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MANE GENERICITY THEOREM
FOR DIFFERENTIABLE MAPS

KYuNG BoK LEE

1. Introduction

Smale [16] posed the following question; is having an attracting pe-
riodic orbit a generic property for diffeomorphisms of two-sphere $27
(A generic property of f € Dif f(M) is one that is true for a Baire
set in Def f(M) ). Mané[5] and Plykin[13] had an positive answer
for Axiom A diffeomorphisms of S%. To explain our theorem. we be-
gin by briefly recalling stability conjecture posed by palis and smale.
Let M be a C'* closed manifold and let C!(M) be the space of C!
maps endowed with C'! topology. Then the set of all differomorphisms,
Dif fY(M), is open in C1(M). The following C! stability conjecture
due to Palis and Smale [10], after long trial by mathematicians, was
proved affirmatively on two dimensional manifolds by Mané[6]. Aoki[1]
and Hayashi[3] solved this problem for the general n-dimensional mani-
folds, independently. And Palis[8] proved the C''-Q-stability conjecture
using techniques introduced by Maneé .

1.(C"! stability conjecture)[4,10] If f € F(M), then Q(f) is
a hyperbolic set, where F(M) denote the set of diffeomor-
phism f € Dif f(M) that have a neighborhood U of f such
that for all g € U every periodic point of ¢ is hyperbolic.

Morever, Moriyasu proved the same problem for C' maps on a O™
closed manifolds, as follows:
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11.(C! stability conjecture for C' maps)[7]. Suppose that
f € C'(M) satisfies the following condition: (S) Q(f) N
S(f) C {p € per(f) : p is sink}. Then the following state-
ments are equivalent;

(1) feintP'(M).

(2) f satisfies Axiom A and has no cycle

(3) fis C' — Q - inverse limit stability.

The above statement is very important for our sheorem. From this
theorem, our theorem includes the result of Mafié. To state our the-
orem, we begin by briefly recalling basic definitiors and known facts.
Let P!(M) be the set of f € C'(M) such that every periodic point of
[ is hyperbolic. Let us define P;(f) = {p € per(f)  dim E*(p) = ¢} for
fe€PYM)and 0 <i < dim M. Put

FUM)={f € intP"(M): f satisfies (S) in C"
stability conjecture for C'! maps}

When f € intP'(M) is a diffeomorphism, it is known in Pliss[11] that
the number of sink periodic points (i.e. #Pyim p(J)) and the number
of source periodic points (i.e. #Py(f)) is finite, respectively. However,
for the case of C'! maps, it was proved by Moriyasu [7] that even though
the number of source periodic points of f is not finite in general, the
closure of set of source periodic points of f is hyperbolic.

When dim M = 2, the goal of this paper is to prove the following
generic properties of discrete dynamical systems using techniques closer
to the Mané original proof.

THEOREM. Let M be a closed two dimensionzl manifold and Iet
CY(M) be the space of C' maps on M endowed with C' topology.
Then there exists a residual subset © C C'(M) such that if f € O,
then f has one of the following properties:

(1) fe 7).

(2) The number of sink periodic points of f is infinite,

(3) The closure of set of source periodic points of f is not hyper-
bolic, where f € F'(M) having the condition Q(f)N S(f) C
{p € per(f): p is sink} satisfies Axiom A and has no cycles.
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The proof of our theorem is very similar to that of Mané except for
the definition of Axiom A for differentiable maps and its properties.
Notice that all expanding maps belong to intP1(M) but they have
infinitely many source periodic points.

First we establish some background. Let M be a C> maninfold and
let || || be a Riemannian metric on the tangent TM. We denote as
d the metric on M induced by || ||. Also, the space of all C' maps
from M into itself endowed with C''topology denote C''(M). we denote
as S(f) the set of singularities of f i.e. those points of M where the
derivative D, f : T.M — T, M of f : M — M at r is not injective.
Note that S(f) is closed in M, and if f € Dif f'(M) then S(f) = ¢
holds. If there is n > 0 such that f™*(p) = p then p € M is called a
periodic point of f. Denote as 7(f,p) the minimal integer n satisfying
f™(p) = p, and =(f,p) is called a period of p. For p € per(f) with
period w(f,p), we say that p is called hyperbolic if the eigenvalus of
Dpf"(f"’) : Ty,M — T, M have moduli # 1. Suppose that p € per(f)
1s a hyperbolic point. Then there exist subspaces E*(p) and E¥(p) of
ToM with T,M = E*(p) & E*(p) such that

(a)  Dpf™PUE(p)) C E'(p). Dpf™I7(E"(p)) = E"(p)
(b)  there are C' > 0 and 0 < A < 1 such that for every n > 0

IDf" g (p)| S CA™, [[(DF™ g« (p)) "Il < CA™.

We say that pis a saddle pointif 0 < dim E*(p) < dim M, a sink point
if dim E*(p) = dim M, a source powntif dim E*(p) = 0. The key concept
is that of hyperbolicity. The notions of a hyperbolic set generalize
those mentioned above. We denote as M the product topological space
> _M. For f € CY(M), we define a continuous map f : M — M by
f((r,‘)) = (f(x;)) for (x;) € M. For a natural projection p°: M — M
defined by p°({(z;)) = z, we have p° o f = fop® Put My = {(z;) €
M: z, € M, f(z;) = ziy1,t € Z} Then My is a closed f-invariant
and f | My : My — My is a homeomorphism. The dynamical system
(My, f) is called an inverse limat system of (M, f). We shall define the
tangent space TM of M. Put TM = {(z,v) € M x TM : p'(7) = w(v)}.
Given TM the induced topology as a subset of M > TM; then the natural
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projection 7 : TM — M, n(Z,v) = Z is a C° vector bundle. Norm on
each fiber || | is defined by [[(Z,0)]| = |lv] for (7.v) € TM and 3 -
TM — TM is defind p°(Z,v) = v. It is known that 3°(T:M) = T,,M
and B° | T:M : T:M — T, M is a linear isomorphism. For a subset A
of M we can define Ay = {(z,) e Mj: 2, € Aie Z}.

Then Ay is an f-invariant. Put T;M = 771(#) for & € M and define
a subbundle TM |y, by TM a, = Uzea, Tz M. In particular we put
TMj = TM [y, . For f € C'(M) define a linear bundle map

Df : T™ — T by Df(i.v) =(f(i), D, f(1))
=((z;),v)) for (&,v)€ TM.

We say that a closed f-invarint set A C M of f € C'(M) is called
a hyperbolic set ( or we simply say: A is hyperbolic) if there exist a
splitting TMy | Ay = E* & E™ having the following properties:

(a) Df(E°)CE®, Df(E*)=E"
(b)  there exist C' > 0 and 0 < A < 1 such that for every n > 0
D" |ge || S CA™, (DF™ )" < CA™

To define the concept of no cycle, we prepare the following sets: For
f € CYM) and € > 0, define a local stable set W2(#, f) and a local
unstable set W2(#, f) of Z = (z,) € My by:

We(z, f)={y € M :d(z,. f"(y)) < e for every n > 0}
Wz, f) ={y € M : there exists § € My such that yo =y

£

and d(z_n,y-n) <¢e for every n > 0}
For = (z,) € My, define the following sets:

stable set W* (2, f) ={y € M : d(xn, f"(y)) = 0 as n — o0}
unstable set W*(&, f) ={y € M : there exists § € My such that yo =y

and d(z_,,y_,) — 0 as n -+ oo}
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Also we define the following sets for an f-invariant set A ¢ M:

WA, £) ={y € M - d(A, f(y)) — 0 as n — oo}
W*™(A, f) ={y € M : there exists § € M such that y, =y
and d(A,y_,) =0 as n — oo}

We say that an isolated hyperbolic set A of f is said to have an
n-cycle if there exists a subset {Aij :1<j<n+4 1} of a finite decom-
position {A; : 1 <7 < n+ 1}, each component is a basic set, such that
the following are satisfied:

(1) ‘/\ﬁ - Ain+,'

(2) Ay #A, (1<j#4<n)

(3) AWP(A,) — Ay} n{Ww™ (A, }#2 (1<) <n)

) — Aijp
For f € CY(M) a nonwandering set Q(f) is defined by

Q(f) ={z € M : for any neighborhood U of z thereis n >0
such that f"(U)NU # &}.

We say that f satisfies Aziom A if Q(f) is a hyperbolic set and Q( f) =

Per(f). For f satisfying Axiom A, if Q(f) has no cycle then we say
that f has no cycle .

For the proof of our theorem, we need the following Franks Lemma.
[Franks Lemima(3,7]] For any neighborhood Uy(f) C CY(M) of f €
C'(M), there exists a neighborhood U (f) C Uy(f) of f and ¢ > 0
such that for ¢ € U;(f), a neighborhood U C M of a finite sequence
® = {z1,79,...,2n8} with &; # z; (i # j) and linear maps L; :
Ty M — Ty yM (1 <@ < N) with ||L; — D,,g|| < ¢ there are
ge Ul(f) and 6 > 0 satisfying the following properties:
(1) Bs(®)C U
(2) ¢ c) =g(x) for z € @U{JM B,s(®)}
3) D;.;g=L; fori=1,2,...,N

389



Kyung Bok Lee

Bs(®)={y € M :d(z;,y) <& for some i}

This was proved for the class of diffeomorphisms. But we remark
that this lemma works for all differential maps.

2. Proof of Theorem

We denote as Sink(f) the set of sink periodic poinss of a differentiable
map f and as Source(f) the set of sink periodic points respectively.
For f € CYM) let A(f) be the closure of the union of Sink(f) and
Source(f). Then the set valued function A : C1(M) — 2M § — A(f)
is lower semicontinuous. To get this, let {g;,92....} be the sequence
of CY(M) with g, — f, (n — o), and z¢ € A(f) and we show that
there exists a subsequence {g,,} of {g.} and ¢x ¢ A(gy,,) such that
gk — zo.(k — o0). As xq € A(f) there are sink or source periodic
points py, pz. ... of f such thatpy € By ix(xq) for every k = 1.2, .... where
B, (z) denotes the closed r -ball centered at + € 3. For k& = 1,2,... .
take small neighborhoods Uy, of py and Uy, of f, and define Fy, : Uy x Uy, —
To . M by Fr(g,y) = exp;k1 og™Pe:fl(yy — expp_kl, where exp, denotes
the exponential map at r € M. Then by applying the implicit function
theorem for Fy, We get qx € A(gn, )N By(p) C Algn,) N By () for

sufficiently large ny € N. Thus ¢ — »,. (k — oo and so A is lower

semicontinous.

Therefore, there is a residual set @ C C'(AM) such that A : CY(M) —
2M is continuous at every f € ©.

We claim that every f € O satisfies one of the three properties of
our theorem. Suppose that f € © dose not satisfv (2) and (3). Let
P1.p2,--.,pn be all elements of Sink(f) and £, > 0 be a constant
which satisfying Be, (pi) N Be, (p;) = @ foreach 1 < < j < N. As A=
{p1.p2,....pn} U Source(f) is hyperbolic, we can -ake a Riemannian
metric || || and 0 < A < 1 such that

Do f()l| > A7 |lv|| for every 0 #veT, M, z& Source(f),
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| D,, fT P D ()| < AP0 ||u|| for every (1% u € Ty, M,
1=1,2,...,N.

Let A < Ay < 1. Since f € O, we can choose a small neighborhood
Ui(f) of f as follows. For any g € Uy(f),

IDyg(v)|l > AT Hv|| for every 0+# v e T,M, y € Source(g),

and there exist ry,rq,...,7rny € M with r; € B, (p;)(i = 1.2,..., N)

such that Sink(g) = {r1,re,...,rn}, 7(ri,9) = 7(p:, f) and

If f dose not satisfy (1) then one of the following porperties is satisfied.
(a) There are g¢1,9s,... € CY(M) and ¢, € Per(gn), (n =1,2,..)
such that ¢, — f (n — o0) and maximal moduli of eigenvalues of

ang;"q"'g") equals to 1.

(b) There are g;,g2,... € C'(M) and ¢, € Per(g,), (n=1,2,.)
such that ¢, — f (n — oc) and minimal moduli of eigenvalues of

angg(q" 9n) equals to 1.

If we have (a), then by using Franks lemma we construct g, € U;(f)

such that ¢, € Source(g,), T(qn:Gn) = 7™(qn: gn)> Hq"n“ < ||ang:-(Qn»gn)

(vn)] < )\1_"(‘1" '9")anH for some 0 # v, € Ty, M and large n. On the

other hand, ¢n, gn(gqn).. .. ,g,’{“’"'é")"‘(qn) € Source(gn). This is a con-

tradiction.

If we have (b), then we can construct ¢, € U;(f) such that ¢, €

Sink(§n), 7(dn: ) = 7(gnsgn). AT |oall < (D, n ™0 (0a)]| <
llvn|l for some 0 # v, € T,, M and large n. This contradicts the
definition of Ay and U, (f). finishing the proof.

We thank N.Aoki, professor at Tokyo Metropolitan University, for
his professional support, correction, orientation and encouragement
during the preparation of this paper.
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