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NILPOTENT ACTION BY AN ELEMENTARY
AMENABLE GROUP AND EULER CHARACTERISTIC

JONG BUM LEE AND CHAN-YOUNG PARK

Let X be a finite connected CW-complex, I' = 5r;(X) its fundamental
group, X its universal covering space. Then I' acts on X by covering
transformations and on the homology group H *\.3(: ). In this note we
establish the following vanishing result for the Euler characteristic y(X)

of X.

THEOREM. If T' = m(X) contains a nontrivial, finite index, torsion
free, elementary amenable subgroup A (i.e., I' is elementary amenable
and virtually torsion-free) which acts nilpotently on H*()?), then the
Euler characteristic (X ) of X vanishes.

In the Theorem above, A acts nilpotently on M = H*(X') means
that there exists a finite filtration 0 = M©® ¢ MM ¢ ... ¢ M*-1 ¢
M®) = M by ZA-modules such that A acts trivially on the associated
graded module GrM = {M®W/MG-V |; =1 ... k}. If X is finite and
aspherical, then I is torsion-free and obviously I, and so any subgroup
of I', acts nilpotently on H*()A(:). When X is finite and aspherical:
Gottlieb [4] and Stallings [11] showed that if T has the nontrivial center
then x(X) = 0; Rosset [10] showed that if I' contains a nontrivial normal
Abelian subgroup then x(X) = 0; Hillman and Linnell [5] showed that
if I' contains a nontrivial normal elementary amenable subgroup then
x(X) = 0; Cheeger, Gromov [1] and Eckmann [3] showed that if T is an
amenable group then y(X) = 0. The Theorem above is a variation of
Eckmann’s result [2] which states that if X is finite and if " contains a
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nontrivial torsion-free normal Abelian subgroup which acts nilpotently

on H.(X) then x(X) = 0. From the history of vanishing results for
Euler characteristic, we can propose naturally the following problem.

QUESTION. If X is a finite complex and if 71(X) contains a non-
trivial torsion-free normal (elementary) amenable subgroup which acts

nilpotently on H,(X) then y(X) vanishes.

The proof of the Theorem above is based on main results in [6] for
group rings: since A is a torsion-free elementary amenable group, CA
has a left quotient ring D = (CA \ {0}) !CA. Using known results in
the theory of rings of operators concerning von Neumann algebras we
show that D has the “rank invariant” property for finitely generated
free D-modules, i.e., all bases of such a module F' consist of the same
number of elements; this number is the rank of F over D, written rtkp F.
Using the assumption that A acts nilpotently on H*(“z’) we show also
that D Q¢a H*(X'; C)=0. If X is a finite CW-complex and if A i1s a
finite index subgroup of 71(X) it follows that x(X = 0.

By Theorem 1.4 of [6], CA is a domain; any nonzero element of
CA is not a zero-divisor in CA. By Theorem 1.3 of [6], CA has a left
quotient ring which is a division ring D, i.e., CA is a subring of D,
every nonzero element of CA is a unit in D, and every element of D is
of the form o173 for some elements a and 3 of CA with o # 0. Hence

D = (CA\ {0})"!CA and D is a right flat CA-module.

PROPOSITION 1. D has the rank invariant property for finitely gen-
erated free D-modules.

Proof. Since D is a division ring, every D-module is, by definition,
a vector space over D. It is well-known that any two bases of a vector
space over a division ring have the same cardinality, and every vector
space over a division ring is a free module. Hence D has the rank
invariant property for finitely generated D-modules. U

REMARK 2. From the fact that D is a localized ring (CA\{0})~!CA
and using known results in the theory of rings of operators concerning
von Neumann algebras we can give an alternate proof that D has the
rank invariant property.
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By (3.5) of [10], we can embed D in a von Neumann regular ring
W(A) in such a way that
(a) W(A) is a ring of (densely defined) operators on the base the
Hilbert space H := £3(A),
(b) W( A) has the rank invariant property, snd
(c¢) if 7 is a principal ideal of W'(A) then 7 is generated by an idem-
potent element of the von Neumann algebra W(A) generated
by A.
By the universal property of localization it is enough to show that if
o € CA, o # 0 then « is invertible in W(A) Define the operators L,
and R, respectively, by Lo(h) = ahand Ry(h) = haforall h € H. Let
W(G)-LO, = W(G)-e for some idempotent ¢ € W(G). Suppose ¢ # idy.
Then there is & € ‘H such that (idy — €)(h) # 0. Since L, € W(G) "€,
L, = woe for some w € W(G), and hence Lyo(idy —€) = woeo(idy —
e) = wo(e—e?) = 0. However by Theorem 2 of [8] Loo(idy—e)(h) # 0,
which is impossible. Thus e = idy, (G) VV (&)- Ly, and L, has a
left inverse in W(G) Similarly R, has a right irverse in W(G). Thus

D is embedded in the ring W(G) which has the rank invariant property.
Hence D has the rank invariant property.

PROPOSITION 3. If N is a trivial CA-module then D ¢4 N = 0.
Proof. Indeed, there is an element a # 1 in A; for any n € N and

d € D we have

don=da-1)""'®(a-1)n=9. O

PROPOSITION 4. The localized homology D & ¢ 4 H*()?; C) is 0.
Proof. We write M = H*()A(:;C), a CI'-module and hence a CA-

module, and consider a filtration of M given by the nilpotent action of
A so that A acts nilpotently on the associated graded module GrM.
By Proposition 3, D Q¢4 GrM = 0. Since D is a flat CA-module this
means Gr(D ®c4 M) = 0 for the corresponding fltration of D @p4 M.
The filtration beginning with 0 it follows that D o4 M = 0. [
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Proof of Theorem. Let C = {0 - C,, —» --- — C, — Cyp — 0} be the
cellular chain complex over C of X. It is a complex of free CI'-modules
with rkerC; = a; = number of i-cells of X. (Note that CT has the rank
invariant property, cf. [9].) Hence C is a complex of free CA-modules
with rkcaC; = [I' : A| - a;. From Proposition 4 and using again the
flatness of D, we see that

0= D ®ca H(X;C) =D @ca Ho(C) = H(D ®ca C).
Thus 0 - D®¢caCp— - = D®RcsCy — D@cy Cy — 01is an exact
sequence of finitely generated free D-modules. This implies

(DRcaCo)@(DRcalCr)®--- = (DRcaCh)B(DRcaCs)®---

and, since D has the rank invariant property, we have

n n

0= Z(“l)irkD(D ®caCi) = Z(—l)ilf‘ : Al oy or Z(—l)iai = Q.

i=0 i=0 i=0
Le., the Euler characteristic x(X) is 0, which proves the Theorem. O

The cohomological dimension of a discrete group G, denoted cd(G),
is defined by

cd(G) = inf {n | Z admits a projective resolution of length n}
=inf{n | H(G,-)) = 0 for i > n}
=sup{n | H"(G,A) # 0 for some G—module A}.
A group G is said to be of type FP if Z admits a resolution
0-P,—>- > Py—-2Z—-0

of finite length such that the P; are finitely generated projective ZG-
modules. We say that a group wvirtually has a given property if some
subgroup of finite index has that property. For example, ved(G) =
cd(Gy) for some subgroup Gy of G with finite index. If G is virtually
of type FP and Gg is any finite index subgroup of G, then the Euler
characteristic x(G) of G is defined by

X6 = XL,

where x(Gy) = Y (~1)'tkg H'(Gy, Z).
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COROLLARY. Let X be a finite connected CW- complex, I' = m1(X)
an infinite elementary amenable group with finite virtual cohomological

dimension, X homotopic to an even-dimensional sphere S?*. Then T is
virtually 01" type FP and x(T') = 0.

Proof. Recall that a nontrivial finite subgroup of I' = 7(X) is iso-
morphic to Z;, I' is torsion-free or else I' is isomorphic to I x Z,
where I'' is torsion-free. If ved(T') < oo then T is virtually of type FP,
and so x(I') is defined and x(X) = x(T) - x(X) ([7]). Note also that
since sz()z) = Z, the kernel of the induced action homomorphism
I —» Aut(sz(X')) = Aut(Z) = Z, has index at most 2 in ' and acts
nilpotently on H*()?). Hence I' has a nontrivial torsion-free finite index
elementary amenable subgroup which acts nilpotently on H *()A{:). By
Theorem and by the fact that y(X) = 2, we have 0 = (X)) =2 ().
Thus x(I')=0. O
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