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CHOW GROUPS ON COMPLETE
REGULAR LOCAL RINGS II

SICHANG LEE AND KYUBUM HWANG

ABSTRACT. We study some special cases of Chow groups of a ramified
complete regular local ring R of dimension n. We prove that (a) for
codimension 3 Gorenstein ideal I, [7] = 0 in A, _3(R) and (b) for a
particular class of almost complete intersection prime ideals P of height
i, [P]=0in A,_;(R).

1. Introduction

We define the i-th Chow group A;(R) for a Noetherian Cohen-Macau-
lay ring R of dimension(dim) n by Z;(R)/Rat;(R), where Z;(R) is the
free abelian group generated by prime ideals in R of height(ht) n — ¢
and Rat;(R) is the subgroup of Z;(R) generated by the cycles of
the form ) I(Rp,/(¢+ (z))Rp,)[Pi], where ¢ is a prime ideal of height
n—1t—1,r ¢ g and P; ranges over the minimal associated prime
ideals of R/(q+ (z)) satisfying dim R/P = dim R/(q+ (z)). When
M s a finitely generated R-module, then [M] = Y I(Mp,)[P;] , where
P; ranges over the minimal associated prime ideals of M satisfying
dim R/P; = dim M. From Claborn and Fossum [4], if R is a
regular local ring, then the above definition is equivalent to the group
Z{(R)/ < R/(z1, -+ ,2n—;) >, where < R/(zy,---,zn_;) > 1is the
subgroup of Z;(R) generated by Y U(R/(zy, -+ .2zn_;))p[P]. P ranges
over the associated prime ideals of R/(x,, - ,z,_;), for all R-sequence
T1,-- ,Tn—i. From this definition, when R is a regular local ring of
dimension n, we have Ag(R) =0, A, 1(R) =0, A,(R) = Z and
from [7] and [6], we get A, _2(R) = 0, A;(R) = 0. Moreover, if P is

a complete intersection ideal of height n — i in a regular local ring R
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of dimension n, then [P] = 0 in A;(R). In the dimension 5 case, to
calculate A3(R) still remains open.

In this paper, we shall discuss A, _3( R) for Gorenstein ideals I of R of
codimension 3 and vanishing part of some almost complete intersection
prime ideals.

2. Lifting of Gorenstein Rings

Our main purpose of this section is to introduce and prove Theorem
2.1. We use the lifting property of a Gorenstein ideal of codimension 3
and a lifting Theorem.

THEOREM 2.1. Let R be a regular local ring of dimension n, and
let I be an ideal in R of height 3 such that R/I is a Gorenstein ring.
Then [I|=0in A,_3(R).

Before proving Theorem 2.1, we describe some terminology: Let R
be a commutative ring with 1 and let F be a finitely generated free R-
module. Then a map ¢ : F* — F is said to be alternating with respect
to some basis of F' and F™*, if the matrix representation of ¢ is skew
symmetric and all its diagonal entries are 0. When the rank of F is even
and g : F* — F is alternating, we define Pfaffian of ¢ which is denoted
by Pf(g) as det(g)=(Pf(g))?. More generally, when F has any rank,
and G is a free summand of F of even rank, with projection = : F — G,
then the composite

¢:G*LF*£+FLG

is alternating and we say that Pf(¢) is a Pfaffiar of order n of g and
Pf.(g) is the ideal generated by all the n-th order Pfaffians of g.

In the proof of Theorem 2.1, we need two results due to Buchsbaum
and Eisenbud, and Dutta.

THEOREM 2.2 (BUCHSBAUM AND EISENBUD([3], THEOREM 2.1). Let
(R,m, k) be a Noetherian local ring.
(1) Let n > 3 be an odd interger, and let F be a free R-module of rank
n. Let g : F* — F be an alternating map whose image is contained in



Chow groups on complete regular local rings II 571

mF. Suppose Pf,_1(g) has grade 3. Then Pf,_,(g) is a Gorenstein
ideal, minimally generated by n elements.
(2) Every Gorenstein ideal of grade 3 arises as in (1).

Moreover, they showed that when ¢ is alternating, then
grade (P fn-1 (¢)) < 3 and grade(Pf,_1(¢)) = 3 if and only if Pf,_1(g)
1s a Gorenstein ideal. If Pf,_,(g) is a Gorenstein ideal, then the follow-
ing sequence is exact.

O—+RI—*>F*——9>F——1+R—>R/an__1(g)—+O

In the course of our proof of Theorem 2.1 we will also need the fol-
lowing result due to Dutta:

PROPOSITION 2.3. (S. P. Dutta[6], Proposition 2.2)  Let (S.m, k)
be a Cohen-Macaulay local ring of dimension n and let f be a non-zero-
divisor in m. Let I be an ideal in S of height ¢ such that [I] = 0 in
An—i(S) and f be not a zero-divisor on S/I. Then [I + fS/fS] =0 in
An_1-i(S/fS).

PROOF OF THEOREM 2.1.  Let R =V{[X,. -, X, ]]/(f) = S/(f),
where § = V[[X;,---,X,]] and f is an Eisenstein polynomial in X,
over V([[X1,---,X,_1]]. By Theorem 2.2, since I is a Gorenstein ideal
of height 3, we have a minimal resolution of R/I as follows:

C,:0-R5SF 5 F YR LRIT 0.

Let n = rank of F' = minimal number of generators of I. In C}, ¢ is
an alternating map and I = Pf,_,(g). Write G = §™.

Let g be a lift of g such that g is also alternating(i.c., § ® idg = g).

Now consider the following sequence

Cr:0=S5a 5L s 870

where J = Pf,_1(9).

Note that Cy ® idp = C,.

From the proof of Theorem 2.2, we know that (a) C; is a complex
and (b) C is exact if htJ = 3.
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First, we want to show that htJ = 3.

Note that J + (f)/(f) ® I . We also know that htJ < 3. If
htJ <2 and @ is a minimal prime ideal of J such that htQ = htJ, then
Rt(Q+(f)/(f)) < 2. But this would imply that htl = ht(J+(f)/(f)) <
ht(Q + (f)/(f)) < 2 - which is a contradiction. Hence C; is exact and
since Cy @ tdp = Cy we drive that J N (f) = fJ ie., fis a non-zero-
divisor on §/J. This shows that J is a lifting of I to S. Since [J] = 0 in
A,_3(5). Hence by Proposition 2.3, [I] = 01in A, 3(R).

Now, we are going to study the case of almost complete intersection
prime ideals.

3. The case when P is an almost complete intersection prime
ideal

As we discussed at the introduction, complete intersection ideals of
height n — ¢ in a regular local ring R of dimension n vanish in A;( R).
In this section, we will discuss the vanishing part of the Chow group of
almost complete intersection prime ideals in a regular local ring.

Let P = (z;,x9, -+ .x;41) be an alimost complete intersection prime
ideal of height 7 in a regular local ring R of dimension n. Then we have
to consider following two cases:

Case 1. There are i elements in a minimal genecrating set of P which
do not form an R-sequence,

Case 2. Any set of : elements in a minimal gererating set of P form
an R-sequence.

PROPOSITION 3.1. Let R, P be as above. Then [P] =0 in A,_;(R)
in Case 1.

PROOF. Suppose that z,,z,,--- .7, is not an R-sequence. Let
I = (x1,22,---,z;) and let @ be a minimal pritne ideal containing I
such that htl = htQ = ¢ — 1. Then z,41 ¢ Q. By the definition of the
(n —1)-th Chow group, we have [Q + (r,4+1)] = 01 A4,,_;(R). Since P is
contained in Q 4 (r,41) and ht(Q + (z,41)) = ¢, we have Q@+ (x;4,) = P
and therefore [P] =0 in A, _;( R).

The following is an immediate Corollary of Proposition 3.1.
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COROLLARY 3.2. Let R, P be as above. If there exists a subset of i
elements, say, r1,z,, - ;& xip1 which forms an R-sequence (i.e., in
Case 2), but z,,z,, - Ej,- -, %, azi41+x; do not form an R-sequence
for some a € R (where &; means deleting ), then [P] = 0 in An_i(R).

ProoF. Let I = (xy,z3,--- yEj,0 0, T,ax;41 + &) and let Q be a
minimal prime ideal containing I such that ht I := ht Q =i — 1. Then,
by assumption on the R-sequence, ;11 ¢ Q. Thus Q + (z;1,;) = P and
[P]=[Q+ (zi1)] = 0in A,_i(R).
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