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THE AVERAGING THEOREM OF LEFSCHETZ
COINCIDENCE NUMBERS AND ESTIMATION
OF NIELSEN COINCIDENCE NUMBERS

CHAN GYU JANG

1. Coincidence Numbers

Throughout this paper, we will work in the category of compact
connected manifolds and continuous maps. If X;, X, are manifolds,
fyg: X1 — X, are maps, then a point z € X, is a coincidence of f and
g iff f(z) = g(x) ; the set of all such points is denoted by Coin(f, g).
If 2,y € Coin(f,g), they are f,g-equivalence iff there exists a path w
in X from z to y with fow ~ gow(rel 0,1). The f, g-equivalent is an
eqgivalence relation on Coin(f,¢) and a class by f, g-equivalent is called
a coincidence class of f and g¢.

Suppose X, X, are both orientable n-manifolds. For each coinci-
dence class C of f and g, a coincidence index Ind( f, g, C)is defined. If
W,V are neighborhood of C with C ¢ W ¢ W = V and Coin(f.g)N
V = C, then let (f,g). be the composition

Hy(X,) Ho(X1, X1\ W) S —

Ho(V.VAW)

(fer9)

Hp(X2 x X2, X2 x X2\ A(X72)).

If z;, € H,(X,) is the fundamental class of X; and U, € H*(X, x
X2, X3 x X3\ A(X,)) is the Thom class of X,, then Ind(f,¢,C) =<
U2,(f,9).(z1) >. This is independent of V and W. and has the following
properties :

(1) Coincidence : if Ind(f.g,C)# 0, then C # ¢
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(2) Homotopy : if F: fy ~ fi, G: go ~ ¢1 and there exists a V such
that V' N Coin(F,G) is compact, then Cy = V N Coin(fy, go) and
C, =V N Coin(f1,91) have Ind(fy,90,Co) = Ind(fy,g1,C1).

(3) Additivity : if C = UC}, then Ind(f,¢,C) =3 Ind(f,g,C:).

(4) Products : Given f,g: X; — X, and f',¢': X|,— X} and C C
Coin(f,g), C' C Coin(f',g'), then Ind(f,¢,C) and Ind(f',g',C")
are defined iff Ind(f X f',gxg',C xC")is defined. If all are defined,
Ind(f x f'l,g x¢',C x C'") = Ind(f,9,C) - Ind(f’ g',C").

A coincidence class C is essential if Ind(f,g,C) # 0. The Nielsen
coincidence number N(f,g) is the number of essentlal classes of f and
g.

In rational coefficients, let Dy: HP(X,) — H,_,(X,) be the duality
isomorphism and 6,( f, g) be the composition

-1

HyX:) =L Hy(Xy) — s HP(X)

* D, )
— L HUR(X) —— s H (X))

The Lefschetz coincidence number L(f, ¢) is defined as £;_(—1)Ptr(6,
(f,9)), and the Lefschetz coincidence theorem states that L(f,g) =

Ind(f,g).

2. The Averaging Theorem of Lefschetz Coincidence Num-
bers and Estimation of Nielsen Coincidence numbers

Given f,g: X7 — X5, fix base points z, € Xy, o € X3, and for
convenience assume that f(z;) = z2 = g(z1). Let m; denote n(X;, z;)
and define §(m;) = {I' am;|{r;: '] < oc}. There is a one-to-one cor-
respondence between elements of §(7;) and finite regular covers of Xj.
If X, is orientable, then the orientable finite regular covers of X; cor-
responds to §(#;). Fix I'; € §(m2) and (‘orresponding finite regular
cover py: X5 — X,. Given a cover p1: X, — X, and corresponding
[) € §(x1), f and g lift to some f,§: X; — X, iff fy gy m — 7y have
f2294(T1) € Tz So define §(f,9,T2) = {T1 € §(m1)|fe. 02(T1) C o},
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We will refer to the lifting diagram

- f, -
Xl*-—i-'X2

J'Ih lpz
fY

X, — X,
as the I') — T'y lifting diagram of f and g. For any I'; — [y lifting
diagram, since the finite regular covers are compact, the lifts f,§ have
the coincidence index defined.

In any I'y — I'; lifting diagram, I'; has covering group ®; = = 7;/T..

fg and gy induce maps f,g: ®; — ®,. If f.3: X, — X, are fixed
"reference lifts” of f and g, then all lifts have the form 8o foa, Bojoa

with a € ®;,8 € ®,. But foa = f(a)o f, so we need only consider
lifts of the form a o f,a 0 g.

ProrosiTION 2.1. C is a coincidence class it Coin(a o f.Bog)iff
it is a coincidence class in Coin(8 'a o f,§).

Thus, we need only consider lifting pairs of f, ¢ of the form (a0 f, §).

We introduce the Reidemeister classes ®;/ ~, where o ~ 3 iff
9(7)B = af(v) for some v € ;. The Reidemeister class of o is denoted
by [a] ;

[a] = {8 € ®2|5(7)3 = af(7) for some v € &,}.

The mod(T';,T';) Reidemeister number R, 1,)(f, ¢) is the number of
Reidemeister classes.

PROPOSITION 2.2.

Cion(f,g) = U piCoin(ao f,§) Up] Coin(ao f,§).

aEd, [a]

_ Proof. By [3, Theorem 1.5], note that p;Coin( aof g) = p1Coin(Bo
f.) if B € [a], and pyCoin(ao f.§) N p1Coin(Bo f,§) = ¢ if B ¢ [a].
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DEFINITION 2.3. The number u([a]) defined by u(la]) = |{y €
®,[9(v) = af(v)}| is called the multiplicity of class [&].

It is easy to check that this number is independent of the choice of
o in [al.

~ LeEmMA 2.4, Ifz € p1Coin(acf,§), then u([a]) = Ip7 ! (z)NCoin(ao
£ 9l

Proof. Where # € py'(z) N Coin(a o f,g),it is easily shown that
18 € Coin(a s f,§) # g(7)a = af(7).

PROPOSITION 2.5. Suppose X, Xy are compact connected orientable
manifolds of the same dimensions and neither is a surface with nega-
tive Euler characteristic. If I'y € §(f,¢,T2) and (f,g) lift to (f,9)
in the I'y — T’y lifting diagram, then for any o € @2, L(a o f,g) =
p(la])Ind(f, g,p1Coin(a o f,g)).

Proof. We may assume that f and ¢ have only isolated coincidences.
Then we have Ind(ao f,§,%) = Ind(f,g,z) for # € p;'(z). By Lemma
2.4, every coincidence of f and ¢ in pyCoin(a o f,§) has u([a]) coinci-
dences of o o f and § above it. Hence

Liao f.§)= Y Indlaof, i)

F€Coin(aof,j)
=ula) > Ind(f,g.)
z€p1 Coin(aof,§)

= p([a))Ind(f,g,p1Coin(a o f,§)).

LEMMA 2.6. u([a])- |[o]] = |®4].

Proof. ®, actson [a]by a — g( ) f
and the isotropy subgroup is {v|g{v)a = «

). The action is transitive,

9}
fn}-

THEOREM 2.7 (AVERAGING). Suppose X, X, are compact con-
nected orientable manifolds of the same dimensions, and neither is a
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surface with negative Euler characteristic. If T ¢ $(f.9,T2) and (f,g)
lift to (f,§) in the T; — T, lifting diagram, then

L9 = X HacFi

aEd,
Proof.

Y Laof.g) =Y ullel)Ind(f,g,p:Coin(ao f,g))
aEd, a€d,
=Y lle]lu([a)Ind(f, g, p, Coin(ao £.§))
[a]
=1@1]Y_ Ind(f,g,p:1Coinla o f,§))
[a]

The following proposition corresponds to Theorem 4.15[3] by the
same way theorem 3.2.8 [2] corresponds to Theorem 2.2.1 and 2.2.5 in
fixed point theory.

PROPOSITION 2.8. Suppose X, X, are compact connected mani-
folds. IfT'y € §(f,9,T2). then Rr, r,) > [Cokerigy, — fre)/n - 6(T3),
where 8: m,(Y') — H\(Y') is abelianization and : H,(V) — Coker(H,
(Y) i H\(Y')) is the natural projection. If ®, is abelian, then
equality holds.

LEMMA 2.9. Suppose X1, X, are compact connected manifolds. If
®, is abelian and T’y € §(f,g,T2), then u([a]) = |¢ !|C0ker(g]* f1x)/
n-8(I'2)| for all o € ®,.

Proof. By Proposition 2.8, we have R(p1 )l 9) = |Coker(g . —
f1+)/n - 8(T;)|. Since @, is abelian, there is one-to-one corresponding

from [a] to [B] defined by
7 —ya"'3
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for any ¥ € [a]. So all Reidemeister classes of f and ¢ consist of the
same number( say k ), and k-|Coker(g1.— f1.)/n-8(T'3)| = |®;|. Lemma
2.6 tell us k- y([a]) = |®,|. Hence

P |
p([a]) = 2, l\COkGT g1« — f1x)/n - (T2)|.

Now we consider the case that ; and 7, are finite groups. Then
we can apply trivial subgroups of m; and 7, to above results. In this
case, the mod(I'y,I';) Reidemeister number is the Reidemeister number
R(f.g) of f and ¢ and a nonempty set p;Coin(« o f,§) equals to a
coincidence class of f and g.

The argument in Theorem 2.5.6[2] also establishes the following,
quoting Proposition 2.5 and Lemma 2.9.

THEOREM 2.10. Suppose X, X, are compact connected orientable
manifolds of the same dimensions with the finite fundamental groups
71 and 7wy, and neither is a surface with negative Euler characteris-
tic. Assume the action of m, on the rational homology of the univer-
sal covering space X, of X, is trivial, i.e., for every covering trans-
lation a € 7y, ay = id: H(X2: Q) — H.(X3: Q). Then, for every
fr9: X0 — X, L(f,¢g) = O implies N(f,g) = 0 ; L(f,g9) # 0 im-
plies N(f,q) = R(f,g) > |Coker(gi« — fix)]. If my is abelian, then
R(f,g) = |Coker(g1« — f1.)| and the coincidence index of the coinci-
dence classes are all equal.
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