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ALMOST DERIVATIONS ON
THE BANACH ALGEBRA C"[0.1]

KiL-WOUNG JUN AND DAL-WoOMN PARK*

1. Introduction

A linear map T from a Banach algebra 4 into a Banach algebra B
is almost multiplicative if |T(fg) — T(T(g)| < €l fllgll (f.g € A)
for some small positive e. B. E. Johnson [4, 5 studied whether this
implies that T is near a multiplicative map in the norm of operators
from 4 into B. K. Jarosz [2, 3] raised the conjecture : If T is an almost
multiplicative functional on uniform algebra A. there is a linear and
multiplicative functional F on A such that ||T—F|| < ¢, where ¢/ — 0 as
e — 0. B. E. Johnson [4] gave an example of non-uniform commutative
Banach algebra which does not have the property described in the above
conjecture. He proved also that C(A') algebras and the disc algebra
A(D) have this property [5]. We extend this property to a derivation
on a Banach algebra.

Let A be a commutative Banach algebra with unit. A Banach A4-
module is a Banach space M together with a continuous homomor-
phism p : A — B(M). A derivation, or a modul> derivation, of A into
M is a linear map D : A — M which satisfies the identity

D(fg) = p(f)D(g) + p(g)D(f). F.g€ A

In this paper we show that there exists a continuous derivation near
a continuous almost derivation on a Banach algebra of differentiable
functions.

We now give a precise definition of almost derivation.
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DEFINITION 1. A linear map D : A — M is an e-almost derivation,
or an e-almost module derivation if D satisfies

1D(fg) = o(F)D(g) = p()DOI < el fllllgl,  fig € A

DEFINITION 2. A linear map D : A — M is a strong e-almost
derivation, or a strong e-almost module derivation if D satisfies

ID(fg) — p(f)D(g) - Ol <elfgl. f.ge€ A

Note that if D : 4 — M is a strong e-almost derivation, then D is
an e-almost derivation. Let D be a derivation on a Banach algebra A.
If F is a linear map on A such that

IDUf) = E(ON < ellfll, feA

then it is easy to show that F is an e-almost derivation on A.

Let C'™[0,1] denote the algebra of all complex-valued functions on
[0, 1] which have n continuous derivatives. It is well known that C™[0, 1]
1s a Banach algebra under the norm

£l = max L £k

tefo.1] ¢

Assume that M is a Banach C"[0, 1]-module. We set z(t) =t, 0 <
t < 1. The differential subspace is the set W of all vectors m in M
such that the map p — p(p')m is continuous on P, where P is the dense
subalgebra of polynomials in z. It is clear that W s a linear subspace
of M and m € Wil |||m||| = sup{||p(p)m|| : ||pl|n-1 = 1} < x.

EXAMPLE. Let p: C'[0,1] — B(C) be defined by p(f) = f(0) where
C is the complex number field. Then C is a Banach €0, 1}-module.
We define D : C'[0,1] — C by D(f) = f'(0) + f(0)e. It is casy to
see that D is a strong e-almost derivation on C'[0,1]. We pur F(f)
f'(0), f € C'0.1]. Then F is a derivation such that |D(f il
elfl, fecCo,1].

We need the following result from [1] to prove our main theorem.

<
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THEOREM 3. Let M be a C*|0, 1]-module with differential subspace
W. Then
(1)l < flmll], € W.
(2) W is a Banach space with respect to the norm ||| - |]|.
(3) W is a C"'[0,1]- module. There exists a unique continuous
homomorphism v : C"*~10,1] — B(W) such that

v(p)m = p(p)m, meW, pzP.

2. Results

In this section we denote ||f||, by ||f|l, f € C"[0,1]. Recall that
the ascent of eigenvalue A for a linear operator T is the smallest integer
k such that (T — AI)**1z = 0 implies (T — AI)*¥z = 0. We first consider
that a strong e-almost derivation D from C"[0,1] into a C"[0, 1]-module
M is near a derivation.

THEOREM 4. Let M be a finite dimensional Banach C™(0, 1]-module.
If D:C"0,1] — M is a continuous strong e-almost derivation and the
ascent of every eigenvalue for p(z) less than n/2 then there exists a
continuous derivation F' : C™[0,1] — M such that

ID(f) — F(f)I < Elfll. fecon

where ¢/ — 0 as e — 0.

Proof. By description of [1] for the derivations from C™[0,1] to a
finite dimensional Banach C™[0,1]-module M, we can suppose that
p(z) has a single eigenvalue A\q on M and that Ay = 0 for simplic-
ity. A further simplification is possible, and so we suppose M =
sp{myg, p(z)ma, ..., p(z)kmu} where mg 1s a fixed vector and 2k 42 < n.
With respect to this basis, the operator p(f)(j € C™{0.1]) has the

matrix
bo( f) 0 0 - 0
S(F) olf) 0 oo 0
0
ok(f) Or—1(f) oc(f)
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where 6;(f) = f((0)/i!. Since D is a continuous strong e-almost deriva-
tion there exist continuous linear functionals 8,6, ....,6; on C"[0,1]
such that

k
D(f) = _Z 8:(f)p(z)'me. f€CT0.1].

Thus there is a constant M > 0 such that

(1) 16,(F9) = Y _[6;,-i(£)Bilg) + &;-i(@)8:(£)]] < eM]| fy]|

1=0
for all f,¢g € C"[0,1], 5 =0,1,...,k.
Now we define
F(f)=p(f)D(z), feC™0,1.

Since 2k + 2 < n, 1t is easy to show that F is well defined and a

continuous derivation from C"[0, 1] into M. D(z) = E:‘C:o 8:(2)p(z)'mo

gives »
F(f) =Y &:(f)8;-i(z)p(z) mo.

3=01=0
We put

J
Fy(£) =) _6f"8;-i(z), feCm0.1].
For a polynomial p(z) = ag + a1z + -+ + apz™ (m > 2j + 2), the
formula (1) implies |§;(1)| < eM and

0i(azj+22 52 4 fapmz™)
< EA{HO"ZJL{»QZ%-FZ +oto mzmH
(2) < eM|Ipll + llao + arz + -+ + azjyrz 2]
< 2" e .
Now we prove the following formula by induction ;

(3) 0;(2) —i0; _ip1(2)| < eM(2 - 1), i=1,2,..,j+1
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If ; =0, it is trivial. Assume that

0;1(z") —i6;_i(2)| < eM(27 —1), 5 >1, i=1,2.....].
From (1) and assumption we obtain for ¢ = 1,2, ..., 7 + 1.
16;(2")—16;_is1(2)|
<10;(2") = 6;1(21) = ;i3 (2)]
16,0071 = (1 = 1), 11 (2)]
< eM(2 —1).
The formula (3) gives
|o20(2%) + - + aj16;(27H)
(4) =200, _1(z) — - = (j + D) 4160(2)]
< 273 eM||p].

We also show the following formula by induction ;

k
(5) Br(ZHH < eM Y P k=0,1,2,..,5 - L.

=0

If j =1 the formula (1) implies |6y(22)| < 4Me. Assume that

k
6c(27)] < eM > X7 k=0,1,..5-2

=0

If j > 2k + 1 it follows from (1) that |6x(z/T!)| < 2t1eM. Otherwise
(1) implies , _
0k(27 1Y) = Ogp (2K < 291\
Since 2k — j < k — 1 the assumption gives
2k—j '
|62k (zFF1)| < edr okt

1=0
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and so

k
|6k(zj+l)’ S 2j_HEM + ’92k_]'(zk+1)[ S 5]\{22]'-%1—1"

1=0
Now (1) and (5) give us
|6j(aj+2zj+2 +--- 4+ Q2]+122j+1)|

(6) < EIM“QJ+2;j+2‘+’"'+C¥2J+122j+1|1
+Ipl(Bo(=" 1)+ +16; (7))
< (297F2 4 j2 e M| pl|.

The formulas (2), (4) and (6) imply

6,(p) — F(p)| < 2" 2eM||p].
Since 6, and F; are continuous, we have

16,(f) = F())l <27 2eM|fll,  feCm0,1].

Thus there exist a constant ¢ > 0 and a continuous derivation F' such
that

ID(f) = F(OI<ENfll, Fel™p, 1]
where ¢/ — 0 as ¢ — 0. This completes the proof of the theorem.

We now consider that an e-almost derivation from C"[0,1] into a
Banach C"[0, 1]-module M is near a derivation.

THEOREM 5. Let M be a Banach [0, 1]-module. If D : C"[0,1] —
M is a continuous e- almost derivation and p(z)'D(z7) = 0 for 1 +
g 2n+1,45 =0,1,....,n then there is a continuous derivation F :

C"0,1] — M such that

IDCf) = F(HL < fIlL fedmD. 1]
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where € — (0 as € — 0.

Proof. We define 6 : C"[0,1] x C*0,1] — M by é(f,g9) = D(fg) —
p(f)D(g)—p(g)D(f), f.g € C™0,1]. Then 8 is a continuous bilinear
map. We prove the following formula bv induction ; For m > 2

D(=™) = mp(z™')D(2) + p(=™~2 (2, 2)
+ p(z™3 (2,22) -~+9(:,zm h.
It is trivial for m = 2. Assume that it holds for m — 1. Then
D(=™) = 8(z, =™ 1) + p(2)D(=™1) + p(=™ 1) D ()
=mp(z" " ND(2) 4+ p(z™ )0z, 2) + plz™)B( =, %)
+o 8z, 2T,
Since p(z)'D(z7) =0 fo_r t+3 2n+1,4,5 = 0,1,...,n, it Is easy
to show that p(z)'6(z,27) = 0fori+j > n. If n > 2 we get for
pz)=ap+ajz+ - +apz™ (m>n),
D(p) = p(p")D(2) + anlp(z"")8(z,2) + p(z")8(z, 2%) + - -
+p(2)8(z,2" %) + 6(z, 2"
+an-1lp(z" 78z, 2) + p(2" 8z, %) -+ 6(z, ")
+ 4 apb(z,2) + D(ag)
Since |a;| <||pll, 2 =0.1,...,n and ||p|| > 1
(7) 1D(p) — p(P")D(2)I| < €[(n — D)n/2 4+ 2]27pl]lp]l-
If n = 1 we have D(p) = D(ag) + a1D(z). Thus the formula (7)

holds for n = 1. By assumption we get D(z) € W and, so it follows
from Theorem 3 that there exists a unique continuous homomorphism

v: C"10,1] — B(W) such that
1(p)D(z) = p(p)D(z), peP.
We define F' : C™[0,1] — M by F(f) = ~(f")D(z). Then F is a
continuous derivation which satisfies
[D(f) = F(f)| < el(n—1)n/2 +1]2"
This completes the proof of the theorem.

REMARK. Let D : C"[0,1] — B(C) be the continuous e-almost
derivation as in Example. Then p(z)m = 0 for m € C and D(z?) = 0.

fecmon.
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