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THE IMAGE OF A CONTINUOUS STRONG HIGHER
DERIVATION IS CONTAINED IN THE RADICAL

KiL-WOUNG JUN* AND YOUNG-WHAN LEE

Let A be a Banach algebra over the complex field. A linear map
D : A — Ais aderivation if D(zy) = 2D(y)+ D(r)y forall 7,y € 4. A
sequence {Ho, Hy, -+, Hp} (resp. {Ho, Hy, - }) of linear operators
on A is a higher derivation of rank m (resp. infinitely rank) if for each
n=0, 1,2, m(resp. n=0,1,2,---)and any =, y € A,

H,(zy) = Z Hi(z)Hn_i(y)
i=0

These equations are called the Leibnitz identities. A higher deriva-
tion {H,} of rank m is strong if H, is an identity operator, and contin-
wous if H, is continuous for each n = 1, 2,--- . m. Note that a strong
higher derivation of rank 1 is a derivation. For definitions and elemen-
tary properties of Banach algebras we refer to [1]. We denote by rad(A4)
the radical of a Banach algebra A. A strong higher derivation {H,} of
rank m on a Banach algebra A maps into its radical if Hi(A) C rad(A)
for 1 <i<m.

I. M. Singer and J. Wermer [5] proved that every continuous deriva-
tlon on a commutative Banach algebra A maps into its radical. They
conjectured that the assumption of continuity is unnecessary. This be-
came known as the Singer-Wermer Conjecture and was proved in 1987
by M.P.Thomas [6]. Thus we see that for every commutative, semi-
simple Banach algebra A, there are no nonzero derivations D : A — A.
This fact sometimes be used to show that a certain algebra cannot
be given a norm which makes it a Banach algebia : See [1,18.22]. F.
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Gulick [2], N. P. Jewell [3], and R. J. Roy [4] have shown that the au-
tomatic continuity of derivations on semi-simple Banach algebras can
be extended to higher derivations.

In this paper, we show that every continuous strong higher deriva-
tion, as well as every derivation, on a commutative Banach algebra
maps into its radical.

THEOREM 1. Every continuous strong higher derivation of any rank
on a commutative Banach algebra maps into its radical

In order to prove Theorem 1 we need the following lemma.

LEMMA 1. If a sequence {H,} is a strong higher derivation of rank
m on a Banach algebra A, then for each 1 < i < m,1 < n and
T1,T2," " ,Tn, T € A

(1)  Hileizz-z)= Y He(z1)Hay(22) -+ Hay(70)
a1+a2(;+-s~a»;{—an=k

(2)

Hp(z") = > Hopo(Hayoy (- (Hagy (Hay @) )

a1,1+e1,2+ - +ay n=k
az 1+ag 24 - +ag n=Fk

an1tan 2+ tan n=k
0<ayj

. Ha"’Z(Ha"~1-2(' o (Hﬂz,z(Hm,z(x)))' st ))
Hq, (Ha, \ (- (Hay (Hay (2))))).

Proof. By definition, for each n > 0

k
Hi(zizg- - z0) = Z H, (z1)Hy_i(z203 - Tn).
i1=0
If n > 2, we substitute Hx_; (2223 --25) in the recursion formula.
This procedure give us the sum
k k—i1 k—11—1o
Hi(zi1zg--20) = Z Z Z
13 =01,=0 13=0
k—iy —ig— - —in_2
Z Hi1(x1)Hi2(x2)"'Hk*ix—iz—'“—in—1(xn)'

tn—-1=0
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Thus for each 1 <k <m and z,,29,- - ,2, € A
Hy(zyey--zp)= Y He(e1)Ha, ©2)- - Ho,(a0).
a1+a2;»< v~.+~an=k

Also we have

Hiz")= Y Hi(Ha(2)Hoy(z)  Ha (2))

aytaz+ tan=k

0<a;

= > Hy(Huf2))Hy,(Hafz)) -Hy(Ha,(2)).

aytagt tan=k
by Hbgt o Hbn =k
0<ay

By the recursion formula, we obtain the equation (2).

Proof of Theorem 1. Let {H,} be a continuous strong higher deriva-
tion of rank m on a commutative Banach algebra 4. By Singer-Wermer’s
theorem, Hy(A) C rad(A).

It suffices to prove the case k = 2. Let P be a primitive ideal of
A.y€ Aand r € P. Then

yHy(r) = Hz(yl') - Hg(y)l‘ — Hl(y)Hl(J?) € Hy(P)+ P.
This shows that (Ha(P) + P)/P is a left ideal of A/P. A similar

argument shows that it is a right ideal and we conclude that
(Ho(P) + P)/P is an ideal of A/P. Forn > 2 and 0 < a;; (¢,) =
1,2,---,n), let

ayytarg+ -+ ar,

=2
gy +azo+ -+ ag, =2,

An,1 +an,2 +"'+an,n = 2.

If a;; = 1 for some z] =1,2,--- ,n, then for all n > 2

(*) Hﬂn,l(Hﬂn—l,l('“(Haz,l(HﬂLl(‘T)))'”))
: Hﬂn,z(HGn—l,Q(' ne (Hﬂz,z(HﬂL'z(‘r))) U ))
...... Ha, (Hao_, (- (Hay (Ho i2)))--+))
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is an element of P. If a; ; # 1 forall7,j =1,2,--- ,n, then for all . > 2

() = (Ha(z))"

Thus we have
H}(z") € n!(Hy(z))" + P

for all n > 2. Then
(n))7](Q pHa(2))"||7 = |QpHF(z™)||% < ||Hol||[z"]]7,

where Qp : A — A/P is a natural quotient map. Since |H,||z"|7 is
bounded and (n!)% -+ 00, this shows that Q pHy(z) is quasi-nilpotent.
Since z was an arbitrary element of P and A/P is semisimple,

(Hy(P)+ P)/P C rad(A/P) = 0.

Thus Hy(P) C P, and so Hy(A) C rad(A). The proof of the theorem

1s complete.
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