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LINEAR TRANSFORMATIONS THAT PRESERVE
THE ASSIGNMENT ON R = E,, AND S = (s1,---,s,)

GWANG-YEON LEE

1. Introduction

For positive integral vectors R = (ry, -+ ;7)) and S = (s1.-+ , 8n).
we consider the class U(R, S) of all m x n matrices of 0's and 1’s with
the row sum vector R and the column sum vector S. Throughout

the paper we assume that U(R,S) # 0. If Y r; # Z;‘zl sj, then

U(R,S) = 0. So we assume throughout that /" r, = Z;:x sj and
0 < 7i,8; < n for each 7,) where n < m. We refer to matrices in

U(R,S) as (R.S)-assignments, or as assignments when R and S are
fixed in the discussion.

Let U( R, S) denote the convex hull of the (R, S)-assignment U( R, S)
considered as points in real mn-dimensional space. Since each as-
signment has all entries equal to 0 or 1(hence is a vector of the mn-
dimensional unit cube), it follows readily that the assignments are pre-

cisely the vertices{extreme points) of U(R,S). Brualdi, Hartfiel and
Hwang [5] proved that U(R, S) is a convex polytcpe.

Once again let R = (ry,--+ ,r,,) and S = (s1,- - ,$,) be positive in-
tegral vectors for which U(R, S) # §. Let X = [z;;] be an m x n matrix.
We define the support of X to be the set supp(X) = {(¢,7): x4; # 0}.
The (R, S)— assignment function, or an assignment function, P s(-)
is now defined by

(1.1) Prs(X)= Z H T

ACU(R,S) (1,7)€supp(A)
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A well-known case of an assignment function occurs when m = n
and R = S = (1,---,1). In this case, Pr,s(X) counts the number
of permutation matrices P with P < X and hence Prs(X) is the
permanent of X, per(.X).

In [6], Marcus and May characterized the permanent preservers and
P. Botta [4] used another method for the characterization of the lin-
ear transformation that preserves the permanent. Marcus. Minc and
Moyls [7] characterized the permanent preservers on the space of dou-
bly stochastic matrices. In [1,2], the author charac:erized the nature of
all linear transformations T on M, into itself such that Pg g(T(X)) =
PR s(X) for all X € M,. For such an assignment preserver T, there ex-
1st permutation matrices P, () and diagonal matrices D = diag{d;,-- - ,
dn}, L = diag{ly,--- ,l,} in M, such that []_, V" ~H;l:] l;j =1 and
either T(X) = PDXLQ for all X € M, or T(X) = PDXTLQ and
R=Sf{orall X € M,.

A nonnegative real matrix is called doubly stochastic if all its row
sums and column sums equal to 1. The set of all n x n doubly stochastic
matrices is denoted by ,. A vector E,, denote the m-tuple of 1's, i.e.,
E,=(1,---,1). Le¢t R = E,, and § = (s, --,s,) where s,, 1 =
1,-++ .n, are positive integers with s+ -+s, = n.. Then U(R, S) is a
generalization of {2, and Pg s(-) is a generalized fur.ction of permanent.
In the present paper we consider those linear mappings that preserve
the assignment functions of U(R,S). By an assignment preserver on
U(R,S) we mean a mapping T on U(R,S) into itself such that. for
A,B € U(R,S) and for real numbers o, 3, 0 < o < 1, 0 < 4 < 1,
a+0=1,

(1.2) T(aA + BB) = oT(A) + 3T(B),
Prs(T(A)) =Pprs(A).

We shall show that for such T there exist fixed permutation matrices
P, () such that either

T(A)=PAQ forall A cU(R,S)
or

R=S, T(A)=PA"Q forall AcU(R,S) and SQ = S.
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2. Results

Let R =FE,and S = (s1,--- ,8,) where s;, ¢ = 1,--- | n, are positive
integers with s;+: - -4+s, = m. We consider those linear mappings which
preserve the assignment functions of (R, S).

The following lemma will be useful for our study.

LEMMA 1. Let R=(ry,-+ ,rm) and § = (s1. -+ ,8,) be vectors of
positive integers with .~ r; = Z;‘zl sj. Let P and ) are permutation
matrices. Then

(2.1) Pris(X) = Prs(PXQ)

if and only if PRT = R" and SQ = S.

Proof. For each A € U(R,S), PAQ € U(R, S) only if PR' = R' and
S(Q) = S. This establishes the necessity. Now, suppose that PR' = R’
and 5S¢ = S. Then,

Prs(X)= > H T4

A€EU(R,S) (i,j)€supp(4)

DS | R

PAQEU(R,S) (i,5)€supp(PAQ)

= > I @*xe),

A€U(R,S) (1,5)Esupp(A)
=Prs(PXQ). O

REMARK. We note that the assignment is not invariant under per-
mutations of rows or columns, and is not invariant under transposi-
tion. For example, if R = (2,2,2) and S = (3,2,1), then U(R, S) =
{Ai, Az, A3} where

1 1 0 1 1 0 1 01
Ar=11 1 0f,A =10 1[,4:=|1 1 0
1 0 1 1 10 1 10
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Then Prs(A1) = 1. But Prs(AT) = 0. And let

0 0 1
Q=10 10
1 0 0
then
0 1
A1Q=10 1 1
1 0 1

SO# PR,S(Al) =1 a«Ild PR,S(AIQ) = 0.

Note that if R = S then U(R,S) = U(S,R) = U(R, R) and hence,
in this case, Pp s(A4) = Pr s(AT) for all A. We have thus established
the following lemma.

LEMMA 2. The transpose operator preserves the assignrment func-
tion Pp s if and only if R = S.

Let R = E,, and let S = (s, - ,8,) where s,, 1 = 1,--- . n, are
positive integers with s, +---+ s, = m. Let T be a mapping on U(R. S)
into itself satisfying (1.2) and (1.3). In [5, Theorem 4.5], it was shown
that for A € U(R,S), Pr,s(A) = 1 if and only if .4 is an assigument.
It follows that T maps U(R. S) into itself.

Once again let R = E,, and let S = (s,, -+ .3s,) where s;, { =
1,--- ,n, are positive integers with s, +--- + s, = m. And. define the
mapping ¢ on U(R. S) by

(2.2) S X)=0OT(X)E

where [T is a permutation matrix of order m and ¥ is a permutation
matrix of order n such that S¥ = S. Then ¢ has properties (1.2), (1.3)
and p(A) = IIT(A)Y for A € U(R,S). Suppose that X € U(R.S).
Since X is in the convex hull, X = Y% X, 4;, 4, ¢ U(R,S),0 < ), <
1,:=1,---,k and Zle Ai = 1 and hence p(X) = Ef:l Aip(A;).
Since p(A) = IIT(A)Y € U(R,S) for A € U(R,S), it is sufficient to

discuss the action of ¢ on (R, S)-assignments.
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Let B(Vi,Va) be the set of all bipartite graphs with vertex sets V;
and V, where |V| = m, |V3| = n. Let G;; be an element of B(V7, V3)
whose edge is the only one such that e;; = {i,j} for: € V}, and j € V.
The mapping L is called a linear mapping of B'V;,V;) into itself if
L(G1 U G2) = L(G1) U L(Gy) for each G1,G, € B(V},V,). Define the
set Gm n by

Omn={G(V1,V,) € B(V},V,) :deg(i) = 1 for all: € V,

(2.3) and deg(j) = s; for each j € V,}.
Then the degree sequence of V; is £}, and the degree sequence of V) is
(81, ,8y) such that Z;zl §; = m.

LEMMA 3. If 9 maps on U(R,S) into itself such that, for B €
UR,S), J(B) = C for some C € U(R,S), then J(A) = PAQ for
A € U(R,S) where P is a permutation matrix of order m and Q is a
permutation matrix of order n such that SQ = S.

Proof. For any G, H € G,, , there exists a graph isomorphism L. A
graph isomorphism of a simple graph is a permutation which preserves
the adjacency of each vertex.

Let the degree sequence of V3 is S = (sq, -+ s,) and it is fixed,
without loss of generality, we may assume that its permutation is the
identity. Now, let L; be a graph isomorphism with a permutation o
which preserves the degree of Vi. For any subgraph G,; of G, since
L1(Gy;) = Goi); where o is in the symmetric group Sm, Li(G;, U
qu) = Ga—(i)j UGa(p)q = L](Gl‘j)ULl(GPq), for i,p € ‘/h and ],q S ‘V2.
For GeGmnG=U"r, Gy, =1 ,n,

Since Li(GU H) = L1(G) U Ly(H) for G,H € G, ,, L, is a linear
mapping.
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Let A(G) be the adjacency matrix of a graph G. Define ¢ : Gy, —
U(R,S) by ¥(G) = A(G). Then ¢ is a bijection. Let P be the per-
mutation matrix with respect to ¢ € S,,,. Then ¢ o L; 0 ¥»~! maps on

U(R, S) into itself.

Now, without loss of generality, we may assume that its permutation
matrix P is the identity since the degree sequence of V; is R = E,,.
Let L; be a graph isomorphism with a permutation 7 which preserves
the degree of V5. That is Ly(Gj) = G,,(j) for some 7 in the symmetric
group §,. Then L, which is similar to Ly, is a linear mapping. Let @
be a permutation matrix with respect to r € S,,. Since sy, -- ,s, are
arbitrary positive integers such that s; +---+s, = m, the permutation
matrix @ satisfy SQ = S. Then » 0 Ly o ¥ ™! maps on U(R, S) into
itself.

Since 1 is a bijection, for G € Gp, , there exists B € U(R, S) such
that ¥(G) = A(G) = B. Let L = Ly o Ly. Then L is a linear mapping
of G » into itself. Let ¥ = o Loy ™!, Then ¥ maps on U(R, S) into
itself and, for any B € U(R, S),

I(B) = (o Loy )(B)=v(L(¥™(B)))
= $(L(G)) = A(L(G)) = PA(G)Q = PBQ,

where P and @) are permutation matrices of order 7 and n, respectively.
[

For any X € U(R,S), X = Zle A4, for some A4; € U(R,S),
0< A <1,i:=1,---,k and Zle A; = 1. Since ¢ is a mapping of
U(R, S) into itself, for permutation matrices P and Q,

T(X)=HI"e(x)2T

k
=07 Mip(AnET

1=1

k
=107y \PAQET
i==1

=n0'pxQxT.

Now, we have immediately our results:
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THEOREM 4. Let R = E,, and let S = (s(, -, s,) where the s;’s
are positive integers with sy +---+ s, = m. Let T be a linear mapping
of U(R, S) into itself such that Pr ¢(T(X)) = Prs(X) forall X €
U(R,S). Then there exist permutation matrices P and @ such that
either

(2.4) T(X)=PXQ for all X € U(R,S)

or
(25)R=S. T(X)=PX"Q forall X € U(R,S and SQ = S.
where the permutation matrix @ satisfy S¢Q = S.

Proof. Forany X € m X = Zle A;A; forsome A, € U(R, S),
0< A <1,1=1,---,k and Zf:] A; = 1. Since ¢ is a mapping of
U(R. S) into itself, for permutation matrices P and @),

T(X)=HOTo(x) 87

k
=7 Nip(A4) 27
1=

k
=) A\PAQET
i=1
=10"rPxQx7. O

COROLLARY 5. Let R = S = E,. Let T be a linear mapping

of U(R,S) into itself such that Pp ¢(T(X)) = Prs(X) forall X €

U(R,S). Then there exist permutation matrices P and @ such that
either

(2.6) T(X)= PXQ forall X € U(R,5)
or
(2.7) T(X)=PX"Q forall X cU(R S).

Proof. f R=S5 = E,,, then U(R. S) 1s the space of doubly stochastic
matrices and Pp s(X) = perX. O
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