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ON THE HYERS-ULAM-RASSIAS
STABILITY OF THE EQUATION

f(z? = y* + ray) = f(2®) — f(¥®) + rf(zy)

SOON-MoO JUNG

1. Introduction

The stability problem of functional equations has been originally
raised by S. M. Ulam. In 1940, he posed the following problem: Give
conditions in order for a linear mapping near an approximately additive
mapping to exist (see [9]).

In 1941, this problem was solved by D. H. Hyers [3] for the first time.
This problem has been further generalized and solved by Th. M. Ras-
sias [6]. Thereafter, the stability problem of functional equations has
been extended in various directions and studied by several mathemati-
cians (see [4]).

A mapping f: X — Y, where X and Y are some Banach spaces, is
called a solution of the Hosszi’s functional equation if and only if

fle+y—zy)= f(x)+ fly) — flay)

holds for all z,y € X. The only mappings f : R — R such that
f(z) = a(z) + b, where a : R — R is an additive mapping and b € R,
satisfy the Hosszi'’s equation for the case X =Y = R (see [2]). Since
Hossz’s equation has on R the same solutions tup to a constant) as
the additive Cauchy equation for which the Hyers-Ulam stability has
been already proved by Hyers [3], it is natural to expect the Hyers-Ulam
stability for the Hossz’s functional equation.
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C. Borelli [1] tried to prove the Hyers-Ulam stability for the Hosszt's
functional equation. But his conditions for the stability of this equation
are stronger than those of the linear functional equation (see [6] or [7]).
In the same paper, he asked whether the Hyers-Ulam-Rassias stability
of the Hosszi’s equation is also true.

The present paper results from an attempt to answer this question of
Borelli. Throughout this paper, let E; be a real normed space for which
the multiplication ‘-’ between the elements is defined, and supposc E; =
{?:z € E;}U{—2?: 2 € E,}. The real space R is an example for the
space E;. Further, let E5 be a real Banach space. We can now consider
the following functional equation

(1) Vf(z,y) = fa® =y’ +ray) — fla®) + f(y*) = r fley) = 0

as a variation of the Hosszit’s functional equation.

If 7 is a rational number in (1), every additive mapping f : R — R
satisfies the equation (1). Moreover, each mapping of the form a(z )+,
where @ : R — R is an additive mapping and b € R, also satisfies the
given functional equation (1).

The author has proved in his paper [5] the Hyers-Ulam stability for
the functional equation (1). This paper concerns a generalization of
the previous result of [3], i.e., the Hyers-Ulam-Rassias stability of the
functional equation (1) shall be investigated, and we shall find that our
conditions for the stability of the equation (1) are similar to those of
the linear functional equation (see [6]):

THEOREM 1. Let p<1,r >0, r # 1, and 6 > 0 be given. Suppose
f:Ey — E, to be a mapping such that
(2) IV E Il <0 (2217 + lly*]1?)

for all x,y € E,. Then there exists a unique mapping T : E; — E,
satisfying

(3) IT(z) ~ f(2)] < —20— o

|r —rP|
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and
(4) VI(z,y)=0

forall r,y € E;.

2. Proof of the Theorem 1

Substituting x for y in (2) we obtain
(5) 1£(ra®) —rfe®)] < 28] )"

‘We now assert that

n—1
(®) [ Fra?) = e f(e) < 26y n e

for all n € N and any x € E.

On account of (5), the assertion is true in the case when n = 1. Let the
inequality (6) be true for a fixed n > 1. Replacing x by /rz in (6), we
then get

n—1

IF(rmHa?) —r f(ra?)| < 20y rn T T EEDR R,

t=0

Hence, it holds

I = 7 f(a?) 4 0 () - e e
n—1
< 26 Z Tn—1~i+(z'+1)p||x2||p’

1==0

and it follows from (5) and the inequality just above that

£y — e f(a \<‘>9Z P,

o
—
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This implies the validity of the assertion.
By putting y = —z in (2) we have, instead of (5), the following inequal-
ity

I f(=ra®) = rf(=2®)]| < 28)|z*|.

Analogously, we can assert and easily prove

n—1
(™) If(=r"2®) = r" f(—2®)] <20 ) eI
1=0

for all n € N and every z € E;.
According to (6), (7) and the properties of the space E|, we conclude

n—1
(8) [f(r"z) —r"f(z)] < 292?‘"”‘””’!#””

for all n € N and each z € E;. Given z € E;, we now define
T(z) = { lim, 7 "f(r"z) forr > 1,
lim, .oor™f(r "z) for0 < r < 1.

Let n > m > 0. Using (8), we then obtain, for r > 1,

n—m—1

<26 Z r—l-(lﬁl)nl—(l—p)i||x“p

Similarly, we have for 0 < r < 1

(1-p)n

“T‘nf (T‘_nI) . Tmf (r—nllf)“ S ZQTT — 7F”‘Tllp‘

These two inequalities just above imply that both sequences

{r_"f(r"x)}neN (for r > 1)

and

{r™f (r—"z)}neN (for0<r<1)
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are Cauchy sequences. Since the completeness of Fy has been assumed,
the value of T exists for all z € E;. From (8) it follows

(9) |T(z) = f(=)]] <

for all z € E;. Now, suppose z to be an arbitrary element of E,. Then,
due to (2), we get

|T(z* = y* +ray) — T(2*) + T(y*) — rT(zu)|| =
f(T'" 2 rny2+r "I".Ty)
—f(rz?) + f( y?) —rfrtay)].
HMyoe T "llf( 12 — Ty + My)
~f(&z )+f(,ny ) —rf (Feay) |l
- { lim,,_. . rP-1n (1=21P + |ly2)IP) for r > 1,
lim,, o 97‘(1""’)”(H.r2|}p + ly21P) for 0<r <1
= 0.

. 1
lim, . =

Hence, we conclude
(10) T(2? - y* + ray) = T(z?) - T(y*) + rT(ay)

for all z,y € E,.
Assume that T' : E; — Ej is a mapping satisfving (9) and (10). It
immediately follows from (10) that

(11) T(r"z)=r"T(z) and T'(r"z)=+r"T'(x)

for every n € N and each € Ey. Further, assume T'(z) # T(x) for
some z € E;. In view of (11) and (9), we then have

r T () = T(rta))|
Tzl <
()l *{ rT (e ) = T(r )|
<{4ar"’ Sl forr > 1,

1T (x) —

40 T‘“ pin

el for0<r <1,
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The above inequality holds for every natural number n, which leads to
the contradiction. Therefore, we conclude that the mapping T satisfy-
ing (9) and (10) is unique. [

Analogously, we can prove a similar theorem for the case when p > 1.
It is the only significant difference from the proof of Theorem 1 to define

lim, ,r*f(r~"z) forr >1,

limy oo r " f(r*z) for Q< r < 1.

T(z) ::{

THEOREM 2. Let p>1,r > 0,7 # 1, and 6 > 0 be given. Assume
that f : Ey — E, is a mapping such that

IV £z, 9l <6227 + Il*7;

for all z,y € E;. Then there exists a unique mapping T : E, — E,
satisfying
=i

=]

|T(z)~ f(z)]| <26

and

VT(z,y)=0
forallz,y € E|.

REMARK. According to Th. M. Rassias [8], there is a continuous
mapping f : R — R such that |f(z +y) — f(z) ~ f(y)| < |o| + ly| for
any z,y € R, and such that there exists, for every continuous additive
mapping T : R — R, some r € R satisfying |T(=) — f(x)| > |z|. It
1s a counter-example for the Theorem in [6]. Can we also find such a
counter-example for Theorem 1 and 2 for the case p =17

References

1. C. Borelli, On Hyers-Ulam stability of Hosszi'’s functional equation, Results in
Math. 26 (1994), 221224,

2. T. M. K. Davison, The complete solution of Hosszi's functional equation over
a field, Aeq. Math. 11 (1974), 273-276.

3. D. H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad.
Sci. U.S.A. 27 (1941), 222-224.

518



Hyers-Ulam-Rassias stability

4. D. H. Hyers and Th. M. Rassias, Approzimate homomorphisms, Aeq. Math. 44
(1992), 125- 153.

5. 8. M. Jung, On solution and stability of functional equation f(z? —y® +rzy) =
Ff(2?) — f(y?) + rf(zy), Results in Math., submitted.

6. Th. M. Rassias, On the stability of the inear mapping in Banach spaces, Proc.
Amer. Math. Soc. 72 (1978), 297 300.

7. Th. M. Rassias, On a modified Hyers-Ulam sequence, |. Math. Anal. Appl. 158
(1991), 106 -113.

8. Th. M. Rassias, On the behavior of mappings which do not satisfy Hyers- Ulam
stability, Proc. Amer. Math. Soc. 114 (1992), 989-99:.

9. S. M. Ulam, Problems in Modern Mathemalics, Chapter VI, Science Editions,
Wiley, New York, 1960.

MATHEMATICAL SECTION, COLLEGE OF SCIENCE & TEcHNOLOGY, HONG-IK UNI-
VERSITY, 339-800 CHoCcHIWON, KOREA



