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1. Introduction

W. Liu [11] has studied fuzzy ideals of a ring, and many researchers
[5, 6, 7, 16] are engaged in extending the concepts. The notion of fuzzy
ideals and its properties were applied to various areas: semigroups [8,
9, 10, 13, 15|, distributive lattices [2], artinian rings [12], BCK-algebras
(14], near-rings [1]. In this paper we obtained an exact analogue of
fuzzy ideals for near-ring which was discussed in 5, 11].

A non-empty set R with two binary operations ‘+’ and - is called
a neer-ring ([3]) if

(1) (R, +) is a group,

(2) (R,-) 1s a semigroup,

(3Yr-(y+z2z)=xz-y+x-zforall z,y,z € R.

We will use the word ‘ncar-ring’ to mean ‘left riear-ring’. We denote
zy instead of z - y. Note that z0 = 0 and z(—y) := —zy but in general
O0x # 0 for some z € R. An ideal I of a near-ring R is a subset of R
such that

(4) (I,4) i1s a normal subgroup of (R, +),

(0) RICI,

(6) (r+1)s —rs €I forany ¢ € I and any r,s € R. Note that [ is
a left 1deal of R if I satisfies (4) and (5), and I is a right ideal of R if I
satisfies (4) and (6).
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2. Fuzzy ideals of near-rings

Let R be a near-ring and p be a fuzzy subset of R. We say 1« a fuzzy
subnear-ring of R if

(7) w(z —y) = min{u(z), p(y)},

(8) p(zy) > min{pu(z),u(y)}, for all z,y € R. p is called a fuzzy
tdeal of R if p is a fuzzy subnear-ring of R and

(9) plx) = ply + = —y)

(10) u(zy) = ply),

(11) p((x + )y — xy) > pli), for any z,y,z € R. Note that p1s a
fuzzy left ideal of R if it satisfies (7), (9) and (10), and p is a fuzzy
right ideal of R if it satisfies (7), (8), (9) and (11). (see [1})

We give some examples of fuzzy ideals of near-rings.

ExAMPLE 2.1. Let R := {a.b,c,d} be a set with two binary opera-
tions as follows:

+ a b ¢ d a b ¢ d

a a b ¢ d a ¢ a a a

b b a d ¢ b a a a a

c ¢c d b a c a a a a

d d ¢ a b d a a b b
Then we can easily see that (R;+,-)1s a ( left) near ring. Define a fuzzy
subset p : R — [0,1] by p(c) = p(d) < p(b) < p(a). Then p is a fuzzy

ideal of R.

EXAMPLE 2.2. Let R := {a,b,c,d} be a set with two binary opera-
tions as follows:

+ a b ¢ d a b ¢ d
a a b ¢ d a a a a a
b b a d ¢ b a a a a
c ¢c d b a c a a a a
d d ¢ a b d a b ¢ b
Then we can easily see that (R; +,-) is a (left) near-ring. Define a fuzzy

subset 1 : R — [0,1] by u(c) = p(d) < p(b) < p(a). Then p is a fuzzy
left ideal of R, but not fuzzy right ideal of R, since u((c + b)d — cd) =
p(d) < p(b).
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LEMMA 2.3. If a fuzzy subset p of R satisfies the property (7) then
() #(0R) > u(a),
(i) p(—x) = p(x), forall =,y € R.

Proof. (1) We have that for any v € R,

p(O0r) = p(r — z) 2 min{u(z), p(z)} = p(x).

(11) By (i), we have that
p(—z) = p(0g —x) > min{u(0s). u(a)} = plx)

for all r € R. Since z is arbitrary, we conclude that pu{(—z) = p(x). U
PROPOSITION 2.4. Let u be a fuzzy ideal of B. If yu(x —y) = p(0g)
then p(z) = ply).
Proof. Assume that pu{xr —y) = u(0g) for all 2,y € R. Then

plr)=pule —y+vy)
> min{p(r —y), u(y)}
= min{u(0r), u(y)}
= ply)-

Similarly, using u(y — z) = u(x —y) = pu(0gr), we have p(y) > p(xr). U

P. S. Das [4] obtained a similar characterization of all fuzzy subgroups
of finite cyclic groups by introducing the concept of level subsets. Z.
Yue [16] and V. N. Dixit et al. [5] applied same idea to rings. We now
apply this concept to near-rings. Let u be a fuzzy subset of a near-ring
R. For t € [0,1], the set py := {x € R|u(x) >t} is called a level subset
of the fuzzy subset pu.

THEOREM 2.5 [1]. Let u be a fuzzy subset of a near-ring R. Then
the level subset u, is a subnear-ring (or ideal) of R for all t € [0,1],t <
1(0) if and only if p is a fuzzy subnear-ring (or ideal), respectively.
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THEOREM 2.6. Let I be a left (right) ideal of a near-ring R. Then
for any t € (0, 1), there exists a fuzzy left (right) ideal p of R such that
pe = 1.

Proof. Let y: R — [0,1] be a fuzzy set defined by

( {f ifrel,
M=V 0 sragr

where ¢ 1s a fixed number in (0,1). Then clearly . = I. Let z,y € R.
Then by routine calculations, we have that

p(r —y) = min{ul(z), u(y)).

Assume that p(z) < p(y + ¢ — y) for some z,y € R. Since p is two-
valued, te., [Im(p)] = 2, p(z) = 0 and p{y + z --y) = t and hence
xr &I, y+ax—y € I Since (I,+) is a normal subgroup of (R, +),
&=~z +(y+a—y)+ax €I, acontradiction. Similarly, the assumption
that u(y + ¢ — y) < p(x) also leads to a contradiction. We can easily
sce that p(xy) > u(y) for any =,y € R.

Suppose that I is a right ideal of R and assume u(f’ r+)y—xy) < p(1)
for some x,y € R and ¢ € I. Since [Im(p)| = 2. p(z + 1)y —xy) =0
and p(7) = t and hence {z + 1)y — zy é I and ¢ € I, which leads to a
contradiction, since I is a right ideal of R. This proves the theorem.

J

THEOREM 2.7. Let u be a fuzzy left (right) ideal of a near-ring R.
Then two level left (right) ideals w, and py, (with t; < ty) of u are
equal if and only if there is no x € R such that t; < u{x) < t;.

Proof. (=) Suppose t; < t; and py, = py,. If there exists + € R
such that #; S plx) < ty, then py, is a proper subset of py . Thisis a
contradiction.

(<) Assume that there is no z € R such that t; < u(z) < ty. From
t; < ty it follows that uy, C py,. If @ € py,, then p{x) > ¢ and so
p(x) > ty because u(x) £ to. Hence x € py,. This completes the proof.
O
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THEOREM 2.8. Let R be a near-ring and u a yuzzy left (right) ideal
of R. If Im{p) = {t1,....,t,}. where t; < ... < t,, then the family of left

(right) ideals pq, (¢ = 1,...,n) constitutes all the level left (right) ideals
of u.

Proof. Let t € [0,1] and # & In(p). If t < ¢y, then gy, C pq. Since
ty, = R, it follows that g, = R, so that p, = p,,. It <t <t (1 <
i < n — 1) then there is no # € R such that ¢t < pu(r) < t;y1. From
Theorem 2.7, we have that g = jy,,,. This shows that for any t € [0, 1]
with t < p(0g), the level left ideal g, s in {pe, |1 <7 <n}. U

THEOREM 2.9. Let I be a non-empty subset of a near-ring R and
let i be a fuzzy set in R such that u is into {C,1}. so that p 15 the
characteristic function of I. Then y is a fuzzy left (right) ideal of R if
and only if I is a left {right) ideal of R.

Proof. Assume that u is a fuzzy left ideal of R. Let v,y € I. Then
plr) = pu(y) = 1. Thus p(z —y) > min{p(r), u(y)} = 1 and so plr -
y) = 1. This means that x—y € I. Therefore I is an additive subgroup of
R. Let + € Rand y € I. Then u{xy) > p(y) = 1 and hence p(ry) = 1.
So ry € I, and hence I is a left ideal of R. Assume that g is a fuzzy
right ideal of R. f r,y € Rand ¢ € [, then p((x 1)y —ry) 2 plr) =1
implies (z +4)y —xy € I, proving that I is a right ideal of R. The proof
of converse is similar to that of Theorem 2.6. [

DEFINITION 2.10. Let R and S be near-rings. A map #: R — S
is called a (nmear-ring) homomorphism if 8(z + ) = 6(x) + Ay) and
Hzry) = B(x)8(y) for any z,y € R.

DEFINITION 2.11. If u is a fuzzy set in R, and f is a function defined
on R, then the fuzzy set v in f(R) defined by

v(y) = sup plz)
s~ (y)

for all y € f(R) is called the image of p under f. Similarly, if v is a
fuzzy set in f(R), then the fuzzy set ¢ = v o f i R (that is, the fuzzy
set defined by u(x) = v(f(x)) for all x € R) is called the prevmage of v
under f.
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THEOREM 2.12. A near-ring homomorphic preimage of a fuzzy left
(right) ideal is a fuzzy left (right) ideal.

Proof. Let # : R — S be a near-ring homomorphism, and v be a
fuzzy left ideal of S and u the preimage of v under #. Then
ulz —y) = v(f a’—y))
= v(f(z) - 0(y))
>111111{ 0(x)), v(6(y))}
= min{u(x), p(y)},

and
u(zy) = v(b(zy))
= v(8(x)6(y))
2 v(8(y))
= u{y).
and

wly+z—y)=v(lly+z—y))
v(8(y) +0(x) —8(u))
(

(7)

v

0(z))

v

fl
=

for all z,y € R. Suppose that v is a fuzzy right ideal of S. Then
ul(x +2)y — zy) = v(0((z + )y — xy))
= v((6(z) + 6(2))0(y) — 6(x)6(y))
> v(6(2))
= pu(2)
for any x,y,2 € R. This proves the theorem. [

We say that a fuzzy set p in R has the sup property if, for any subset
T of R, there exists t, € T such that

pu(to) = sup u(t).
€T
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THEOREM 2.13. A near-ring homomorphic Lmage of a fuzzy left
(right) ideal having the sup property is a fuzzy left (right) ideal.

Proof. Let 8 : R — S be a near-ring homomorphism and g be a
fuzzy left ideal of R with the sup property and v be the image of p
under . Given 8(z),8(y) € 8(R), let xg € 71(6(x)), yo € 67 (6(y))

be such that

p(ro) = sup p(t),  plye) = sup  p(t).
te6=1(8(z)) 1€6- 1(8(y))
respectively. Then
v(f(x) - B(y)) = sup p(t)
1€6-1(8(x)—6(y))
2 u(xo — yo)

> min{p(xg), u(yo)}

=min{ sup p(t), sup p(t)}
tco-1(6(z)) tes-1(6(y))

= min{u(6(2)). w(8(v))}.
and

v(8(z)8(y)) = sup  pft)
(€61 (6(2)6(»))

2 l—l(l’Oyo)
> p(yo)

= sup ult)
1€6-1(6(y))

= v(6(y)),
and
v(0(y + —y)) = v(0(y) + 8(z) — 6(y))

= sup p(t)
tE6=1(8(y)+8(z)—0(y))

> (Yo + o — Yo)
= p{xg)

= sup u(?)
ted-1(8(z))

= v(6(x)).
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This proves that u is a fuzzy left ideal of 6(R). Assume p is a fuzzy
right ideal of R. Given a 6(¢) € 6(R), let iy, € #7'(8(:)) such that
#(io) = sup,eg-1(g(iy) #(t). Then

v(68((z +2)y — zy)) = v((6(x) + 6(:))6(y)) - 6(x)8(y))

= sup pit)
te8-1{8(x)+8(1))8(y))—¢(z)8(y))

m{(xg 4+ 120)y0 — Toyo)
= H(i())

sup  u(t)
te6~1(68(1))

= v(6(2)),

VoIV

i

proves that v is a fuzzy right ideal of (R). 0O
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