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CHARACTERIZATION OF BEST SIMULTANEOQOUS
APPROXIMATION FOR A COMPACT SET

SUNG HO PARK* AND HYANG JOO RHEE

Let X be a normed linear space and A be a nonempty subset of X.
For any subset F of X, we define

d(F. K):= inf s —k
(FK) klgk;telg?if |

and the elements in A’ which attain the above infimum are called the
best simultaneous approximations for F' from K.

Throughout this article, we assume that X is a real normed linear
space and K is a nonempty subset of X.

For each positive integer n, define the set

Foim {0 Fa) | dm = (Ao An)sfo = (Froe o fo),
fiEF,/\iZO(i=1,... ,n),Z)\izl}.

1=1

Let U/ and V be nonempty compact convex subsets of two Hausdorff
topological vector spaces. Suppose that a function J : U x V' — R is
such that for each v € V, J(-,v) is lower semi-continuous and convex on
U and for each u € U, J(u,-) is upper semi-continuous and concave on
V. Then, as is well known [1], there exists a saddle point (u*,v*) € UxV
such that

Ju* v) < Jure') < J(u,0"), ue Upv eV,

Received December 14, 1995. Revised April 10, 1996.

1991 AMS Subject Classification: 41A28.

Key words and phrases: best simultaneous approximation.

* This studies were supported in part by the Basic Research Institute Program,
Moe, Korea.



Sung Ho Park and Hyang Joo Rhee

that is,

minmax J(u,v) = maxmin J(u,v).
uell velV veV well

However, if the set V is not convex or if for some u € U, J(u, ) is not a
concave function on V, then the above relation does not hold in general.

THEOREM 1 [5]. Let U be an n-dimensional, compact convex subset
of a Hausdorff topological vector space (n > 1), and let V' be a compact
Hausdorff space. Let J : U x V — R be a jointly continuous function.
Then u* € U minimizes rl{leaef J(u,v) over U if and only if there exists

(Ani1:Upay) € Vngy such that

n+1 n+1 n+1

Z A J(uv;) < Z ATJ(u*,v]) < Z AT (w,v7)
1=1 =1 =1

holds for all (An41,0n41) € Vg and for all uw € U.

We firstly study the existence of a best simultaneous approximation.
We have the following lemma.

LEMMA 2 [4]. Suppose that K is a closed convex subset of a finite-
dimensional subspace of a normed linear space X. For any compact
subset F' C X, there exists a best simultaneous approximation for F
from K.

The main theorem of this article is the following.

THEOREM 3. Suppose that K is a closed convex subset of an n-
dimensional subspace of X and let F' be a compact subset of X. Then
ko, € K is a best simultaneous approximation for F from K if and only
if there exist f,... , [, € F and positive real numbers A7, ... (AL with

P
Y. Ar =1 satisfying
1=1

(1) “fi*“kﬂ{lzmgxllf—k0’|7 IT:1,...,p,

P P
(2) S AHNfr =Kol S X ALIfFr— k|| forany ke K,
=1 i=1
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for some 1 < p<n+4 1.

Proof. Let k, € K be a best simultaneous approximation for F' from
K,and let U = {k € K : ||k, — k|| < 1}. Note that U is a compact
convex subset of K. Define a map J from U x F to R by (u, f) —
||f —u||- Then J is jointly continuous. By Theoremn 1, k, € U minimizes
max || f —u|| over U if and only if there exists (A%, fa,,) € Faiy such

that

n+1 n+1 n+1

1) SoAMf =kl < STAI - Roll < SO ASIET - ull
=1 1=1 =1

holds for all (Any1, fat1) € Fng1 and for all u € U. By reindexing, we
assume that A},..., A} are the nonzero element; within {Ar}t) and

by f....,f; the corresponding elements within {f*}"F. Since the
above inequality is true for all (Any1, frs1),

17 = koll = maxl[f — koll. i=1o

And, by the second inequality in (1.1), the convex function

p
u— > A¥|f* —u|| has a local minimum at k, over U. Thus &, realizes
=1
a global minimum, by a property of a convex function.

P P
Conversely, since for any k € K, > A¥||fF = kol| < X Af|IfF — K|
=1 t=1

P
—k,ll < 1 A, — k
max || f ka\_n;ixlgf;wﬂ k||

p
< inf max g —k
< iny H}f\; I[f — kIl
= 1%frn}§x Wf - kH

Thus k, is a best simultaneous approximation for F from K. g

We can rewrite Theorem 3 in the following precise form. If k, € K
is a best simultaneous approximation for F if and only if there exist
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P
fis..., fy € F and positive real numbers Af,... . Ay with z:l AT =1
=

such that
(D) [l —koll =d(FK), i=1,....p,
(2) d(F,K) < Zp: A f¥ — k|| for any k € K,
for some 1 < p < nl:l.
Since each finite set is compact, we obtain the following corollary.

COROLLARY 4 [3]. Let K be a closed convex subset of an n-dimensi-

onal subspace of a normed linear space X and x,...,r¢ € X. Then
k, € K is a best simultaneous approximation for {z,,... ,z,} from K if
P
and only if there exist positive real numbers A;, ... Ay with Z AY =
=1
and p vectors aj, ... va, €A for some 1 < p < n+ © such that
f4
1 a’*x; —ko|| = max |z, —kol|l, 2=1.....p,
() 1135, a5y = hll = mma,lloy ~koll. i =L...p

P ¢ P 4
(2) 22 A% X afjzj—ko|| < X2 Al 30 afjz;—k||  forany k€ K,
=1 J=1 =1 7=1

where the set A is defined by

£
A::{a:(al,...,ag)|Zaj:1,ajZO for j=1.... ’é'}

=1

Let S be a compact Hausdorfl space, and let T be a real normed
linear space with the norm || - ||. Suppose that C(S.T) is the set of all
continuous functions from S to T and let A be a closed convex subset
of an n-dimensional subspace in C(S,T). For f € C(S,T). we define

the uniform norm of f by
AN = max || (s)ll

and endow the linear space C(.S,T) with the uniform topology. Suppose
that F' is a compact subset of C(S,T). We want to approximate the
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compact subset F' simultaneously by functions in K. That is, we want
to find a function k* € K which minimizes

max| || k|| = max max||£(s) — k(s)]

over K. If such a function &* exists in K, we call it a best simultaneous
(uniform) approximation for F. Thus

max ||| f — k7| = Hllﬁix;)\imf" — k[
=maxmsaxZ)\,-||fz-(s)—k (8)]]-
So
min max||| ;Am — kll| = min max | g Aifils) = k().
Note that the set F}, x S is compact. Then
13 Aifils) = k()
1=1

is jointly continuous with respect to A,, s,k and convex in k.

THEOREM 5. Suppose that K is a closed convex subset of an n-
dimensional subspace in C(S,T) and let F' be a compact subset of
C(S,T). Then k* € K is a best simultaneous approximation for F
from K if and only if there exist ff,... ,fy € F, s},...,s; € S and

P
positive real numbers A],... , Ay with 3 A =1 such that
i=1

(1) f7(s7) = B(sDll = max If = [l = 1. .p,

P P
(2) 2 AF =R (OI < 2 AF2 (s = k(DI for any k €
K,
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for some 1 <p<n+1.

Proof. Let k* be a best simultaneous approximation for F, and let
U={ke K :|||k*~k||| <1}. Define J : U » (F x S) — R by
(u, f,8) = ||f(s) —u(s)]]. Then J is a jointly continuous function. By
Theorem 1, k* € U minimizes max [|f(s) — k(s)]| over U if and only if

there exists (A%, f,,8%41) € (F x S) 41 such that

n+1 n+1
DNl fils) = kOl < D AT = k()]
n+1

< SN - R
1=}

holds for all (Any1, fat1,8ng1) € (F x S)n-}—l and for all k¥ € U where

(F x 5)n+1 = {(/\n+1»frn+1,5n+1) | fn+1 =(fi,..  far1), i € F,

§n+1 = (S],... 7Sn+l)1‘si - Sy;\n+] - (Alw 1/\ﬂ+1)7
n+1
=LA 00=1,...,n+1)}

1=1

Let us denote by A},..., Ay the nonzero elements within {A],... , AL, }
and by f,...,fy and s7,...,s; the corresponding elements within

{ff, . fryi} and {sT... s}, }, respectively. So

SO = B (sl = d(F K).

1=

Thus, forall: =1,... ,p,

12057 = k(s3] = max |L£(s) = k(s) |
= max |||/ — 4| = d(F, K).
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P
Since - AF||fF(sF) = (-)(s})|] is a convex function and has a local min-

imum at &* over U, k* realizes a global minimum over K.
Conversely, suppose that (1) and (2) of Theor=m 5 hold.

max|[|f — k|l = D ALIIA(sT) = RG]

1=1]

P
Sinf > ATIFIGT) = MsD|

1=1

< max mfZ/\ || fileq si)ll

(Fxs)

i /\

inf max Z/\ [|fi(s k(s:)|]

K (FxS)

P 1=1

< infmax 1 — H]|.

So k* is a best simultaneous approximation for F from K. O
By Theorem 3 and Theorem 5, we have the following result.

COROLLARY 6. Suppose that I is a closed convex subset of an n-
dimensional subspace in C(S,T) and let F be a compact subset of
C(S,T). Then the following staternents are equivalent:

(1) k* € K is a best simultaneous approximation for F from K.

(2) There exist f},... o € F, s3, ... ,$, € S and positive real

P
numbers A%, ... Ay with 37 Af =1 such that
=1

) I£2T) = Kl = max I = Kl i =1, p,

b) éf\ﬂlf,-*(s:‘)—k*(s:)ll < iAflifi*(~'-’;‘)—k('s;‘,)!|for any k

€ K,_
forsomel <p<n-+1.
(3) There exist f},... . fq € F and positive ~eal numbers A}, ...,

q
)\; with > AY = 1 such that

1=1

441



Sung Ho Park and Hyang Joo Rhee
(a) [IIfF = k7l = max|[[f =&l ¢=1....q,
q q
(b) 22 AT = Rl < 22 ATHIISS — Kl for any k € K,
for some 1 < g <n+1.

If T is a Hilbert space with an inner product < - >, then the condi-
tion (2) of Theorem 5 can be replaced by another form as follows.

COROLLARY 7. Suppose that T is a Hilbert space with an inner
product < - > and K is a closed convex subset of an n-dimensional
subspace in C(S,T). Let F be a compact subset of C(5,T). Then
k, € K is a best simultaneous approximation for F from K if and only
if there exist ff,..., fy € F, s7,...,s; € S and positive real numbers

P
Als-.. Ay with > Af =1 such that
1=1
(1) FE(D) = Ro(sDIl = max [[[f = &olll. ¢=1....,p,
P
(2) 20 AFT(f7(sT) — kolsT), ko(s]) — k(s7)) 2 0 for any k € K,
=1

where 1 < p <n+1 and 74(-,-) is the Gateaux derivative.

Proof. For any k € K,
P P
D OXIFEST) = RolsHIN < D ATIF(sT) = k(s
=1 1=1
if and only if
» P
(1.2) DA (D =ko(sIN < D ATIFI(sT) —th(sT) = (1=t)ko(s])]]
i=1 i=1
for all t € [0,1]. This means that the right hand side of (1.2) is a convex

function, with respect to t and has a minimum at # = 0. Thus, for any
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ke K,

P
DX TL(FE(D) = ko(s]). kols]) — k(1))
=1

e WFEsE) = th(sT) ~ (1= Oko(sH)|| = 1I£2( ko(s)]]
_Z/\i t£r51+ t
D) = th(sE) — (1= Oka(sH|2 - [1£7(s2) = ko(s?)]|?
= AY lim
2 Yot ¢ (|1f7(st) — th(s?) — (1 —t)k O+ 1F7(s2) — ko(sDID)
E < FR(E) = ko(s?), ko (s*)—k(s*) >
— A2 1 1) ?
; IF(st) — kols)]]

1s a necessary and sufficient condition for (1.2). O

REMARK. If K is an n-dimensional subspace of C(S,T). then the
P
condition (2) of Theorem 5 can be rewritten S° AF < fX(s¥) — ky(s¥),
=1
k(s¥) >=0 for any k € K.

An n-dimensional subspace X' C C(S,T) is said to be a Haar sub-
space if for any n distinct elements {s,...,s,} C Sand {t;,... ,t,} C
T, there exists a unique k € K such that k(s;) =+, i =1,... .n.

COROLLARY 8. Suppose that S is a compact Hausdorff space that
contains more than n points. Let K be an n-dimensional Haar sub-
space of C(S,T) and let F be a compact subset of C(S,T) such that

F is not a singleton subset of K. Then k* € K is a best simultaneous

approximation for F from K if and only if there exist ff,...  fr., € F,
n+1
87.-.. > Sp4q € 5 and positive real numbers A}, ... N5, with 3 A =

1 such that
D) 1fr(s0) ~ Bl = max 1F — &7l i Lo L
n+1

; /\THfl*(s *(3 )” < Z AX Hf *) k )H for any k €
K.
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Proof. If the number p in Theorem 5 is less than n-+1, then there
exists a unique k € K such that

Then, by (2) of Theorem 35,

P
max {||f — k¥l = Y ATIF(s]) = K7 (D)]

=1

P
< ONIfAsE) = R =0.

=1

Since max [IIf — k*]|] > 0, it is a contradiction. Hence p=n+1. [
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