0% (y * 2).
(37) freQ(X)andy € Q(X), then x xy,y xz & Q(X).
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ProoF. (35). For all z,y € X, we have

((0xz)xz)* ((0*y)*y)
= ((0*z)« (0% (0*2)))*x((0xy)*(0x(0*y)))  [by (8) and (10)]
((0*+z)*(0*y)*((0%(0*2))*(0%(0xy)))  [by (11)]
= (0x(zxy))x(0x(0x(zxy)))  [by (4)]
=(0x(z*y))*(z*y).  [by (8) and (10)]
If o ey € Q(X), then ((0%2)#2) = (0% y)xy) = (0 (x+y)) *(r+y) = 0.
So (0xz)*xx < (0xy)=*y. Similarly, (0 *xy)*x vy < (0% z)* 2. Thus
(Oxz)xa=(0xy)+y.

Conversely, if (0% z)*z = (0*y) *y, then

(Ox(z*xy))*x(zxy)=((0*xz)xz)*((0~y)*xy)=0,

hence 0 * (z +y) <z xy. Thus z xy € Q(X)

(36). For all y € X and all z € Q(X), by (23) and (28) we have
Ox(y*xz)=(0*y)xz=(0xz)*y. If y € @Q(X), then from (23) and
(28) it follows that (0% z)*y = 0% (z *y). Hence (1* (z xy) = 0+ (y * z).
Conversely, if 0%(z*y) = Ox(y*z), then (O*z)*xy = 0x(y*z) = 0x(z*y).
Hence y € Q(X).

(37). Suppose z € Q(X) and y ¢ Q(X). Since

(O*(zxy))*(z*y)
=((0*2)*«(0*xy))*((0x(0xx))*(0%x(0xy))) [by (4), (8) and (10)]
= ((0*xz)* (0 (0%2)))*((0%y)*(0*(0xy))) [by (11)]
=0x((0xy)= (0= O*Q)))

=(0*x(0*xy))*(0xy)#£0

and
(Ox(y*z))*(y*z)
= ((0xy)*(0xa))* ((0%(0xy))» (0% (0xz))) [by (4), (8) and (10)]
= ((0xy)* (0% (0xy)))* ((0xx)x (0% (0xz))) [by (11)]
= (0xy)* (0% (0xy)) #0,
we have z xy,y+xz ¢ Q(X). O
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THEOREM 6. Let X be a BCl-algebra. If L(X) is an ideal of X, then
so is A(X).

PRrOOF. Straightforward. O

The following example shows that the converse of Theorem 6 does not

hold.

EXAMPLE 7. Let X = {0,1,2,3}. The binary operation * on X is
defined by the following table:

0o 1 23
o] o o 3 2
11 0 3 2
3|3 3 23

Then it is easy to verify that (X;*,0) is a BCl-algebra and A(X) =
{0} is an ideal of X. But L(X) = {0,2,3} is not an ideal of X since
1¥3=2¢€ L(X),3€ L(X)and 1 & L(X).

From [11; Theorems 1 and 3] and [8; Theorems 5 and 6] we have the
following theorem.

THEOREM 8. Let X be a BCl-algebra. Then the following conditions
are equivalent: for z,y € X, a,b € A(X), and c € L(X)

(38) A(X) is an ideal of X,

(39) A(X) is an ideal of Q(X)

(40) Q(X) = B(X) x A(X),

(41) z * a = c * a implies z = c,

(42) 2 *a = 0 xa implies ¢ = 0,

(43) zxa = y x a implies z = y,

(44) r = (z * a) * (0 x a),

(45) (z*a)* (y*b) = (z*y) *(axb).

From [2; Theorem 2] it immediately follows the following theorem.

THEOREM 9. Let X be a BCI-algebra. If A(X) is an ideal of X, then
for all z € Q(X), there exist unique u € B(X) and unique v € A(X)
such that ¢ = u * v.
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DEFINITION 1. A BCl-algebra X is said to be weakly associative if
it satisfies
(46) 0% (0xz) =0*xzor 0% (0*xx)=x forall z € X.

THEOREM 10. A BClI-algebra X is weakly associative if and only if
X=QX)UL(X).

ProOF. Straightforward. 0

LEMMA 11. Let X be a weakly associative BCI-algebra. Then the
following hold: for all * € Q(X) and y € L(X) — A(X),
(47) zxy = (0% x2)*y,
(48) y*xx =y (0*x).

PROOF. Let z € Q(X) and y € L(X) — A(X). [t follows from Theo-
rem 5 that r +y,y*xz € L(X) — A(X). Using (4) «nd (12), we have

rxy=0x(0x(zxy))=(0x(0xx))*(0x(0+y))=(0+z)+y and

y*xTx=0*x(0*x(y*xx))=(0x(0xy))*x(0x(0x*x)) =y« (0xr).

Hence v+ y = (0xz)+xyand y*xa = y* (0xz). []

LEMMA 12. (Li[5]) An algebra (X;*,0) of type '2,0) is a BCI-algebra
if and only if it satisfies the conditions (I), (IV) and (1).

THEOREM 13. Let Y be a quasi-associative B('I-algebra and Z a p-
semisimple BCl-algebra with A(Y') = A(Z) = Y N/, and the operations
of Y and Z agree on Y N Z. Define an operation * on Y U Z as follows.
Ifx,y € Y(resp. Z), then use the operation on Y (resp. Z) to give r * y.
KrzecY -(YNZ)andye Z~(YNZ),putzxy = (0*y z)+zy and
y*z =yxz(0xy ), where xy and *z denote the operations in ¥ and
Z, respectively. Then Y U Z is a weakly associat.ve BCl-algebra, and
QYUZ)=Y LIYUZ)=Z and AYUZ)=AY)=A(Z)=Y NZ.

PROOF. To show that YUZ is a BCl-algebra. By Lemma 12, we only
need to verify by Lemma 12 that Y U Z satisfies (1), (IV) and (1). But by
routine calculations we know that Y U Z satisfies (I1, (IV) and (2). Thus
Y U Z is a BCI-algebra. Next we show that Y U Z is weakly associative.
Forallz € YUZ,ifr € Y, then Oxx = Oxyz = 0%y (Oxy 7) = 0x(0xx);
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ifr € Zthen0x(0*2z) =0x%z(0*zx)==z. Thus Y U Z is a weakly
associative BCl-algebra. Obviously QY UZ) =Y, L(Y U Z) = Z and
AYUZ)=AY)=AZ)=YNnZ 0O

EXAMPLE 14. Let Y = {0,1,qa,b} and Z = {0,a,z,y,u, v} with Cay-
ley tables as follows:

*xz| 0 e =z y u v

0 0 a y z= v u

xy | 0 1 a b a a 0 v uw y =z
0 0 0 a a x zr u 0 vy a v
1 1 0 b a y v x 0 u a
a a a 0 0 v x a v 0 y
b b a 1 O v v y u a 2z 0

By routine calculations we know that Y is a quasi-associative BCI-
algebra and Z is a p-semisimple BCl-algebra, and A(Y) = A(Z) =
Y NZ = {0,a}. By Theorem 13 we know that the associative union
Y UZ of Y and Z is a weakly associative BCI-algebra with Cayley table
as follows:

* 0 1 a b =z y u v
0] 0 0 ¢ a y v u
1{1 0 b a y =z v u
al a a 0 0 v uwu y =z
bl b a 1 0 v uwu y =
z| z z w uw 0 y a v
vyl y y v v =z 0 u a
u|l v v  z a v 0 y
vl v v y y u a z 0

DEFINITION 2. In Theorem 13, Y U Z is called an associative union
of a quasi-associative BCIl-algebra Y and a p-semisimple BCl-algebra Z,
or an associative union of ¥ and Z (for short).
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THEOREM 15. Let X be a BCIl-algebra. Then X is weakly associative

if and only if X is an associative union of a quasi-associative BCI-algebra
and a p-semisimple BCl-algebra.

The following example shows that a BCI-algebra may not be weakly

associlative.

EXAMPLE 16. Let X = {0,1,a,b,c,d}. The binary operation * on X

is defined as follows:

By

*[ 0 1 a b ¢ d

D1 0 0 ¢ ¢ a u_

171 0 d ¢ b <«

al a a 0 0 ¢ <«

b b a 1 0 d «

c|l ¢ ¢ a a 0 G
d ¢ b a 1 (

routine calculations we konw that X is a BCl-algebra, and Q(X) =

B(X) ={0,1}, P(X) = {a,c}. Hence X # Q(X)U P(X), and so X is

not weakly associative.

1.

10.

References

Q. P. Hu and K. Iséki, On BCI-algebras satisfying (z * y)* z = z % (y * z), Math.
Seminar Notes (presently, Kobe J. Math.) 8 (1980}, 553-555.

W. Huang, On the p-semisimple part in BCl-algebras, Math. Japon. 37 (1992),
159-161.

. K. Iséki, An algebra related with a propositional calculus, Proc. Japan Acad. 42

(1966), 26-29.

. T. D. Lei and C. C. Xi, p-radicals in BCl-algebras, Math. Japon. 30 (1985),

511-517.
H. S. Li, An aziom system of BCI-algebras, Math. Japon. 30 (1985), 351-366.

. Y. L. Liu, Some results on p-semisimple BCl-algebras, Math. Japon. 37 (1992),

79-81.

. J. Meng and Y. B. Jun, BCK-algebras, Kyung Moon Sa Co. Seoul, Korea (1994).

J. Meng, 8. M. Wei and Y. B. Jun, Characterizations on KL-product BCI-
algebras, Pusan Kyongnam Math. J. 8 (1992), 49-53.

J.Meng and X. L. Xin, Characterizations of atoms in B(’I-algebras. Math. Japon.
37 (1992), 359-361.

. Commautative BCI-algebras, Math. Japon. 37 (1992), 569-572.




On weakly associative BCI-algebras 611

11. , A problem in BCI-algebras, Math. Japon. 38 (1993), 723-725.
12. Y. Q. Wang, Isomorphic theorems on X/Q(X), Math. Japon. 37 (1992), 341-347.
13. C. C. Xi, On a class of BCI-algebras, Math. Japon. 35 (1990), 13-17.

Y. Q. Wang

Shanghai Spare-Time
University of Yangpu District
1130 Kongjiang Road
Shanghai 200093, P. R. China

S. M. Wei

Institute of Mathematics

Huaibei Coal Mining Teacher’s College
Huaibei 235000, P. R. China

Y. B. Jun

Department of Mathematics Education
and Research Institute of Natural Science
Gyeongsang National University

Chinju 660-701, Korea

E-mail address: ybjun@nongae.gsnu.ac.kr



