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A KOHN-NIRENBERG EXAMPLE
USING LOWER DEGREE

JEONG SEON Y1

ABSTRACT. We will construct polynomials of degree 6 in z and 7 on C?
which gives, via its coefficient A as a parameter, a family of pseudoconvex
domains Qg in C? with the origin being a boundary point, and show that
the domains €3 has no peak functions of class ¢! at the origin and has
no holomorphic support functions for 1 < g < %.

1. Introduction

Let us consider a plurisubharmonic function on C?

(1) p1(z,w) = Re(w) + p1(2),

where p;(z) = |z|*+ 22|22 Re 2° for (z,w) € C2. Then the pseudoconvex
domain Q C C? defined by

Q= {(z,w) € C*| pi(2,w) <0}

gives the well-known Kohn-Nirenberg example on C? [3]; the domain Q
is Levi pseudoconvex but does not have a holomorphic support function
at the origin. In particular, the domain © has nc peak function of class
C? at the origin [1].

Recall that for a domain @ C C" and p € 0f), we say that p has a
holomorphic support function for the domain 2 provided that there is
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a neighbourhood U, of p and a holomorphic function f, : U, — C such
that

{zeUy| fulz)=0}n8={p}.
Now let

(2) k(2) = Rez + pi(2).

Then k(z) is obviously subharmonic, but not convex near 0 in C along
the imagiary axis in C. Moreover it is easy to see that the function f on
C defined by

f(z) = Re{az + 3z"), a,3€C

is not convex near 0 for any a,  # 0, and n > 2 aleng the line generated
by the n—th root of —3/|3

2. Main propositions

One property of the function k near 0 is as following

LEMMA 1. There is no holomorphic change of coordinates g nea 0
satisfying g(0) =0, ¢ (0) = 1, and k o g(z) is convex at 0.

PROOF. Suppose there is such a function ¢ and consider the Talor
expansion of ko g at 0. Let

Successive appliction of the last fact mentioned above shows

16
kog(z)= Re(z+cgz®)+ |2|® - —7——R6(z72r‘) + O(]z]*).

When z is real, we get Recg > % by convexity at 0. To get a contradic-

. ax
tion, let z = re*s ,r > 0. Hence

kog(z)=Rez+ {~Recg + 1 — };Re it 4 O(r?).
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So ko g is not convex at 0 since the coefficient of r® is negative. This
completes the proof.

Now let
(3) h(z) = Rez + |z|* = a|z|?Re 2%, « € C.

We can choose o = % for h to be subharmonic. Then the Laplacian of
h is identically zero along the real axis, and h can be convexfied by the
holomorphic function g(z) = =z + %24. Suppose

(4) r(z) = Rez + |z|® — a(z°24+ 2% ).

We can choose a = 1% to make r subharmonic, which implies that r
1s not convex at 0 along the real axis.

LEMMA 2. There is no holomorphic change of coordinates g such that
g(0) =0, ¢'(0) =1, and r o g(z) is convex at 0.

PROOF. Assume the existence of such a holomorphic change ¢ of
coordinate and consider the Taylor expansion of r 0 ¢ near 0. Let

g(z) = chz", ¢y = 1.
n=1
Then
5
|
Hence the coefficient of ¢ of 2% in the Taylor expansion of r(g(z))
is such that Recg > % along the real axis and Recg <> -43 along the

imaginary axis by the convexity of r o g. Thus r is not convexifiable at
0.

rog(z) = Re(z + ¢62%) 4 |2|® — =z?Re 2% + O(|z]").

Let
: O
(8)  p2(z,w) = Re(w) + pa(2), pa(z) = Bl2|* - ;;lzlzRe 2, p>1
and a domain Q4 in C? given by

Qs ={(z,w)€C?|py <0}

Clearly p, is C?-plurisubharmonic in § g as a sum of two C*—subharmonic
functions on C. Hence Q4 is pseudoconvex. It is strictly pseudoconvex
at every boundary point except for the line : z = (5, Rew = 0.
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REMARK. (1) By adding |zw|? (|22 + |w|?, resp.) to the plurisub-
harmonic function py(z,w), we obtain a strictly pseudoconvex domain
except at the origin where it is pseudoconvex (a strictly pseudoconvex
domain, resp.)

(2) The domain Q4 has no peak functions at 0 that extends to be
holomorphic in a neighborhood of 0 (for if f were a peak function, then
f(z) — 1 would be a holomorphic support function at 0.)

The following Proposition shows that the pseudoconvex domains £ 3
has no C' peak functions at the origin.

PROPOSITION 3. For 1 < 8 < 2, let Ug be a neighborhood of 0 €
O8p. Then there exists no function f € H(Qs N Us) N ! (QsNUs) so

that f(0) =1 and [f| < 1 on Qg N Us\ {0}.
PROOF. Assume there exist such functions f and let
h(z,w) = Re f(z,w) ~ 1. Then «a := gﬁ(()) > 0 by the Hopf lemma. If

n

€ > 0, there is a neighborhood U.(0) of 0 such that
Oh -
a—€< a—(z,w) <a+e¢ whenever (z,w)e€ UJ0).
n
For u < 0, let
Au = {(zu) | |2} < I/BJul/(56 +9) ).
Then A, C Q. _
Notice that if (z,u) € A, and 2* > 0 we have (z,t) € Q4 for u <t <

2 — B)|2]%. Now follow the idea of the proof in [4, p. 123] to establish
the following harmonic function h on D satisfying

(i) hO) > ~a
(i1) h(2) < —a(1 - |2[°)
(i) h(zZ) < —afl - 50 = 9|£[6) whenever |z|* >0

56 +9

where 2 := z/{/5/u|/(56 + 9).
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Let B3
o(5) = (5ﬂ+9)%-

then ¢ is harmonic on the unit disc D in C, g(0) = 0, g(2) < (58+9)|7]°,
and g(2) < (58 — 9)|2|° if 2* > 0. By the harmonicity of g, there exists
a holomorphic function F such that Re F = ¢ and F(0) = 0. Then

F(3) = cz' + O(|z").

Since g(z) < (58 +9)|Z|® and g(Z) < (58 — 9)|Z|® <X 0 when z* > 0 imply
l=6and c#0.
If 2, =re'™®, n=0,2, then 2 =r* > 0 and

9(32) = Re F(3,) = r®Re ce’™% + O(r").
Hence
9(%1) 4+ 9(32) = r°Rec(1+®™) + O(r") = O(r"),

which contradicts the fact that g(2) < (58 — 9)|2|® when 3* > 0. This
completes the proof.

The following Proposition gives us another Kohn—Nirenberg example
in C? given by a polynomial defining function whose degree in z and 7 is
6 and so lower than that of the defining function for the Kohn—Nirenberg
example.

PROPOSITION 4. Let
.9
pa(z,w) = Rew + B|z|® — -5|z|2Re 2t BeR

and the pseudoconvex domain Qg in C? defined by ps3(z,w) < 0. Then

(1) £8 > %, Qg has a holomorphic support function at 0.
(2) F1<p< %, 23 has no holomorphic support function at 0.

REMARK. When 8 < 1, the Levi-form of ps at (z,w) with Rew =
0 = Imz, Rez # 0 is strictly negative if |z| is small.
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PROOF. Let T = {(z,w) € C? | w = 2%}. It suffices to show that T
is a holomorphic support manifold at 0. Let z = re* with » > 0. Then

. . 9 .
pa(z,2%) = 2r® cos® 46 — r® + r5(8 — ; cos 486).

If cos 40 < ~3§, we have p3(z,w) > 2r¥ cos? 40 —r® > Qforall 3 > % On
the other hand, if cos 46 > —%, then p3(z,2%) > —r®425(3 —-2— cos46) >
0 for small r > 0if 3 > %

When 3 = 2: suppose cos46 # 1, then

5’
8- 8 6, 9
pa(z,2°) > —r° +r°(F — —cos46) > 0.
5

If cos48 = 1, p3(z,2%) > r® > 0. Hence (1) holds.

(2) When the complex tangent space T, T has a component in the
z—direction;

M can be written as a graph {w = ¢(z)} over the z~axis. In particu-
lar, suppose ¢(z) = az% + O(|z|") where o # 0. Let 2y = r and zy = ir,
r > 0. Then

o9 e 4
p3(z1,w1) + p3(ze,wy) = 2(3 — g)r6 +0(r") <0,

which contradicts the fact that (z,,w,) € Qg forn =1,2and TN 6[3 =
{0}. All other cases when ¢(z) = az' + O(z") with I # 6 or when T,T
is the w-axis can be proved by imitating the prooi of [5, page 119 or 3,
Theorem C].
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