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ON THE L;(?)-ERROR FOR THE P-VERSION
UNDER NUMERICAL QUADRATURE RULES

Ik-SunGg KM

ABSTRACT. We consider non-constant coefficient elliptic equations of

the type —div(aVu) = f,and employ the P-version of the finite element

method as a numerical method for the approximate solutions. To com-

pute the integrals in the variational form of the discrete problem we
need the numerical quadrature rule scheme. In practice the integrations

are seldom computed exactly. In this paper, we give an L3(2)-error es-

timate of ||u — up||; o in comparison with |Ju — @ ||, ,under numerical

quadrature rules which are used for calculating the mtegratlons in each

of the stiffness matrix and the load vector.

1. Introduction

Let ) be a closed line segment I = [—1,1] in R or I x I in R? with
boundary I' , and Sobolev spaces
(1.1) H’""’(Q) = The completion of {u € C™(Q) : [lu|l,, , o < o0},
equipped with norm

1/p
(1.2) ||u||m,p,9=( 5 na*unf,’,,,,g) £ 1<p< oo,

0<|¢|<m
(1.3)  lullmon = max 0" 'u]]0,00,2,
where || ||, , o is the usual L,(Q)-norm, and the subscript p may be

dropped when p = 2.
We define a space H*() = {u € H™(Q) : uvanishes on '},
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and consider the following problem: To find u € H} () such that

d du . 1
(14) - E(aa = f m Q C R s
(1.5) —div(aVu)=f in QC R

Here, the above problem is supposed to be well-posed in the sense
that the bilinear form B(-,-) is elliptic and continuous over (H&(Q))Q,

(1.6) B(u,v) = / aVu - Vvdz.
Q
For sake of simplicity, we assume that
(1.7) 0< A <a(z)< Ay forall zeQ,
and
(1.8) f € Ly(92).

Using the p-version of the finite element method over a single element
we have the following discrete variational problem of (1.4)-(1.5): To find
up € Spo(§2) such that

(1.9) B(up,vp) = (f,vp) forall v, e S,0(Q),
where

1.10 V) = dz,

(1.10) (F0) = [ foda

(1.11) Uy(£2)
= {t : t is a polynomial of degree < p in each variable on Q},
and

(1.12) 5,.0(9) = U,(Q) 1 HY(9).

Here, we have a Ly(Q)-error estimate for the p-version:
(1.13) [ = upllg g < C'p_kHu“k’Q forall v e HEQ),k>1.
It follows from the assumption of exact integrations in (1.9), and the
following Lemma can be found in [2] and [6].
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LEMMA 1.1. For each integer [ > 0, there exists a sequence of pro-
Jjections

(1.14) H;,  H(Q) - Uy(Q), p=1,2,3,---, such that

(1.15) Ilv, = v, forall v, € Uy(f),

(1.16) llu — Hxlo“Hs,Q < C’p—(r")Hu”nQ for all uwe H"(Q)
0<s<i<r,

where C is a constant independent of p and u but depend upon r and I.

In this paper, under a family G, = {I;} of numerical quadrature rules
with respect to U,(Q2) we shall give an actual problem of (1.9), and derive
an estimate of |lu — ||, o in comparison with [lu — ||, o, where @, is
an approximation of u, which satisfies (2.2).

2. Preliminaries
Let I; be numerical quadrature rules defined on Q by

n(k)

. = w* f(z%) ~ zdz.
(21) hj) = Y ut fieh) Lf(,

We consider a family G, = {I;} of quadrature rules with respect to
Up(2), p=1,2,3, - -, satisfying the following properties:
For each I € G,,
(K1) w*>0 and z¥eQ for i=1,--- ,n(k).
(K2) L(f*) <Cliflgq forall feUy ).
(K3) Clifloq < I(f?) forall feUyQ),
~ 0
where U,(Q?) = 6f FeU(Q)} CUy().
(K4) Ii(f) = fﬂ f(z)dz forall fe Uar(£2),
where d(k) > d(p) > 0.
In particular, let L, be the ¢-point Gauss-Legendre (G-L) rule in R,
or the cross-product of ¢g-point G-L rules along the z and y axes in R?
respectively. Then, {Lq}q>l(p) 1s a family of G-L rules with respect to
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Up(§2), which satisfies the properties (K1)-(K4) with d(q) = 2¢—1. Here,
I(p) denotes p in R, and p + 1 in R? respectively.

Hence,using numerical quadrature rules I, and I; in G, we obtain
the following actual problem of (1.9): To find @, € S, () such that

(2.2) Bn(Up,vp) = (f,vp), forall v, € 5,0(),
where
(2.3) (u,v), = I (uv),
z Ou Ov n
(2.4) Bm(u,v)—Z;(a—a—E,-a—a)m on Q1CR"'n=1lor2

In addition, due to (1.7) and (K3) we easily see that By,(-, ) is elliptic.
This allows us to solve the above approximate problem (2.2).

The following Lemma can be seen in [5].

LEMMA 2.1. For QCR*n=1or2,let ue H'(Q) with v >n.
Then the projection Il from Lemma 1.1 satisfies

25)  fu-Tul, o< Cp O Dlul, .

3. Main results
To estimate the error ||u — ||, o, we start with the following Lemma.

LEMMA 3.1. Let u be the exact solution of (1.4)-(1.5) and wu, the
p-version solution of (1.9). Then, for an approximate solution tu, of u,
which satisfies (2.2) we have

(3.1) Ju = tpllg o < llu—upllg g

1 ~ ~
+  sup ———(|B(up,w) — By (tp, w)]
wy €Sy 0() ||wp”o,n

+ |(f,UJ) - (f)w)ll)a

where for each w, € Sp0(§2), w € Sp0(§2) denotes the solution of discrete
variational problem:

(3.2) B(w,vp) = (wp,vp) forall wvp € Sp0(82).
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PROOF. By the triangle inequality we have
(3.3) e = Upllg < llu = upliga + llup — Uplly o

Since up, — U, € Sp () the last term of the right side in (3.3) can be
characterized as ' )|

~ Wpy Up — U
(34) fup—Tplgg= sup |rtr =Tl

wp €5p,0(R) ”wP”o,Q
Hence we obtain from (3.2) that
(3.5)  |(wp,up —up)| = |B(w,up~—- up)| N _
< |B(w,up) — Bm(w,up)| + |Bm(w, uy) — B(w, up)|.

Due to the fact that B(-,-) is symmetric and w € S, o(£2), it follows from
(1.9) and (2.2) that
(3:6) 1(w,up — Tp)| < |Bipy ) — Brn(ipyw)] + () = (£,
This completes the proof.

The above Lemma indicates that the error [ju — @[, o will depend on
several terms. The first term [[u — u,|, o in (3.1) was already discussed
in (1.13), which depends on the smoothness of the exact solution u(z).
The other terms will depend upon the smoothness of a(z) and f(z). In
this connection, first we give the following Lemma.

LEMMA 3.2. Let wup,, wp, € Up(Q) and f € Loo(2). Then, for all
vg € Uy(R), fr € U(Q) with 0<g<p and r=d(m)-p—q>0
we have

(3.7) | (f upswp) — (f up,wp),, |

< 0 ”fr“o,oo,nnup - vq“o,g +|If - fr”o,oo,szHup”o,g } pr“o,n

where C is independent of p,q and m.

PROOF. It is similar to that in [5, Lemma 3.3).

Now, for each t € Up(2) we denote
= ot [ Ot
. = = -_— - < p.
(3.8) q(t) m?x | (6:1:, + t) Hq (ax‘ + t) “0’95 0<g<p
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Then, we obtain
(3.9) Z,t) <Cq P tllyq forall teUy(9),
where ) is a sufficiently large number. Moreover, it follows from (1.15)
that
(3.10) E,(t) =0 forall teUpy(f).

Here,we have the following proposition.

PROPOSITION 3.3. Let u € HJ(Q2) and a € H?(Y) with p > n. Then,
for any w € Sp(§2) we have

(3.11) |B(ip,w) — Br(iip, w) )
< C{E (up) + q_a”u”a,ﬂ +¢ u— up||1,Q
+r T (lu = |, o + llull, @)llall, o} el o
where ¢ is a positive integer such that 0 < ¢ < pandr = d(m)—p—g > 0.
PROOF. For w € 5, () we have

(312) | B(up,w) = Bm(tUp, w)|

ou, Ow Oup Ow
SC{m?xl(GEZ’ 5;) ( Oz’ awi)ml}.

Let q be any integer such that 0 < ¢ < pandr = d(m)—p—gq > 0. Then,
for any ¢ = 1,--- ,n, due to Lemma 3.2 with f, = 1Ila and v, € Uy(Q),
we have

Ou, Ow Oup Ouw
(3.13) l( Bz ’3x,> ( 3:6, (9_1:,) |
< C{IT0ll | 52 vl
0,9
aup”

(91011

+lla =7 ally o ol }H Bz, |

Since |[II7 a||0’oo’Q < |la -1} aHO’oo,Q + ||a||0,oo’Q we easily see from
Lemma 2.1 and (1.7) that [|II7 a|l; ., o is bounded by a ﬁxed constant
for any r = d(m) — p — ¢ > 0. Moreover, taking v, = Hl( Gup + Up) +

H;(u —Up) — H;u in Uy(Q2) we have from Lemma 1.1 that
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ou
(3.14) [[Htally,0ll5 = = quO

l

8u,,
Oz,
= ) ~ W= ) + o = Wl o)
< C{E(Up) + ¢ lu—plly g + ¢ Null, 0}
where C is independent of p and g.
In addition, we obtain from Lemma 2.1 that

319) o al, 0l 22|

r 0,2

< CremDlal|, Il g
< CT_(p_7)’|a|lp,Q(““ - aP“l,Q + llully o)

< cﬂi&“ +3,) (G2 + T

Thus, substituting (3.14) and (3.15) in (3.13) we complete the proof,

w
I < Cllef, o
Ti 0,0

since ||

To estimate the third factor that ||u — u|, , depends upon we will
use the following proposition.

PROPOSITION 3.4.  Let I} € G, be a quadrature rule on Q C R",
which satisfies d(l) —p—1> 0. Let f € H*(Q) with 4 > n. Then, for
any w € 5, () we have

(3.16) (f,w) = (fow),| < Crm D) f|L, ollwll; g

where r = d(1) —
Proor.  Since (II7 f,w) = (II? f,w), for w € S, 0(Q) and r = d(I)—

p, we have

Using the Schwarz inequality and Lemma 1.1 we have

(3.18) (f =12 f,w)| < CHIf =TT fllg ollwllo o

< Cr7Hfll L allvlloq-
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Also, it follows from Lemma 2.1 and (K2) that

(3.19) (f =T f,w)yl < CIf = T} fllg o0 0l W w)}
<Cr D)5, allwll g

Since (3.18) is dominated by (3.19) it completes the proof from [[w|l; o <
Clwll; g

Now, we shall state the main theorem.

THEOREM 3.5. For any I, I} € Gp, let u € H{(Q) be the exact
solution of (1.1)-(1.2) and U, € Sp0(Q) an approximate solution of u,
which satisfies (2.2). We assume that a € H?(Q) and f € H#(§) with
min(p,u) > n. Then, for any integer q such that 0 < ¢ < p and r =
d(m) — p — q > 0 we have

(3.20) lu = Upllg o < C{g " lull, 0
+ (a7 7P all, Q)llu ~ Gl g
+r "Dl gllull; o

+(d() = p) D fll g + o)}

where C' is independent of p and q.

PROOF.  For each w, € Spo(f2) let w € S, () be the solution
of (3.2). Then, since w € Sp0(f2) we have B(w,w) = |(wp,w)| <
lwpllg gllwllo o In addition, due to Poincaré’s inequality and (1.7), we
easily see that there exists a fixed constant M such that

||le,Q

lwsllo.g

(3.21) <M.

Thus, by a direct application of proposition 3.3 and 3.4 to Lemma 3.1
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we have

1 ~ ~
(3.22) sup ———(|B(up,w) — Bp(t,, w)|
wp €Sy o(R) “wp“(),ﬂ

+1(fw) = (fw)]) < C{a7|lull, q
+ (g7 7 Dla]lo)llv — Tl g
+ T_(p~%),|a!lp,ﬂllulll,ﬂ

+(d(1) = p)" D £l + o)}

Moreover, it follows from (1.13) that the first term of the right side in
(3.1) is dominated by the first term in (3.22). This completes the proof.

In [5] we easily obtain the following estimate

(3.23) lu =l o < C{g™ " Vllull, g
+r= " lla]|, g llull; o

+(d(D) - p) T fI|, o)

Hence, when d(m) and d(!) are large enough with ¢ = p, the rate of con-
vergence for ||u — ﬁle’Q is asymptotically O(p~("~1)), which coincides
with that of |ju —u,l|; 5. Also, it follows from (3.10) that the Ly({)
error |lu — |, o in (3.20) is asymptotically O(p~7) under nearly exact
integrations, which is the same with that of [|u — u,||, o in (1.13). More-
over, we see that under certain conditions the L;() error |lu — || 0.0
has nearly O(p™') improvement over the H' error [u — 4|, q-
Here, we see the following facts.

(1) In the case where a and f are sufficiently smooth, i.e., p and p
are large enough, even when d(m) =~ 2p+ 1 withg=pandd({)=p+1
the first term of the right side in (3.20) may dominate the other terms,
so that the rate of convergence for ||u — u,|| g is asymptotically O(p™7).

(2) When a or f is not smooth enough we may reduce the error
lu — Uplly o by increasing the value of d(m) or d(!) respectively. In fact,



512 1k-Sung Kim

using overintegrations Ip,(m > p) or [j({ > p) we recover the optimal
rate of convergence for ||u — || -

(3) We define the ratio

_ Ju — ap“o,g

llu — ap‘ll,g
Then, for two sufficiently large m and [ the ratio R(p,m,) is nearly
O(p~1). Moreover, in the case where a(z) or f(x) is not smooth enough
overintegrations may be reguired to further reduce the ratio R(p,m,1)
until the term p~! dominates again. But, when p and y are large enough
rather than ¢ we have no need of overintegrations, i.e., taking d(m) =
d(l) =~ 2p 4+ 1 with ¢ & p we obtain the optimal O(p~!).

(3.24) R(p,m,!) for m >p and [ > p.

Now, to confirm the main results we shall consider the following one-
dimensional problem:

d, du
LBy =g o =11
with u(—1) = u(1) = 0. Let a(z) = —-—1—-—~—,w > 0. We choose f(z)

(x4 14 w)
in such a way that the exact solution is u(z) = (¢ + 1)% —23(z 4 1).
Especially, taking w = 0.01 we see that the exact solution u(z) is not
smooth enough in comparison with that of a(z). Hence, we expect that
R(p,m,l = 1000) is nearly O(p~?), even when m =~ p. Figure 3 shows
this phenomenon in the case where overintegrations L.,(m > p) are
used and L;(! = 1000). Moreover, since a(z) has a pole at z = —1.01
which is very close to # = —1 the overintegrations I,,(m > p) may
be required to recover the optimal results, O(p~7) for |ju — Uplly o and

O(p~=Y) for |ju — Upll, o When overintegrations Ly,(m > p) are used
for |lu — |y o and [lu — @,||, (, Figure 1 and Figure 2 represent those
results respectively.



3
10
VARN
10
\\‘K
\
£
g 10
|‘IJ ‘\\ x » -
D] S ~5
S
2 D L4
510
[]
-4 . —
~ Ak
]
10"
10°
) 2 4 6 8 10 12 14
Polynomiat Degree P
Figure 1
10’
=
At
100 = [
ry -y
o ——
g W\ —fmapsd S
gw' %Q =p{6
% == s . —
& Lo g
=1 T
10°
-1
10
0 2 4 6 8 10 12 14

On The L4($2)-error for the P-version

Polynomial Degree P

Figure 2




514 Ik-Sung Kim

2.

10
10" *%
= N
§ - 46,4060
r
o
2 g
10" 5“:=
107
10° 10’ 10
Polynomial Degree £
Figure 3
References

R. A. Adams, Sobolev spaces, Academic press, New York-San Francisco-London,
1975.

I. Babuska and M.suri, The optimal convergence rate of the p-version of the finite
element method, SIAM J. Numer. Anal. 24 (1987), 750-776.

L. Babuska and M. suri, The p and h-p versions of the finite element method,
Technical Note BN-1101, Institute for Phy. Sci. and Tech., 1989.

- P. G. Ciarlet, The finite element method for elliptic problems, North-Holland

publishing company Amsterdam-New York-Oxford, 197§&.

- I.5.Kim, C. G. Kim and M. S. Song, H!(Q)-norm error analysis under numerical

quadrature rules by the p-version of the finite element method (1994), Comm.
Korean Math. Soc., 467-489.

M. suri, The p-version of the finite element method for elliptic equations of order
2l, Math. Mod. and Numer. Anal. 24 (1990), 265-304.

Department of Applied Mathematics
Korea Maritime University
Pusan 606-791, Korea



