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ASYMPTOTIC BEHAVIOR OF LEBESGUE
MEASURES OF CANTOR SETS ARISING IN THE
DYNAMICS OF TANGENT FAMILY T,(6) = atan(6/2)

HonG OH KiM, JUN Kyo KIM AND JoNG WAN KIM

1. Introduction

Let 0 < a < 2 and let To(6) = atan(8/2). T, has an attractive
fixed point at § = 0. We denote by C(a) the set of points in I = [—m, 7]
which are not attracted to § = 0 by the succesive iterations of 7,. That
is, C(a) 1s the set of points in I where the dynamics of T, is chaotic.
It 1s also related to the Julia set of the family of point-mass singular
inner functions exp(« i;;) and is shown to be a Cantor set, a closed,
totally disconnected, perfect subset of I in [KK1,KK2]. Since T, has
a slope a/2 at 8§ = 0 which is less than one, it has two more fixed
points in I other than the attractive fixed point at § = 0. They are
symmetrically located at —6o(«) and 6¢(a). See Figure 1. We denote
the interval (—6g(«),8(«)) by E¢(«). From the graphical analysis, the
points on the interval Ey(a) are shown to be attracted to the attrac-
tive fixed point at § = 0 under T,,. Therefore, C(«) C I\ E¢(a). Since
the Lebesgue measure |Ep(a)| of Eg(a) tends to 27 as a — 0, the
Lebesgue measure |{C(a)| of C(a) tends to 0 as « — 0. We can say
more precisely on the asymptotic behavior of |C(a)| as @ — 0 in the
following theorem.

THEOREM.
(a) |[C(a)| = O(a®) as a — 0, analytically.
(b) |C(a)| = O(a”) as a — 0, by use of MATHEMATICA.

It is a reasonable conjecture that |C(a)| is of infinite order as a — 0.
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Figure 1

2. Analytical proof

Let E(«) be the set of points 8 in [\Eo(a) such that T, () € Ey(a)
(mod 27). Then E{ca) U{F(k1 = +1,42.---}, where

EM) = (6 e1:T,6)e Eg(a)+ 20 7).

Let Eq(a) be the set of points € in I\(Eg(a)UE;(«)) such that T%(6) €
Eo(a) (mod 27). Then Ey(a) is given as

Ey(a) =  HES ™ k= 41,420 ik = 0,41, £2, ),

where
EMY) =10 e 1:T,06) ¢ EX)(a) + 2kym).
Inductively, we let E, () be the set of points 8 in I\ U" 'E E;(a) such
that T7{6) ¢ Ey(a) (1nod 27). Thon
E.la) = LJ{E':('zk“k%“wk"J hy = A1 42
'1“4'23"' ~k‘n :Oa flﬂ:?, }
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where
E(h,kz, - {9 el: T, (0) € E(kl; k1) +2kn7l'}.
Then clearly C(«) is given by
Cla) =1\ | En(a)
n=0

For an n-tuple (ki,ks,--- ,k,) of nonzero integer k; and intege rs
ko, k,, we set

8" = —6o(a), 8 = by(a),

(0) (0)
2k 8
60 = 2tan 2T} g0 _gpan (PTG
o o

and, inductively,

R knm+ "V n 2k, + 6"
05 ) =S 2tan_1 (2___Zri_l___ , 65 ) =2tan"! __EL__ ,

a a
forn = 1,2,... . Then Efv %) (05"), 95")). Of course, Ofn)’s
depend on the choice of k1, ks, ... , k, but we suppressed its dependence

for a notational simplicity.

Now, we estimate |E,(a)| up to order 4 in its Taylor expansion at
a = 0. The following identities are easy to obtain.

2.1 LEMMA.
1
M) 3 = R
2k)2 — 1 . S .
k70 (2k) 2 (ii) %})((%)2_ 1) =5 1
(i) S ()P =1- 321 P
=0 (216)2 32 (i) Yo )t= 42T
\ , = (2k)2 384 64
) Z ((gk)lzc —1)3 = 1_1;'5 1 x?
k0 4 § CTFSIEy

.. 1 _
(Vll) _;o W - Z'g

To begin with, the leading terms of |E,(«)| is generally given by
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2.2 LEMMA.
8 sa\"
En) == (5) +0(a"),
s Z

Proof. For an integer ky # 0

(0 / (0)
|E(k1)| = 2tan™’ (—Qkﬂr + 0?_).) _ 9tan~} ( 2kim + 6, )
: = 2t
\

— 2tan~! 206y( )
-2 ((2kﬂr)2 —«92(a)+02>
2«

For an integer k-,

! (1
[E;khkﬂl — %%tan~—} (2k277 +9g_)‘) —otan-! (2](227!' -+ 01 )
[ £

1 1
= 2tan"! (Gg)—Gg )) )
(2kym + 8 )(2kym + 851) + a2
2a 2a
=2 O(a®).
TR = 1) 2k 122 T O
Thus we have inductively

’Ef,k”w ;kn)l

=2 Ola™ ).
7r7r2((2k1)2 — 1) w2(2ky + 1)2 x2(2k, +—1)2 + O« )

Therefore, by Lemma 2.1, we get
Ea(a)] = 3 [ELbae ko)

n-1
2n+lan o0
= O(a™*!
pan—1 klz—#o (2](.1)2__1 ( Z 2k‘+1 ) + O« )
-2 (g)" o

where the first sum runs over all nonzero integers k; and all intergers

k2sk3v' o wkﬂ-

The Taylor expansion of |E,(a)| near @ = 0 up to order 4 is given
as follows.
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2.3. LEMMA.
(i) |Eo(a)] = 27— La— o’ +(5hs— R )o’ +( 3% — B)a' +0(a?),
(i) [Ex(e)] = $o — (2~ &)a” - (3% - Hja® + (& - £ +

)t +0(a®),
(iif) |Eo(a)] = Zo® — (1 — r)a® ~ (g + & — H)a* + 0(a?),
(iv) |Es(a)| = La® — (& — F)at + 0(c®),
(v) |Es(@)] = zza* + O(a®).

Proof. From the relation 6y(a) = atan(fy(a)/2) and lim,—.o 8o(a)
= m, we have the following Taylor expansion of fy(a) near a = 0.

Oo(a) =m— —z—a— —4—a2+ (—2—— - E) o+ (Lﬁ‘ - 8—0) at +0(a®).
w

w3 33 xb 3x a7
Therefore,

48 , (4 32\ 5 (32 160\ , .. &
|Eo(a)| = 27 —a-—a +(31r3_7r5)a +(37r5 7r7)a +0(a?).

For a nonzero integer k;, we have the following expansion by a routine
calculation:

2% IS 2k (%
|E{kl)| = 021) - 9§” = 2tan”! (—M’l ~2tan™! rts

a 4 4
_ 2a8o(a) )
=2t !
an ((2’61‘"’)2 _08(0)+02

208 () 2 ( 2a8p(a)
(

- (2k17)2 — 62(a) + a? T3 2k17)2 — 02(a) + a2

_ 4o 1 8 16 1 2,

T (2k)?-1 {w"((zkl)z n ((’im) }“
{62 (=) + (5 ) (=)
+pami) - {3 2) (@) - 2 ()

40 32 1 2 8 64 1 4 s
) (Er?+?) ((%)2—1) ‘(3-,,—5—,,—7) (2k1)2—1}°‘ + o)

)3 +0(%)




52 Hong Oh Kim, Jun Kyo Kim and Jong Wan Kim

Therefore, we get by use of Lemma 2.1

Ny ek 4 2 8 2
|E1((Y)| = L!El I = ;(l - (; — '7;-3‘) (63

372 ' 6r 3

] 1
- ( 16 ?_?_) (){‘; + < 1 80 4 __6_79_> 0,4 + ()(()!5),
™

where the sum runs over all nonzero integers ky.
Next, for an integer ky, we have

II,szkl‘kQ)l

. (1) (1)
_ o4 g (M_Hz_.) i (?_’.“Eitfl_,)
o

[83
= 2tan”! ( n({);” -~ 9(11)) )
(Zkom + 641) (2kom + 68 4 02
= 2 ”(G;l) -~ H(]H) -+ (’)((15]
(2kym + 81" (2kom + 64 1) 4 02
8a? :,{ 64k,
= - + . -
I ((2ky )2~ 1) (2ky + 1)? wO((2k1 )2 — 1)2(2k2 + 1)°
16 32
C o ((2ky) - )(2ks + DT w0 ((2k0)2 - 1)2(2ks + 1)2’}
. 128k, 256k
i { T ((2k0)7 — D2(2ks + )3 77((2k1)7 — 1)2(2ka + 1)
16 4 8 8
+ (;’4' - ?;7) T2 ) Z 1) (2ke £ 12 T w3 ((2kn) )R (2ky 4 12
4 1 32 i 512k3
(F ) ;‘) T @ S (ke o+ D)2 A2k )2 - 1P (2kg £ 1)
8 32
TR (k) — 1)(2ky 4+ A w7((2k1)2 = 1)%(2kg + 1)
32 32
b 2R S D)2k 122k £ 10 AT((2k1)2 — 1)(2ky — D2 (2kz + 1)
+ O(a™).
Therefore, we have by use of Lemwma 2.1
|Ea(a)| = > B

i

s x  owd 6r w3

2 . ' : 1
Zat - (-1— - é—) o’ — (—1—- + 2. ;65-) ot + 0(a”),

)
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where the sum runs over all nonzero integers ky and all integers k.
Next, for integers k; and k3, we compute
2 2)
|E{FrkzEa)| g3 _ () _ g yan-t1 ( o(03” — 67%)) )
(2ksm + 6$D)(2kym + 08P)) + 2
a8 - 6%y

=2 + ()((1/5)
(2kam + 8(9)(2ky 7 + 6D) + a2

16 1 ( 1 )2( 1 )2 3
- o4
7o (2’01)2 -1 \2ky+1 2ks + 1

2 o () ()
w7 ((2k1 )2 — 1)2 2k2 +1 2k + 1

- (2k1)12—1 (2k2+1) (2k3+1
)

- () (m )
((2k1)2 - 1)2 2k2+1 2k3 + 1

2 1 1 3 s

Therefore, we have by the use of Lemma 2.1

ky,k2,k
|Es(a)] = Y |E§FR))

14 1 2 4 5
= —a (2# 7r3)01 + O(a?),

T

where the sum runs over all nonzero integers k; and all integers ko, k3.
Finally by Lemma 2.2, we have

1
|Eq(a)] = 504 +0(a®).
2.4 Proof of Theorem (a). By Lemma 2.3, we have

| En(a)l =) |Ea(a)] =27 + O(a®)

n=0 n=0

2
Since |E,(a)| = %(%) + O(a™*!) by Lemma 2.2, we have

| U En(@)] =) |En(a)] = O(2®).



N1l

Therefore, we have

[ 4 ow
I U En(”)l = Z ‘En(a)l + Z ’En(a)

n==0 n={) n=>5

and hence we have our main result,

|C(0)] = O(a®),

3. Proof by mathematica

Hong Oh Kim, Jun Kyo Kim and Jong Wan Kim

= 97 + O(a”),

as o — 0.

We used the MATHEMATICA to obtain the Taylor expansion of

|E, ()] up to order 6. They are given as follows :

4 , 4 32 . 32 160,
(1) [Fo(o)] = 27 — —a - + (E;T—{‘-» - —ﬂ:g)(y +(m - F Yo
4 80 896 . 184 1792 5376 ,
o (e e A —— ) - - a® 4+ O(a”),
(57r5 e ¥ o 1577 w9 il (o)
o 4 2 8 16 32
(i) B = 2o (2= Dyar o (18 320
T T 7 BES i
|80 160, 4 1 32 160 896 ,
T Ve e 2 e
6r  3nd '’ 3xd 15w 7 w9
1 1 4 424 3136 5376 ¢ 7
R - - a® 4+ O(a’),
(607r 673 3n5 1577 3n? il ) (e’)
2 . 1 4 1 2 16
N B R SRV B T AL R P
(m)  |Fa(e)| = - (ﬂ_ = Jor (Mr + = <)o
1 1 28 80, 1 2 h6 448 4 7
+ I - * + —_ T s e + O (} b
(127r KT SEEKY & t 7\'7] (6()7r Ind w7 o ) ()
. o Lg 12 .1 8
(iv)  |Es(a)] = Cot = (2—7; g Yot — ("127r i 7—5)0
| Y ( ,
— = —= - —— + —)a +0 ,
(Gix "6 " am T TOD)
1 I 1 1 1 4 -
I = —0o - (— - =)a’ - (— + — — —)a® + O(a"),
(v)  |Ea(a)] . ypiitier: (G tom = ) (")
| i ]
vi Es{(o)| = —0a” — (= — - ——)of -+ O(a"),
(vi) [Es5(a)| i o 2‘”3) ()
f
(vii) Es(a)] = 2 4+ O(a7),
Since |E, ()] = £(2)" + O(a™') by Lemma 2.2, we have
o] o0
7
| U E.(o)] = Z |En(a)] = O(a’).
=T =7
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Therefore, we have

oo 6 oo
| U En(@)l = 3 [En(0)| + Y |En(a)| = 27 + O(a”).
n=0 n=0 n="7
and hence,

IC(a)] = O(a”), as a — 0.

4. Concluding remarks

The Cantor set C(«) is atypical as compared with the classical Can-
tor set. When we encountered with the Cantor set C(«), we wondered
whether the Lebesgue measure of C(«) is positive for all 0 < a < 2 or
not. We could only prove that |C(a)| = O(a®) and conjecture that it
is of infinite order as a — 0. Also it would be an interesting question
to know the Hausdorff dimension of the set C(a).
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