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COUPLED FIXED POINT
THEOREMS WITH APPLICATIONS

S. S. CHANG, Y. J. CHO AND N. J. HuANG

1. Introduction

Recently, existence theorems of coupled fixed points for mixed mono-
tone operators have been considered by several authors (see [1]-[3], [6]).

In this paper, we are continuously going to study the existence prob-
lems of coupled fixed points for two more general classes of mixed
monotone operators. As an application, we utilize our main results
to show the existence of coupled fixed points for a class of non-linear
integral equations.

2. Coupled Fixed Points for Set-Contractive
Mixed Monotone Operators

Throughout this paper, E is a real Banach space, which is partially
ordered by a cone P, ie, z < yif and only if y ~2 € P. Let D
be a subset of E. An operator A : D x D -+ E is said to be mized
monotone if A(xz,y) is nondecreasing in z and nonincreasing in y. A
point (z*,y*) € D x D is called a coupled fized point of an operator A if
r* = A(x*,y*) and y* = A(y*,z*). When z* = y*,i.e., 2% = A(z*. z"),
we say that the point z* is a fized point of A.

Define the norm || - || on E x E by ||(z,y)| = ||z||+ ||y|| for z,y € E
and let

P={(z,y) e EXxE:z>0,y<0}. (2.1)
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It is obvious that P is a cone in E x £. Let us define a partial ordering

<in E x E by
(x1,41) < (29,y2) if and only if ©1 < 2,15 > ys.

Let D C FE and A:D x D — E be a mixed monotone operator. We
define a mapping A: D x D — E x E by

Alu,v) = (Alu,v), A(v.u)), (u,v) € D x D. (2.2)
If (z1,y1) < (x2,y2), then we have
A(z2,y2) > Alx1,y2) 2 Alz1, 1)

and
Alyz, z2) < Alyr, w2) < Ay, 21),

which implies that :{(J‘g y2) > E(:r] Y1), 1.e., Ais an increasing oper-
ator. Now (2.2) shows that (z*,y*) € D x D is a fixed point of Aif
and only if (z*,y*) is a coupled ﬁxe(‘ point of A.

DEFINITION 2.1. ([2]) Let D be a subset of Eand A: D x D — E
be a mapping. Let A : D x D — E x E be the mapping defined
by (2.2). A is said to be demi-compact if for any bounded sequence

{(‘Tmyn)} € D x D such that {(l‘, - A(‘Tmyn)vyr - A(ynwfn))} 1s
convergent, {(.Tn, yn)} has a COHVCI‘gGIlt SubSGqU()HC(‘.

DEFINITION 2.2, ([3]) Let D be a subset of Eand A: D x D — E

be a continuous mapping. A is said to be k-a-set contractive if
alA(R)) <k-a(K),
where a(H) denotes the Kuratowski’s measure of noncompactness of

a bounded subset K of D x D and k& > 0 is a constant.

LEMMA 2.1. ([2]) Let A and B be two bounded subsets in E. Then
we have

a(A x B) < alA)+ a(B).
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THEOREM 2.1. Let ug,vg € E and ug < . Suppose that A :
[wo, vo] X [ug, v0] = E is a 1-a-set-contractive mixed monotone mapping
such that the mapping A defined by

(2.2) is demi-compact and satisfies the following conditions:

(1) uo < A(ug,vo), A(vo,ug) < ve,

(i1) A([ug,vo] x [ug,vy]) is bounded in E,

where [ug,vo| is an order interval in E, i.e. [ug,vo] = {z € E : uy <
r <wg}.
Then A has two coupled fixed points (z*,y*), (., y.) € [wg, vy] X
[ug,v0]. Moreover, (z*,y*) and (z,,y,) are maximal and minimal,
respectively, in the sense that z, < 7 < z* and y* < y < y. for any
coupled fixed point (z,4) € [ug, 7] X [up, vo] of 4.

Proof. From the cone P defined as in (2.1) and the mapping A
defined by (2.2), it follows that A is increasing and demi-compact. It
is also clear that (ug,vy) < (vg, 1) and

(ug,vy) < E(uo,v.,), A(vg, up) < (vg,up)-

Let A C [(ug,vo),(vo,ug)] be any bounded subset and denote K’ =
{{y,2): (z,y) € K}. Then a(K') = oK) and A(K) C A(K) x A(K").
It follows from Lemma 2.1 that

a(A(K)) < ol A(K) x A(K"))

< al A(K)) + a( A(E")
< Lotk s %am”)

which implies that A is a 1-a-set-contractive operator.
Next, for any given (z¢,yo) € [(ug,vo), (vo, ug)], let

Z ={S:(x0,y0) € 5 C [(ug,v0), (vo,ug)],

S 1s a closed convex set and /T(S) C S}

Then Z # () since [(ug,vq), (vo.uy)] € Z. Letting S(zg,yq) = Nsez S,

we can easily prove that
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(1) (20, y0) € S(z0,Y0),
(2) S(zo,yo) is a closed convex subset,

(3) A(S(z0,0)) C S(x0,v0)-
Since E{E(S(xn,yo)),(xo,yo)} C Siz9,yo), we have

A(E{A(S(x0,y0)), (20, y0)}) C A(S(z0,70))

C _C—B{J‘Z(S(-’I'O~ yn))a (l’o, yO)}

and so we have

(4) EO—{AV(S(:L'O, yﬂ))v (*7307 UO)} € Z*

(5) c0{ A(S(z0,¥0)): (Ta,y0)} = S(T0, Yo)-
On the other hand, in view of the condition (ii), it is easy to sce that
S(zg,yo) is a bounded closed convex subset. Especially, if we take
(z0,Y0) = (uo,vo) and let

A, = l(uo,vgi} + (1 - -1—)11
n n

then Xn : S(ug, vo) — S(uo,ve). Since A is a l-a-ser-contractive oper-
ator, Apisa (1~ —lﬁ)—a—set—contractive operator. Hence by Sadovskii’'s
fixed point theorem ([5]), there exists a point {(zn,y,) € S(ug, vo) such
that

1. , 1 ~
(;-Tnyyn) — _(‘an’U0> '_ (1 - “)24(17”,‘;‘/”).
n n
By the condition (ii), we have

(Thnyyn) — A(Tn,yn) = T—((uo,vo) - A(Tn,yn)) — Dasn — oo. (2.3)
n

Since 4 is semi-compact, by (2.3), there exist a subsequence {(zn,, yn, )}
of {(z,,yn)} and a point (z,,y.) € S(ug,ve) such that (zn,, yn,) —
(T4,Y+) as 1 — oo. By the continuity of A and (2.3), we have

(24, 7s) = A4, y). (2.4)

Similarly, taking (z¢,yo) = (ug, vo), then there exists a point (2*,y*) €
S(vg, ug) such that
(%, y") = A(z",y"). (2.5)
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Finally, we prove that (z*,y*) and (z,, y.) are the maximal and mini-
mal fixed points of A, respectively. In fact, if (z.4) € [(ug, vo). (vo, ug)]
is an arbitrary fixed point of 4, then we have

A([(uo,vo): (2,4)]) C [(wo,vo), (z,9)],
fz([(lv?)v(vo,uo)] C [(z,y), (vo, ug)]

and so

S(uo,vo) C [(uo,v0), (Z,4)], S(vo,uo) C [(z,7), (vo, uo)]-

Thus, we have (z,,y.) € [(uo,vo 1. (2,9)] and (z* y*) € [(z,9), (vo. uo)],
le.,
(2w yx) < 12,y) < (2%, y7)

By virtue of the definition of A. we know that tz*,y*) and (z,.y.) €
[, vo] X [ug, vo] are two coupled fixed points of A, and (z*,y*) and
(Z+,ys) are the maximal and minimal coupled fixed points of A4, re-
spectively, in the sense that z, < z < z* and y* < y < y, for any
coupled fixed point (z,y) € [uo, vo] x [ug,ve] of 4. This completes the
proof.

The following can be obtained from Theorem 2.1 immediately:

THEOREM 2.2. Let P be a normal cone of F and A: P x P — P
be a rmxed monotone operator. Suppose that
(1) A is ——a -set-contractive and A defined by (2.2) is demi-compact,

(11) there exist a point h € P and a positive bounded linear operator
L : P — E with spectral radius r,(L) < 1 such that

Alu,0) < L(u)+ h,u € P. (2.6)

Then there is a point v € P such that A :[0,v] < [0,v] — [0,v] and A
has two coupled fixed points (z*,y*), (7., y.) € [0,v] x [0,v]. Moreover,
(z*,y*) and (x,y.) are the maximal and minimal coupled fixed points
of A in the sence that z, <z < z* and y* < y < vy, for any coupled
fixed point (z.y) € [0,v] x [0,v] of A.

Proof. Since ro(L) < 1, the equation (1 — L)z = h has a unique
solution

=(I-L)"'h=)_L"heP

n=1
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By (2.6), we have A(v,0) < L(v) + h = v. Besides, since A(0,v) € P,
we have A(0,v) > 0. Further, since I’ is normal, the order interval [0, v]
is bounded ([3]). Hence all the conditions in Theorem 2.1 are satisfied.
Therefore, the assertion follows from Theorem 2.1. "This completes the
proof.

3. Coupled Fixed Points for Generalized Condensing
Mixed Monotone Operators

DEFINITION 3.1. ([8]) Let D be a subset of E. D is said to be
upper semi-closed if for any sequence {z,} in D such that z,, — z and
Tn < &, we have z € D,

Similarly we can define a lower semi-closed set i1 E. It is easy to
see that D 1s an upper semi-closed set in E if and oaly if —D = {—r:
z € D} is a lower semi-closed set in E.

LemMa 3.1. ([8]) Let D be a relatively compact upper (resp., lower)
semi-closed set in E, then for any a ¢ D, there exists a maximal (resp.,
mimmal) element &, € D such that a < x, {resp., v, < a).

DEFINITION 3.2. Let D be a subset of E. A mapping T : D - F is
said to be generalized condensing if for any S C D such that T(S) C S
and S\ ©o(T(S)) is relatively compact, S is relative'y compact.

THEOREM 3.1. Let ug,vo € E Le two given points with ug < vyg.
Let A : [ug,vg| x [wo,vo] — E be a mixed monotone nperator such that

wy < A(ug,vg), A(vo,ug) < g

and the mapping A : [ug, vg] x [ug,14] -+ E x E defined by (2.2) is a
generalized condensing operator.

Then A has two coupled fixed points (z*,y*) and (2., y.) 10 [, vy] X
(ug. vo]. Moreover, (z*,y*) and (x,, y.) are the maximal and minimal
coupled fixed points of A, respectively, in the sense that z, < z <
c*,y* <y < vy, for any coupled fixed point (z,y) € {ug, vg] X |ug. vg] of
A.

Proof. Let P be the cone defined by (2.1). Then s increasing and

(ug, vo) < A(ug,vo), Mvo.up) < (vo,itp).
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For any given (z¢,y0) € [(ug, vo), (vo, up )], define

Z2'={S:(zo,y0) €S C [(o,v0), (v0, ug)],
S is a closed subset and Af S)cC S}.

Then Z' # 0. Let S(z¢,yq) = Nscz S Then it is clear that

(1) (0. y0) € S(z0,yo),
(2) S(z0,y0) is a closed subset,

(3) A(S(z0,y0)) C S(xo,yo).

Next, we prove that S(z¢,yo) is a compact set. In fact, from
A({A(S(x0,y0)), (20 90)}) © A(S(0.0)

C {A(S(20,y0) 1 (20, 90)} C (0, o),

it follows that

{A(S(z0,30)), (z0.y0)} € 2
and so

S(zo,y0) = {ij(%’yﬂ)}_
This implies that

5(x0,y0) \ To(A(S(z0,y0)}) C S(zo,y0) \ A(S(z0,10))

(3.1)
= {(Io,yo)}-

Since the singleton {(z,y0)} is a compact set in E x E, from (3.1),
we know that S(zo,yo) \ 20(A(S(x0,v0))) is a relatively compact set.

Therefore, S(zo,y0) is a compact set. Taking (o, yo) = (ug,vy), we

know that S(ug,vg) is compact and A is a mapping from S(ug, vg) into
S{ug,vg). Let

K = {(z,y) € S(up.vo) : (z,y) < Az, y)}.

Then K # @ since (up,vy) € K and it is relative'y compact.
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Now we prove that K is an upper semi-closed set in £ x E. In
fact, for any given sequence {(zn,yn)} € K, if (z,,yn) — (2,y) and
(Tnyyn) < (Z,7), then we have

(Tnyyn) < Az yn) < Az, y),

which means that (z,y) < Z(:Eg) and so (z,y) ¢ K, ie, K is an
upper semi-closed set in £ x E. From Lemma 3.1, there exists a max-
imal element (z,,y.,) € K such that (z,,y.) = ‘Z(‘T,*,y*). In fact, if
g(x*,y*) Z (T4, Ys), then (z,,y,) < A(r,,y.) and so we have

(z*:y*) < .Z(x*,y*) < E(/X(.T*,y*)l.

This implies that j(x*,y*) € K, which is a contradiction. Taking
(z0,y0) = (vo,uo), we know that S(vg,up) is compact and A is a map-
ping from S(vg,ug) into S(vy, ug). letting

K' = {(z,y) € S(vo,un) : Ala,y) < (x )},

it is easy to see that K’ # ) and K' is relatively compact. In ad-
dition, we can prove that K’ is a lower semi-closed set in E x E.
Therefore, by Lemma 3.1, there exists a minimal element (z*,y*) such
that Z(I*, y*) = (z*,y*). Besides, by the same way as in the proof of
Theorem 2.1, we can prove that (z*,4*), (., ¥s) € [wo,v0] X [wp. vo]
are two coupled fixed points of A and (z*,y*),(z. y.) are the maxi-
mal and minimal coupled fixed point of A, respectively, in the sence
that z, < 7 < z* and y* < y < y, for any coupled fixed point
(z,9) € [ug,vo] % [ug,ve] of A. This completes the proof.

4. Applications

Let C(I) be a Banach space of all real-valued continuous functions
on I = [0, a] and P be the cone of all nonnegative continuous functions
in C(I). In this section we use Theorem 2.2 to shew the existence of
coupled fixed points for the following nonlinear integral operator:

A(u(t),v(t)) = p(t, u(t),v(t)) + / K(t,8)Y(s,uts),v(s))ds (4.1)
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fort € I, whereu,v € O(I),K € C(IxI),p,% € C(IxRtxR*),Rt =
[0, 00), satisfy the following conditions :

(i) K is non-negative and p,v : I x Rt x R* — R™,
(i)

I%(tvul(t)vul(t)) S‘Q(f uZ<t)vU2(t)H
< 3 (b (1) = wal)] + oa(2) = walt)]), 1 € 1.

(iii) ¢(t, u,v) and ¥ (¢, u,v) are nondecreasing in u and nonincreasing
invfortel,

(iv) there exist nonnegative constants ¢y, ¢y, d;, dy such that for all
t € I and for each u € P,

Pt u(t),0) < ey - u(t) + dy, w(t,u(t),0) < ¢ u(t) + dy.
Set t
L(u(t)) = c1 - ult) + ¢y - /0 K(t,3)u(s)ds, (4.2)
F(u(t),vo(t) = e(t, u(t), o(1)),
h(t) =dy + dy - /ﬂtl{(t,s)cl& (4.3)
Let us define a mapping £ : P x P — P x P as follows :

F(u(t),v(t) = (F(u(t), v(t)), F(o(t),u(t))).

We assume further that

(v) Fisa semi-compact operator,

(v1) the spectral radius of L,r,(L) < 1.
By the conditions (i) and (iii), it is clear that 4 : P x P — P is mixed
monotone. The integral part on the right-hand side of (4.1) defines
a compact operator G : P x P — P. By the assumptions (ii) and
(v), it is easy to see that the operator A is %—a—set-contractive and the
mapping A defined by

Au(t), v(t)) = (A(u(t),v(t)), A(v(t), uit))),u,v € P,
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is semi-compact.

Now note that
A(u(t),0) < Liu(t)) + h(t)

can be obtained from (iv), (4.2) and (4.3). Therefore. all the conditions
in Theorem 2.2 are satisfied. Hence there exists a positive function
v € C(I) such that A has two coupled fixed points {z*,y*), (z,,y.) €
[0, v] % [0, v] which are maximal and minimal, respecrively, in the sence
that z, <z <z* and y* <y <y, for any coupled fixed point (x,y) €
[0,v] x [0, v] of A.

REMARK. It should be pointed out that the existence problems of

coupled fixed points for the nonlinear integral operator defined by (4.1)
was first considered by Chen ([2]).
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