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THE RELATION BETWEEN THE BERGMAN
KERNEL AND THE SZEGO KERNEL

MoonJA JEONG

We can expect a close relationship between the Bergman kernel and
the Szegd kernel of a domain because we can change boundary integrals
to solid integrals via Green’s identity. Indeed, the kernels are very
closely related. By inspecting the relation of them we can have the
information about the Szegd kernel from the information about the
Bergman kernel and fruitful applications in mapping problems. For
example, by using the relation of the Bergman kernel and the Szegé
kernel, we get the transformation formula for the Szegé kernel under
certain proper holomorphic mapping from the transformation formula
for the Bergman kernel and we use it to characterize proper rational
mapping (see Jeong [8]). The purpose of this paper is to reveal a
relationship between the Bergman kernel and the Szegd kernel.

Let Q be a bounded n-connected domain in C with C™ smooth
boundary where n > 2. Let A(z.w) denote the Bergman kernel and
S(z,w) denote the Szegd kernel associated with §2. The following for-
mula by Bergman [6; p.116]

n—1
K(z,w) =4nS5(z,u)* + Z A(w) W (2),

=1

where W/ is the derivative of a multi-valued holomorphic function W;
given by analytically continuing around Q a germ of w; +w} where w?
is a local harmonic conjugate for the harmonic measure function w;,
represents the relation between the Bergman kernel and the Szegé ker-
nel. Bell [4] constructed another formula representing the relationship
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between the above two kernels via Garabedian kernel. It is as follows:

K(z,a) = 478(z,a)* + 27 Z ?T(Z—%L(z,ai)S(z,a)

where L(z, a) denotes the Garabedian kernel definzd by Garabedian [7]
and for fixed a ¢ (2, the points a; are the zeroes of the function S(z,a).

In this paper, we study a proper anti-holomorphic correspondence
and make a formula relating the Bergman kernel to the Szegé kernel
in a different form. Before we state and prove ovr main theorem. we
must explain some notations and basic facts.

For a bounded domain Q in C with C*™ smooth boundary, let Q*
be the set of points w such that w € Q. The Szegd kernel S(z,w)
associated to () defines an analytic subvariety V = {(z,w) € Q x Q* :
S(z,w)} = 0}. The projection maps m, : V — ( and 7, : V — Q*
are proper holomorphic (see Bell [4] and Bell [5; p. 106]). Hence, V' is
identified with f where the multi-valued map f =T, o7 " is a proper
anti-holomorphic self-correspondence of §).

Let (} be a bounded domain in C". Let H(§)) denote the space
of holomorphic functions in L*(2) and AH(Q) = {p € L*(Q) : 7 €

(2)}. Since AH(Q) is a closed subspace of L*(Q), there exists a
unlque > orthogonal projection @ of L?({2) onto AH(Q) and it satisfies
Qe = Pg for ¢ € L?*(Q) where P is the Bergman projection of L?()

onto H(Q). It is easy to see that Qp(z fQ K(z,w)p(w)dV, for
every ¢ € L*(Q2) where K(z, w) denotes the Bergman kernel absocmted
with Q.

The transformation formula for the Bergman kernel under proper
holomorphic correspondence is already known (see Bedford and Bell
[1]). Now, by a little modification of it, we will make a transformation
formula for the Bergman kernel under proper anti-holomorphic corre-
spondence. First we suppose that ; and 2, are bounded domains in
C™ and that f is a bi-anti-holomorphic mapping of £; onto ;. Let

u(z) = def[—-f] For each ¢ € L*(,), define A¢(z) = u(z) - (Bo f)z).
We see that A is an isometric anti-isomorphism of 1,2(Q2;) onto L2(§;)
lLe., 1t is isometric one-to-one, conjugate-linear map of L2 (£29) onto
LZ( §2;). It preserves anti- holornorphlc functions. Consequently, we get
the following proposition.
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PROPOSITION 1. Let Q and , be bounded domains in C" and
f: Q4 — Qg be a bi-anti-holomorphic mapping. Let K;(z,w) denote
the Bergman kernel associated to Q; for i = 1,2. The Bergman kernels
transform according to

K (2, w) = u(w) Ky f(w), £(2))(2)
for every z,w € ;.

Proof. Let {v;}2, denote an orthogonal basis for AH(Q;). Then
{u:(Tj0f)}32, is an orthogonal basis for AH(£2;). Note that K (-, 2) €
AH () when z € Q,. It follows that

Ey(w,2) =Y u(w)(@; o f)(w)a(z)(v; o f)(z)
j=1
= w(w){ D" 7 (Flw)e,(£()) f(z)
=1

= u(w)K2(f(2), f(w))i(z).

Therefore, by the conjugate-symmetry properties of the Bergman ker-
nels,

Ki(z,w) = u(w) Ko f(w), f(2))u(z)
for z, we ;. O

We want to move our concern to the case when f : Q; — Q; is
a proper anti-holomorphic correspondence between two bounded do-
mains in C". Let Q; denote the set of points w such that w € Q.
Then f is given by f(z) = {w € Q2 : (z,w) € V C Q; x Q}} where
V is an analytic subvariety of £ x Q5. The projections 7 : V —
and 7y : V — Q3 are proper maps. There are subvarieties V; and V;
of 2, and Q3, respectively and positive integers p and ¢ satisfying the
following conditions:
(1) Near a point z € Q — V], there are exactly p anti-holomorphic map-
pings {fi}?_, defined near z that represent the multi-valued mapping
-7?2 o) 7'{'1—
(2) Near a point w € Q2 — V;* where V,* = {¢ € Q, : { € V,}, there are
q anti-holomorphic mappings {Fj}g‘=1 that represent m; o 7, ~1.
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Let u;(z) = det[%é‘-] and Uj(w) = det[aF]. Let @, denote the
orthogonal projection of L%(£;) onto AH();), 1 = 1,2. By modifying
Theorem 2 in Bedford and Bell [2], we can obtain the following lemma.

LEMMA 2. Suppose f : §; < 5 is a proper anti-holomorphic
correspondence between two boundcd domains in C". If p € L?(Q,),
then

ui(Fo fi) € L)

and (z_”: ) i“’ (Qup 0 fi).

=1

M*@

Proof We already know that p y Ui(Z o f,) is well defined on Q —

. So we get

HZ (Bofi)

2
) /._./ E lut maofll
L2(9, -V Q, -V,

1=

= pq/ 21 == pallell 2 g,
Qg V"

Since V] is a set of measure 0 in §2,. we see that S0 ui(Pofi) extends
to be in L%(,) and that

| < vl o)

If o € AH(Q2), then 7 wi(F o fi) € AH(Q, — Vi) N L*(Q;) im-
plies that 3°F  w,(Fo f;) € AH(Q,) by the L? Removable Singularity
Theorem (see Bell [3]). So Q;(3X 7., udFo fi)) == == 3P ui(Fof) =
Zf’:] Ui(QZ‘P 0 fz)

Therefore, we will be finished if we show that the transformation
formula holds for ¢ € L?(£,) that is orthogonal to 4H(Q2) If
1s orthogonal to AH(Q;) and ¢ € AH(Q,), then E (go Fy) €
AH(£3) implies that

p q
/Q1 (Zui(zofi)>§=l225(]Z;UJ(?JFJ)) = (.

1=1

4

Z’U,‘(?O f1

1==]

L2(0y)
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So 3 F_, ui(Fo fi) is orthogonal to AH () and hence Q,(3°7_, wi(Fo
fi)) = 0. This completes the proof of Lemma 2. O

By using the above lemma, we get the following transformation for-
mula for the Bergman kernel under the proper anti-holomorphic cor-
respondence.

PROPOSITION 3. Assume the same hypothesis as in Lemma 2. Let
K,(z,w) denote the Bergman kernel associated to Q; fori = 1,2. The
Bergman kernels transform according to

> w2 K (filz)ow) = ) Us(w) Ky Fyw), =)

i=1 j=1

for all z € Q; and w € Q.

Proof. For w € §; — V¥, there exist an arbitrarily small neigh-
borhood W of w in Q; — V;* and F; : W — D); which are bi-anti-
holomorphic mappings for 1 < ; < ¢ such that Fj o fi;, = idp, for
some 1 <i(j) < p where {D;}i_, C @, — V) are disjoint and for each
1<j <q. {fi(D;)}_, are disjoint. Take 8, € C'5°(W) which is radi-
ally symmetric about w with fn « = 1. Forany h € AH(2, — V),
we have h{w) jQ h8,. As a result, we get Q280,,.(-) = T\—z( w). Now,
for z € O — V4,

]

Zui ) Ko (fi(2) w) Zut 2)(Qy8w 0 fi)(2)

=1

—

1=

=@ Z U1 w © fi))( by Lemma 2

p
- [ R0 Y w0 £6) v

=1

P
:Z/D Rz F 0 fi(€) S w€)(8u 0 £1)(E) dVe
j=1 2

1=1

q
Z/ K1 (Fy o fi(€), )iy €125 (Fih () (8w © iy )(€) dVe
1=1
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g
Z/ K\(F(0), 2)U;(n)fuln) 4V,

9
=3 [ BB M—ZM ()20 )

since K1(F;(-),z)U;(-) € AH(Q; — V,*). Hence,

Mﬁ

ui(2)Ka(fi(z Z Uj(w) (w),2)

i=1
forweQy, -V and z € Q; — V. By the L? Removable Singularity
theorem, it holds for all w € Q; and z € Q;. O

Now we are ready to prove the following main theorem relating the
Bergman kernel to the Szegd kernel.

THEOREM 4. Suppose that € is a bounded n-connected domain
in C with C™ smooth boundary where n > 2. The Bergman kernel
K(z,w) associated to Q is related to the Szegd kernel via the identity

n—1
. ala; w(w;, w)
7 I ]
Y Ko Z‘%’Swz

n—1

where for fixed a € Q, w € Q, the points {a; }io! and {w;}7Z) are
the zeroes of the functions S(z,a) and S(z w) respectwe]y Note that

S.(a;,a) = ——S (2,8)]:=a; and S, (uw,;,w) = ——S( )'z w -

Proof. For a € Q, S(z,a) has n — 1 zeroes {a; }iolin Q with mul-
tiplicity. The multl valued map a =~ dap,...,d,_; 1S a proper anti-
holomorphic self-correspondence of Q. Let f denote this multi-valued
map. There exists a subvariety V; of Q such that {f;}" ! denote the
mappings that locally define f and fi(a) = a; fora € Q —V,. It is
obvious that the inverse correspondence f=1 is equal to f.

For a € @ — Vi, let v,, in Q be a sufficiently small simple closed
curve surrounding a; not to include other zeroes of S(z,a) inside or on
Ya;- By using the fact that
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where F(z) is holomorphic with no zeroes inside or on 7,,, we can

represent f; by
1 S:(z,a)
fila) = 5;;“/ *S(na)

5 (5 ) &

/.
/ ( Sa:(z, a) SZ(?(az),ia;zz’a)) i
|
/.

Hence

3f1

- a)
dz

( )
__a_ a*' )) d __1_ Sh(zaa) ds
82( S(z,a) T o [/at S(z,a)
B Sal{z,a)
- —%/;a‘ S(z,a) dz

Sa(ai, a)

== by the Residue Theorem.
Sz(a,-, a)

1
T 2m
1
2m
1
211
1
2m

t

Since f is a proper anti-holomorphic correspondence and { f;} ;' define
f locally, it follows that by Proposition 3,

n—1 a ’ n-1 a )
S (i), w) 22 @) = Y K(750), ) Z ).
=1 1=1
Therefore,
ZA o a’l a) ZI\ w(wﬁw)
1y U ~z w],w\

for a,w € Q — V. By the L? Removable Singularity theorem, it holds
foralla,we Q. O
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