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BEST SIMULTANEOUS APPROXIMATIONS
FROM A CONVEX SUBSET

SuNG Ho PARK* AND HYANG JOoO RHEE

1. Introduction

Let U and V be nonempty compact subsets of two Hausdorff topo-
logical vector spaces. Suppose that a function J : U x V — R is such
that for each v € V, J(-,v) is lower semi-continuous and convex on U,
and for each u € U, J(u,-) is upper semi-continuous and concave on V.
Then, as is well known [2], there exists a saddle point (u*,v*) € U x V
such that

(1.1) J(u*v) < J(u*,v*) < J(u,v*), ue U, veV,

that is,

minmax J(u,v) = maxmin J(u v).
uclU veV veV wel

However, if V is not convex, or if for some u < U, J(u,-) is not a
concave function on V', then the relation (1.1) does not hold in general.

THEOREM 1.1.[4]. Let U be an n-dimensional, compact convex set
in a Hausdorff topological vector space (n > 1) and let V be a compact
Hausdorff space. Let J : U x V — R be a jointly continuous function.
Then v* € U minimizes max,cy J(u,v) over U if and only if there
exists (X:1+17-5:l+1) € V41 such that

n+1 n+1 n+1

(1.2) Y AT v) < Y ATI(ut ) < > ArT(w, )
i=1 =1 =1
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holds for all (-X,IH,'E,H.]) € V,H.] and for all u € U7, where
Vn—}—] = {(Xnyin)lxn = (/\17 Tt >‘n)-,-l7 = (Ul- t evn)a

S AM=LA > 0ueViE=1,,n)}.

=1

2. Best Uniform Approximations

Let X be a compact Hausdorff space and let ¥ be a normed linear
space with a norm || - ||. Let C(X,Y) denote the set of all continuous

functions from X to Y. Let C be a convex set in an n-dimensional
subspace of C(X,Y) and F € C(X,Y). An element f* € C is called a

best uniform approximation to F from C if f* minimizes
- F
max ||f(z) — F(z)]]
over C, that 1s, if

ma ||*(2) = (o) < ma||f() = Pl

holds for all f € C. For f € C(X,Y), we define the uniform norm of f
by
1Al = mag S,

and endow the linear space C'(X,Y) with the uniform topology. Clearly
[|f(z)— F(z)|| is a jointly continuous function of two variables f, r and
convex in f, i.e.,

I(Af + (1= A)g)(z) = F(2)|| < M|If(z) — F(z)|| + (1 = Mlg(z) — F(z)]]

forall f,g € C(X,Y),z € X,and A\, 0 < A < 1. Hence if C is a convex
set 1n a finite dimensional subspace of C(X,Y), we can apply Theorem
1.1 and obtain the following necessary and sufficient condition of a best
uniform approximation from C.
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Best simultaneous approximations from a convex subset

THEOREM 2.1. Let C be a closed convex set in an n-dimensional
subspace of C(X,Y) and F € C(X,Y). Then f* € C is a best uniform
approximation to F from C if and only if there exist A}, .- A} >

0, Zf:l Al = 1, and k distinct elements z§,- - 2} of X, where 1 <
k <n+1, satisfying

(i) 15 @) = FEO = llf* = Flll i=1.2,
k k

@) D MNf@ND = Fadl > > A (3 - Fa})l]
=1 1=1

for any f € C.

Proof. (=) Let f* be a best uniform approximation to F from C and
let U= {feC|||f*— fll <1}. Then f* minimizes max,cyx ||f(z) —
F(z)|| over U and U is a compact subset of C because it is bounded
and closed in an n-dimensional subspace. By Theorem 1.1, there exist
Ay AL >0, SN =1, and {z),--- .2} C X such that

n+1 n+1

(2.1) Z Ml (=) = F(p)ll 2 Z Aillf*(z0) = F(aa)|]

for all A n41:Tnt1) € Xnt1 = {Ont1sFrg1) : Anpr = (Mg, - s Antt),
n+1
En-l-l = (.’E],"' ’In+l)a Z)\, - 1, A,‘ ZO. T; € ‘((Z - 1 ,7'L+1)},
1=1
ntl n+1

(22) 3 M=) = FEhI = Y MlIf @ = Fal)]

for all f € U. Let us denote the nonzero elements within Aj,--- Al
by Af,---, A} and the corresponding elements thhip xh,- -,z of
X by z%,--+,z;. The assertion (i) follows from (2.1) which means, for
i=1,-k

1£7(27) = FeDIl = max|[|f*(2) — F(2)ll = [Ilf* = Flil
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On the other hand, it follows from (2.2) that

k k
Y Xl = F(a)ll > Y AHIf(@d) - Fei|
=1 =1

holds for all f € U. Since the left-hand side of the above inequality is
a convex function of f and has a local minimum at f*, f* realizes a
global minimum by a property of convex functions. Thus ii) holds.

(«<=) Conversely, suppose that (i) and (i1) hold. These two conditions
yield

k k
Csupinf Y A[f(ed) = Fle)ll > YAl (2)) = F(a))l|
(Akv?k)e-)?k €c =1 1=1
=lIf* = FlII.

where X is similarly defined as the set YHH. The left-hand side of
the last relation is equal to or less than

inf Z)\ I1f(z;) — F(z;)|| = inf max||f(z) — F(z)]].

fe¢ (x k)Esz- 1 feC zex
S0

£ = FUI< inf J1f = FIIL.

Therefore, f* is a best uniform approximation to I from C.

REMARK. The proof of Theorem 2.1 is the same as that of Theorem
4.11in [4].
The next corollary states that f* is a best uniform approximation

on X if and only if it also is on some finite subset of X.

COROLLARY 2.2. Let C be a closed convex set in an n-dimensional
subspace of C(X,Y) and F € C(X,Y). Then f* is a best uniform ap-

proximation to F from C if and only if there exist k elements x%,--- , z}
€ X, where 1 < k < n+ 1, for which f* satisfies

(i) lf*(= *)—F(I W= =Flll. 7=1- .k

i - | > *(z%) - F(a*

i) max [If(z5) = Flepll 2 max [|f*(z7) = Flz7)]

forall f € C.
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COROLLARY 2.3 [3]. Let C' be an n-dimensional subspace of C( X, Y)
and F € C(X,Y). Then f* € C is a best uniform approximation to F

from C' if and only if there exist A}, - , A% > 0, Z; (A¥ =1, and k
distinct elements z3,--- |z} of X, where 1 <k<n+1, satlsfymg
(i) NF*(z3) = F(z)ll = lIf* = Flll. e =1, k;

k k
(i) D Xf(zh) = Fanll > YoM (el — Fal|
i=1 =1

forall f € C.

Proof. The conclusion holds since an n-dimensional subspace is a
closed convex set.

3. Best Simultaneous Approximations

Suppose that functions Fy,--- , Fy are in C(X,Y). Define a norm on
the linear space of ¢ -tuples of elements of C(X,Y) as follows: for any
Fi,--- \Fpin C(X,Y)let F=(Fy, - -, F;) and

N = HI(Fs - lH—maXIHZ a:Filll.

We want to approximate these functions simultaneously by functions in
a closed convex set C in an n-dimensional subspzce of C(X,Y). That
is, the problem is to find a function f € C which minimizes
3.1 max max ||F;(z) — f(z
(3.1) max, max||F(x) ~ f(o)]
over C. If such a function f* in C exists, we call it a best simultaneous
approximation for ¥ = (Fy,--- , Fy) from C.

In this section, we want to derive a necessary and sufficient condition
for a function to be a best simultaneous approximation. It is easy to
show that (3.1) can be expressed as

max max || Z a;Fy(2) = f(2)[] = max max [aF(z) — f(z)]|
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where the set A is defined by
£
A:{a:(ala"' 103):Zaj=1’aj20(1s.j Sé)}
j=1

If Z —19;Fj(z) is denoted by the inner product aF(x) of two vectors
a= (0(1,(12, -+ ,ay) and F(z) = (Fi(z),--- , Fy(z)), then the problem

takes on the expression

(3.2) minimize  max ||aF(z) — f(z)||over the set C.
‘ (a,z)€AX X

Note that A x X is compact, and ||aF(z)— f(z)|| is a jointly continuous
function of three variables a, z, f and convex in f, that is,

laF () —(6f +(1-6)g)(2)|| < 8l|aF(z) - f(2)||+(1-6)||aF(z) - g()|

forall f,ge Cand 8, 0<6<1.

THEOREM 3.1. Let C be a closed convex set in an n-dimensional
subspace of C(X,Y ) and let F = (Fy,--- , Fy). Then f* € C is a best

simultaneous approximation for F from C if and only if there exist

A, AR >0, Zle A¥ = 1, k distinct elements «3, - ,z5 € X, and
k vectors aj,--- ,a; € A, where 1 < k <n +1, such that
(i) llaiF(z7) = f*(z7)l| = max |1F5(28) = (=Dl
= = L k;
1rga§llllF = e=1 0k
(i)

k k
> AllaiF(e)) = £l > Y ATllaiF(e)) - Sl

for any f € C.

Proof. By the preceding remarks concerning the function ||aF(z) —
f(z)]|, we can apply Theorem 1.1. The rest of the proof is similar to
that of Theorem 2.1.
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Recall that the subdifferential or set of subgradients of ||| - ||| at any
element f of C(X,Y) is the set defined by

Al = {w e C(X.Y) « [llglll = HlIFIl|
+ < w,g—f >foranyg € C(X,Y)}

where the usual inner product notation is used to link elements of
C(X,Y) and its dual C*(X,Y). For an {-tuple ® = (¢1, -+ ,¢) of
functions in C(X,Y’), define the set

G(®) = {(a,w) :a € R |fa]l = 1,

> aidi =121, [[lull] = 1,w € 8]jjull]}.

i=1

Now let
¢i(f):Fi_fa l:]-w”g

for all f € C and let H(f) denote the set of ¢-tuples {hy, -, h¢} of
elements in C*(X,Y") defined by

H(f) =conv{(aiw,- - ,aw): (a,w) € G((f))},

where as usual ‘conv’ is used to denote the convex hull. Note that

" <hioil£) >= l12(f)l for all h € H(f).

=1

For f € C and any a € Rf with ||a||; = 1, define

E(a f)={zreX: Hzacb )y = [lI@CHIIY

and let
E(fy={zeX: IIZ i0i(f(@)lly = [||@(F)I]| for some a, |[a]| = 1}.
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Then for each distinct xx € E(f), there exists ay, ||lax||; = 1, such that
(3.3) Tk € E(ag, f).
In particular, (a,w) € G(®(f)) implies that
w € conv{v(z)é(z): z € E(a, f)],
where & is the delta function, and v(z) € 8]| T°_, a;é:(f(x))|ly. Thus

<w, f>=Y pp < v(xk), flax) >v,

k=1
where < ;- >y denotes an inner product between elements of ¥ and
its dual, where z, € E(a,f) and pux, k = 1,--- . s, are nonnegative

numbers summing to 1.[See [5]]

COROLLARY 3.2. Let C be a closed convex set in an n-dimensional
subspace of C(X,Y). Then f* € C is a best simultaneous approxi-
mation for F from C if and only if there exist m(< n + 1) distinct
elements z1,--- ,x,, of E(f*), m vectors ay,--- ,a,, satisfying x; €
E(ag, f*)(k =1,--- ,m) and m positive numbers v1, - , ym Summing
to 1 such that

Y wllaxF(ee) = feoll = > villarF(ze) — f*(z)l]
k=1

k=1
for any f € C.

Proof. By Theorem 3.1 and the above argument, f* is a best si-
multaneous approximation for F from C if and only if there exist

Yy 3 Ym > 0, kazl v, = 1, m distinct elements z1, - ,z,, € X
and k vectors a3, -, a,, € A, where 1 <k <n + 1, such that
(1) larF(zk) — f*(zi)l| = max [|Fj(zx) — f*(z4)]]
1<;<e
= Fo—fl k=1,---.m
lrgj'c.lgeil\ i = F yeam
(2)

AY

m k
> wellarF(er) — feoll 2 3 vellarF(ex) - F (a0l
k=1 k=1
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for any f € C if and only if there exist m(<{ n + 1) distinct el-
ements r, - ,r,, of E(f*), m vectors a;,--- ,a,, satisfying z; €
E(ag, f*)(k = 1,--- ,m) and m positive numbers v,,- - ,¥x summing
to 1 such that

Y vellarF(z) — fzo)ll 2 Y wllacF(ee) — £* (o)l
k=1 k=1

for any f € C.

Since an n-dimensional subspace is a closed convex set, we obtain
the next corollary.

COROLLARY 3.3. [4]. Let C be an n-dimensional subspace of C(X,Y).
Then f* € C is a best simultaneous approximaticn for F from C' if and

only if there exist Af, -, A7 > 0, Zle Af =1, k distinct elements
z3,---,zx € X, and k vectors a}.--- ,a} € A, where 1 <k <n+1,
such that
(1) [afF(z}) — f7(«))l| = max ||Fi(z7) - f*(«7)]|
1<5<¢
= F—f*l i=1,--- .k
max, IF; = FHll =1, R

(i)
k k
Y MllarF(e)) - fH) > Y AtllaiF(z}) — £ (x])]]
=1 =1

forany f € C.

COROLLARY 3.4. Let C be a closed convex subset in an n-dimensional
subspace of C(X,Y) and let F = (F\,--- , F;). If there exist m(< n+1)

distinct elements 1, - ,x, of E(f*), m vectors a,,--- ,a,, satisfying
with f = f*, and m positive numbers vy, + -+, ¥ summing to 1 such
that
m
(i) > < vilzi), fr(xi) >y =0;
k=1
m
(ii) >k < wvilax), flze) >y <0
k=1
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for any f € C, where vi(x 66“2, Laidi(f(@)ly. k=1,2,- -

then f* € C is a best sunultaneous aproximation for F from C'.

Proof. By Theorem 3.1, it sufices to show that

m £ m I
Yol aied £ @)lly <Yl Y aksi(f@l”
k=1 =1 k=1 =1

for any f € C. Let f € C be arbitrary, and let

eallZam @)y k=12

satisfy (1) and (ii). Then

m £
Yol Y gk f=)lly
k=1 i—1

Thus f* is a best simultaneous approximation for F from C.

5 M,

COROLLARY 3.5. Let C be a convex subset in an n-dimensional
subspace of C(X,Y) and let ¥ = (Fy,--- ,Fy). If there exists h =

(hy,hg,--- ,hg) € H(f*) such that
¢
(i) Y <hyf-fr><0

1=1
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for all f € C, then f* € C is a best simultaneous approximation for F
from C.

Proof. Let f be any element of C. Then

4
()1l = mex | Zai(Fi — Nlla
I4
> < w,Za,-(Fi —f)>

=1

for all (a,w) € G(®(f*)). Suppose that h € H(f*) satisfies (i). Then

{
IB(AHIN 2D <hoFi—f>

=1

£
=Y <hiFi—f"+f-f>
=1

¢
Zz<hi,Fi—f>

=1

= lle(FM)I.

Thus f* is a best simultaneous approximation for F from C.
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