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A CHANGE OF SCALE FORMULA
FOR WIENER INTEGRALS ON THE
PRODUCT ABSTRACT WIENER SPACES

YOUNG Sik KiM, JAE MooN AHN, KUN Soo CHANG AND IL Yoo

1. Introduction

It has long been known that Wiener measure and Wiener measur-
bility behave badly under the change of scale transformation [3] and
under translation [2]. However, Cameron and Storvick [4] obtained the
fact that the analytic Feynman integral was expressed as a limit of
Wiener integrals for a rather larger class of functionals on a classical
Wiener space. And then they found a rather nice change of scale for-
mula for Wiener integrals on a classical Wiener space [5]. In (10,11,12],
Yoo, Yoon and Skoug extended these results to Yeh-Wiener space and
to an abstract Wiener space.

The purpose of this paper is to show the existence of the ana-
lytic Feynman integral for certain functionals on the product abstract
Wiener space and to obtain the relationships between the analytic
Feynman integrals and the abstract Wiener integrals. And then using
these results, we obtain change of scale formulas for abstract Wiener
integrals on the product abstract Wiener space. Finally, we will show
that most of theorems given in [10] become corollaries of our theorems.

2. Definitions and Preliminaries

Let H be a real separable infinite dimensional Hilbert space with
inner product (-,-) and norm |- | = 4/(:,-). Let || - ||o be a measurable
norm on H with respect to the Gaussian cylinder set measure y on H.
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Let B denote the completion of H with respect to ||-||p. Then it is well
known [9] that B becomes a separable Banach space. Let : denote the
natural injection from H into B. The adjoint operator +* is one-to-one
and maps B* continuously onto a dense subset of H*. By identifying
H* with H and B* with :*B*, we have a triplet (B*, H, B) in such a
way that B* ¢ H* = H C B and (y,z) = (y,z) for all y € B* and
r € H, where (-,-) denotes the natural dual pairing between B* and
B. By a well-known result of Gross, 0 ¢7! has a unique countably
additive extension m to the Borel o-algebra B(B) on B. Then we say
that the triplet (B, H,m) is an abstract Wiene: space and m is an
abstract Wiener measure. For more details, see [9].

Let F' be a complex-valued measurable functional on (B.H,m).
Then we will denote the abstract Wiener integral of F with respect

to m by
/ F(r)dm(z).
B

Let (e,) denote a complete orthonormal systen. on H such that e,’s
are in B*. For each h € H and z ¢ B, define a stochastic inner product
{-,*)~ between H and B as follows :

n
) lim > (h.ex)(ex,x), if the limit exists
(2.1) (h,z)~ = ¢ n—oogD)
0, ot herwise

It is well known (8] that for every A € H, (h,z)™ exists for m —a.e z €
B, and is a Borel measurable function on B having a Gaussian dis-
tribution with mean zero and variance |k|2. Alsc if both h and = are
in H, then (h,z)~ = (h,z). Furthermore, it is easy to show that
for each o € R, (ah,2)~ = a(h.z)~ = (h,az)”, 2 € B, hold and
that (h,z)~ = (h,z) m-ae.c € Bif h € B*. It is well known [8]
that (h,z)™ is essentially independent of the choice of the complete
orthonormal system used in its definition.

DEFINITION 2.1. Let B = x"_| B denote the product of v copies
of B and let F be a complex-valued measurable functional on B* such
that the integral

(2.2) J(F;X):/ FO e, A 2, dm”(F)
J BY
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exists for all Ay >0, k= 1,2,--- v, where m" is the product abstract
Wiener measure on BY, X = (A A ERYand 7 = (2y,--+ ,1,) €
B*. If there exists an analytic function J*(F; ) on

on @ = {ZF=(z,--,2,) € C’: Re(zx) > 0 for k = 1,2, v} such
that J*(F; X) = J(F;X) for all Ay > 0, k = 1,2,---,v, then we
define J*(F; ) to be the analytic Wiener integral of F over BY with
parameter Z, and for 7 €  we write

(2.3) I"™(F:3) = J*(F: 7).

Let ¢ = (q1,--- ,¢») € R” be such that gx # 0 for k =1.2,-.- .v. If
the following limit (2.4) exists, we call it the analytic Feynman integral
of F' over B” with parameter ¢ and we write

(2.4) IN(F;¢) = lim I*™(F: 7).

1]

where ' = (zy.---, z,) approaches —i¢'= (~iqy,--- . —ig,) through Q.

Given two complex-valued functionals F and G on BY, we say that
F=Gsae ffforall oy >0, k=1,-- v, Fla-x,-- .a,r,)
= Glajry, -+ ,a,z,) for mY-a.e. ¥ in BY. For a functional F on BY
., we will denote by [F] the equivalence class of functionals which are
equal to F s-a.e.

DEFINITION 2.2. Let F(BY) be a class of all cquivalence classes of
functionals on B which have the form

v

(2.5) F(f‘):/Hexp{z'Z(h,xm}du(h), F= (21, .x,) € B

J=1

for some finite complex Borel measure y on H. In particular, when
v =1, F(B") is reduced to F(B), which is the Fresnel class on the
abstract Wiener apace (B, H,m).

Let M(H) denote the space of all finite complex Borel measures
on H. Then it is well known that M(H) is a Banach algebra under
convolution, with the norm |g|| equal to the total variation of u €
M(H). By using Propositions 3.2 or 5.1 in [8], we can prove that the
mapping g~ [F] is a Banach algebra isomorphism where g and F
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are related by (2.5) and hence F(B") becomes a Banach algebra under
the norm ||| = ||

The following theorem, which is quoted from |8], is necessary for
proving the existence of the analytic Feynman integral for the func-
tionlas F' belonging to F(BY).

THEOREM 2.1. Let D be an open subset of C¥, where Ck = X;-“:]C
is the product of k copies of the complex plane C. Assume that g:D —
C is continuous and analytic in each variable separately. That is, for
each j, 1 < j < k, and each point (z;, - VZje1y 241, 2k) € CKI
such that D; = {Z]' €C: (21,7 ,z5,-,2k) € D} is nonempty, the
function f(z;) = g(z1, -+ ,2;,--- ,2x) is analytic in D;. Then g is
analytic as a function of k complex variables in D. If D is connected
and contains the set Dt = {(21,--- ,zx) € Ck - Re(2;) >0, 1<5 <

k}, then g is uniquely determined by its restrictior to D¥.

3. Change of Scale Formulas

We begin this section with obtaining the existence theorem of the
analytic Wiener and Feynman integrals for the functionals F given by
(2.5).

Throughout this section, we will let

A={X=(, M) ER A, >0, 1< <uv},
and
Q= {5: (21,7 ,2,) € C¥: Re(z;) >0, 1<5< V}.
‘THEOREM 3.1. Let F' € F(B") be given by (2.5). Then the analytic
Wiener integral of F over B” with parameter 7 =: (zq,--- ) € Q
exists, and

By ruEa- [ exp{—~§§j§1h|2}du<ih).

=1

Also the analytic Feynman integral of F over B¥ with parameter ¢ =
(g1, ,q,) exists, provided that gz #0 forall k = 1,2,--- ,v, and

v

(3.2) [Y(F; §) = /;{exp{—éz qulhlz}d,l(h).

j=1
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Proof. Using Fubini’s theorem. we have

J(F;X):/yLexp{ii:(h,/\;%xj)N} du(h)dm® ()
//Vexp{ (h,A )}dm"(f)a’,u(h)

- /Hexp{—%i;;ihr?}du(m

J=1

forall X = (A1,-+-,A,) € A, where the last equality is established from
the fact that each (h,z;)™~ is Gaussian random variable with mean
zero and variance |h|? with respect to the abstract Wiener measure m.

Define
11
F:7) = expl —— — k2 S du(h
)= [ e DI 2} duch)

forall € Qo = {Z= (2, ,2,) € C": 2j #0, Re(z;) > 0,1 <
j <v}. Then J*(F;.) exists for all # € Qp, and is continuous on
by the dominated convergence theorem. Since J*! F; )\) = J(F; /\) for
all X € A, it is enough to show that the restriction of J*(F;-) to  is
an analytlc function in order to show that equations (3.1) and (3.2)
are established. Using Morera’s theorem, we can show that J*(F-) is
analytic in each complex variable separately in Q. With the assistance
of Theorem 2.1, we can conclude that the restriction of J*(F:-) to Q
is an analytic functlon

The following lemma plays a key role for obtaining relationships be-
tween the abstract Wiener integral and the analytic Feynmam integral
on an abstract Wiener space (B, H,m), which is quoted from [10].

LEMMA 3.2. Let z € C with Re(z) > 0,let {e; : j =1,--- ,n} be
an orthonormal set in H, and let h € H. Then

n

(3.3) /Bexp{l ; =S (es0)™)? +i(h,x)~}dm(z)

_ = e Y (] - )

J=1
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In the following two theorems 3.3 and 3.5, for every F' € F(BY). we
express the analytic Wiener integral and the analytic Feynman integral
of F' over B¥ as a limit of a sequence of abstract Wiener integrals,
respectively.

THEOREM 3.3. Let (e,) be a complete orthosiormal system in H
and let = (z7.--- ,z,) € Q. Let F € F(B") be given by (2.5). Then
we have

(3.4)

v 1 " n ‘
I*“(F = nlgnoo(H ) /B exp{ ek,r])N]Q}
: ! ] k_]

1=1 =

- F(Z)dm”(T),

~‘J" “pr

where dm*(I) = dm(z;)dm(z,) - -dm(z,), and ]

v
7=

S5 = I

1

Proof. Since F € F(B") is given by (2.5),

f:/cxp{Zhr )~} du(h). T € BY,

for some p € M(H). By Fubini’s theorem and Lemma 3.2, we obtain

n

/V exp{z 1 —2.2] Z[(ck,rj)”]z}F(f)dm"(f)

j=1 k=1

v ~n

= (H z]) 2/Hexp{i ‘JQW_I}:[M h)]Z}exp{—%wz}dp(h).

j=1 j=1 Jok=1

Next, using the bounded convergence theorem, the equation (3.1) and
Parseval’s relation, it follows that

lim (HZJ)T/ exp{ }-:;-Z—’ [(ek,:cj)'”]2}F(;F) dm” (1)
N OO By - it

1=1
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COROLLARY 3.4. Let (e,) be a complete orthonormal system in H
and let F € F(B) be given by

F(a)= | expfith )™} du(h), = € B

for some p € M(H). Let = € C with Re(z) > 0. Then the analytic
Wiener integral of F over B with parameter z exists, and
(3.5)

I*"(F;z) = lim z%/);exp{lgz Z[(ek,w)N]Q}F(r)dm(w).

n—oc
k=1

Proof. Apply Theorem 3.3 after making the following choices:
v=1 2z = z.

REMARK 1. The first part of Cororally 3.4 coincides with that of
Proposition2.2 in (8], and the equation(3.5) of Cororally 3.4 coincides
with the equation(3.3) of Theorem 3 in [10] by taking (A;)%2, = (z)
therein.

THEOREM 3.5. Let (e,) be a complete orthonormal system in H
and let FF € F(B") be given by (2.5). Let (z4 ) be a sequence of
complex numbers such that Re(zx ,) > 0 and zx , — —iqx(qx # 0) as
n—oc fork=12---,v. Then

(3.6)
I*M(F:q)
v % v 1 2 n n 12
= nlgnx[n zjyn] /» e)cp{v > J Z[(ek,xj) ] }
7=1 j=1 k=1
F(Z)dm*(T)
where

Q‘Z(QI»"' ﬁqu)vqk#o'{o‘rk:ls?a"' y U,

v
H Zin = 21,0220 Zun, and
J=1

dm” (L) = dm(z,)dm(z2) - -dm(a,).
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Proof. To prove this theorem, we modify the proof of Theorem 3.3
by replacing “z;” by “z; ,” wherever it occurs, and by replacing “—2z;"”
by “2¢;2” in the last equality in the proof of Theorem 3.3.

COROLLARY 3.6. Let (e,,) be a complete orthonormal system in H
and let F € F(B) be given by

Fio) = [ explithia)} duh), = = B,

for some p € M(H). Let (z,) be a sequence of com:plex numbers such
that Re(z,) > 0 for alln € N, and z,, —» —ig(q # 0) as n — oo. Then
the analytic Feynman integral of F over B with parameter q exists,
and

(3.7)

I“f(F;q):nli_{I;oz,?v/;;exp{l_QZ"Z[(ek,x)’”f}F(x)dm(I)

k=1

Proof. Apply Theorem 3.5 after making the following choices ; v =
1, 2i,n = 2p, and q; = q.

REMARK 2. The first part of Corollary 3.6 coincides with the second
part of Proposition 2.2 in (8], and the equation(3.7) of Corollary 3.6
coincides with the equation(3.2) of Theorem 2 in [10].

Now, we can obtain our main result, namely a change of scale for-
mula for abstract Wiener integrals on a product abs:ract Wiener space
by using Theorem 3.3.

THEOREM 3.7. Let py > 0, k = 1,2,-- v be given and let (e,)
be a complete orthonormal system in H. Let F € F(B") be given by
(2.5). Then we have

(3.8)
[ Florns o oz (@)
N

:nli_.mm[Hpj} /}; exp{ -1 Z (ek,z;)~ }F(f)dm"(f),
j=1 ’

_]l2p] k=1
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where [] p; = pip2 -+ p, and dm* (%) = dm(z;)dm(z,)---dm(z,).
J=1

Proof. Replacing z; by p;~? in the equation (3.4), we have

/ Flprar. - pyr, )dm"(3)
v n v L2 1 n . .
= Jim [[[n] ™" [ eXp{Z o e rmz} F(#) dm"(7)
7=1 B J=1 <Pj k=1

COROLLARY 3.8. Let p > 0 and let (€n) be a complete orthonormal
system in H. Let F be a functional defined by

F(x)z/;lexp{i(h.;r)”‘}du(h), r € B,

for some y € M(H). Then we have

F(pz)dm(z)
B
(3.9) n
= nlgr;cp_"'/laexp{%l [(ek,x)”]?}F(ar)dm(x).

k=1

Proof. Apply Theorem 3.7 after making the following choices :
v=1,p; =p.
REMARK 3. Corollary 3.8 coincides with Theorem 4 in [10]

The Banach algebra F(B") is not closed with respect to pointwise or
even uniform convergence [7,p.2], and its uniform closure Cl,(F(B “))
with respect to uniform convergence s -a.e. is a larger space than
F(B"¥). Now we will show that the equation (3.8) also holds for every
F e Cl,(F(B")).

THEORM 3.9. Let px > 0, k = 1,2,--- v be given and let {en) be
a complete orthonormal system in H. Then the equation (3.8) holds
for every F € Cl,(F(B")).

Proof. Since F € Cl,(F(B")), there exists a sequence (Fp) from
F(B*) such that F(Z) = lim F,(f) uniformly s -a.e. on B*. Also
p—oo
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since each F, € F(BY), F,(&) exists and is bounded s-a.e on B* for
every p € N. From the definition of uniform converence s-a.e., it follows
that for p; >0,k =1,2,--- v, '
(310) F(plxla e 7PVIV) = phngo FP(pl'rlv e vpl/'rl/)

uniformly a.e. on BY, and

{3.11)
L P )i’ (@) = b [ Bors o pur (@),
Now taking z = p~% and h = 0 in the equation (3.3) of Lemma 3.2, we
obtain
(3.12) ptli[( )™]* bdm(x) = p

. Bexp 207 €ksT. m(x) = p™.

k=1

Since F(¥) = lim F,(¥) uniformly s-a.e. on BY. there exist M > 0
p—0oc

and a scale-invariant null set N of B¥ such that for all p € N and all

&€ BY-N,

(3.13) |Fp(Z)] € M and |F(£) < M.

Hence, using (3.12) and (3.13), we obtain

v n

| Lf:[1 pj] _H/BV exp{z pig Z[(ek,wj)ﬂ?} F(F)dm" (%)

1=1 k=1

v -1 v p2 . 1
} : J
L:] B =1 2Pj

v —n 2_] n
<[] el S

|F(T) — Fp(Z)| dm* ()

> l(er,z;)™] 7} Fo(Z) dm” (%)
k=1

< 2M.
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Finally, using Theorem 3.7, the iterated limit theorem and the dom-
inated convergence theorem, we have

/ F(Plxl-,"'af)uxu)dmy(f)

= lim F(pizy, -, pya,)dm”(T)

| dande B
NIV P T Sl -2
g [[To] " [ o335 e
7=1 - 7=1 =1
Fo () dm”(Z)
lim 1 [H -_n/ ip?_l‘;“[( )NJZ}
= lim Lm (TLesl [ e =3 lter;
P j=1 ] BY j=1 205 o
- Fo(2) dm*(T)
. it - L1 E 2
:,}LH;C H,Uj /;V exp 22 Z[((k.-%') ]
j=1 =1 7T k=1
- F(Z)dm" ().

Thus the equation (3.8) holds for every F € Cl,(.F(B"))

Taking v = 1 and p; = p in Theorem 3.9, we have the following
corollary which cioncides with Theorem 5 in [10]:

COROLLARY 3.10. Let p > 0 be given and let {(e,,) be a complete
orthonormal system in H. Then for every F € Cl,(F(B))

/B Flpz)dm(z)

2 n
= lim p‘"/jgexp{p ! [(ek,x)N]z} F(z)dm(z),

n—oc 2
20" o
where F(B) is the Fresnel class on B.

Finally, we shall explicitly compute an abstract Wiener integral of
certain functional and then check that the equation (3.8) is established.
Consider a functional F defined by

v

(3.14) F(7) = exp{a Z(h,x_,-)'”},f: (24, -+ ,z,) € B”,

J=1
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where h is any fixed element of H and « is a real or complex number.
By the abstract Wiener integration formula, we have

(3.15)

/y F(pizy,- ,puz,)dm”(Z) = / exp{ Zp }de(f)
:j_f_Il{/BeXP{wmm}dm(w;-)}—exp{ o7 AP Zp,}

Now let us evaluate the integral in the right hand side of the equation
(3.8).

(3.16)
v 1 n v
/ exp{z P2p2 ek,xj,)“]Q}exp{a Z(h,;rj)“'} dm”(T)
j=1 7 k=1 J=1
,0 ~1 n n+1 d |
= H exp 57 Z[(ek T +ach er.25)~ pdm(z;)],
] k=1
where
(ek, h), for k=12, ,n
“= [ap - 3 (ex )] P ofork=n+l.

The right hand side of (3.16) is equal to the followings :

Y _{nty) 21X ntl
H[(27r) 2 exp{flépTZui—f-gZCkuk}

j=1 Rrtt I k=1 k=1
1 n+1
- exp { -3 Z ufc} duy - -- dundu,1+1]
k=z1
:H[(Qﬂ "—FH[/ expl uk—i—ackuc}dukJ
7=1 k=1

1
/ exp{——iuiﬂ+acn+)un+1}dun+1]
R
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(3.17) = [Izll pjrexp{gi:p?i(ek,hf}

k=
va? a
exp{-—E—(lh|2—Z(ek.h>2)}.
k=1
Hence
(3.18)
v —n v pg_l n )
1 ex . e
nanl,o[Jl;[lp’J /, p{j 1 2p? k=1[( b 75)7] }
exp{aZ(h,x])”‘}dm”(f)
j=1
:nlgnwexp{—prZ(ek,m }exP{—y—a——([h\Q— (ek,h)z)}
j=1 k=1 k=1

Thus we have shown that the equation(3.8) is satisfied for the func-
tional I given in (3.14). In particular, if « is pure imaginary, then
F belongs to F(B”). On the other hand, if Re(o) # 0, then F is un-
bounded, so F' ¢ F(B") and also F' ¢ Cl,(F(B")). Thus this example
shows that the class of functionals for which the equation (3.8) holds
1s more extensive than CI,(F(B")).
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