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A COHESIVE MATRIX IN A
CONJECTURE ON PERMANENTS

SUNG-MIN HONG, YOUNG-BAE JUN,
SEON-JEONG KIM AND SEOK-ZUN SONG

1. Introduction and Preliminaries

Let Q,, be the polyhedron of n x n doubly stochastic matrices, that
1s, nonnegative matrices whose row and column suns are all equal to
1. The permanent of a n x n matrix 4 = [a;;] is defined by

p(‘I‘(A) = Z Q1o(1) """ Qna(n)

o

where o runs over all permutations of {1,2,... ,n}.
Let D = [d;;] be an n x n (0,1)-matrix, and let

UD) ={X = [xi;] € Q, | i; = 0 whenever d;; = 0}.

Then Q(D) 1s a face of Q,, and since it is compact, 2(D) contains a
mintmizing matriz A such that per(A)<per(X) for all X € Q(D).

Let R, denote the n x n (0,1)-matrix with zero trace, and all off-
diagonal entries equal to 1, and E;; denote the n < n matrix whose (¢, 7)
entry is 1, and whose other entries are all zero. Let C,, = R, + Eq; and
Jn be the n x n matrix with all entries equal to 1.

Brualdi [1] defined an n x n (0,1)-matrix D to be cohesive if there
is a matrix A = [a;;] in the interior of Q(D)(thas is, a;; # 0 whenever
d;; = 1) for which

per(A) = min{per(X) | X € Q(D)},
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and he defined an n x n (0,1)-matrix D to be barucentric if
per(B(D)) = min {per(X) | X € Q& D)}

where the barycenter b( D) of (D) is given by

WD) = (D) ZP

P<I)

where the summation extends over the set of all permutation matrices
P with P < D and per(D) is their number.

It is true that a (0,1)-matrix can be cohesive without being barycen-
tric. Such an example was given in [7] by Song. In [1], Brualdi conjec-
tured that C,(defined above) would be a likely candidate for such an
interesting example. Mine [6] gave a local minimizing matrix X, («) on

QUC,):

g o o ... o «o
a 0 v .. v 7
‘ a ~ 0 Yoy
(1) \,,((l) - . .
a7y v
a v vy ... v 0
where o = Re—r(—[;"—‘—il, P o= m—_—z—)—p%—!—zl‘-:i) and v =: M(——) with d =

per(Cy) — per(Cr-y). And Song [8] proved directly that (', 1s never
barycentric for n > 3. But, no one did determine the minimum per-
maent and minimizing matrix on Q(C,,) for n > 4. Moreover, it was
not proved that C', is cohesive for n > 4.

In this paper, we prove that Cy is cohesive. The general case remains
open.

Let A be an n x n nonnegative matrix. If colunn & of A contains
exactly two nonzero entries, say in rows i and j, then the (n—1) x (r.—1)
matrix C'(A) obtained from A by replacing row i with the sum of rows
i and ) and deleting row j and column % is called a contraction of A.
If A has a row with exactly two nonzero entries, then C(A4')" is also a
contraction of A, where A" is the transpose of A.

128



A cohesive matrix in a conjecture on permanents

LEMMA 1 ([3]). Suppose A € Q,, is fully indecomposable and has

a column (row) with exactly two positive entries. Then C(A) is fully
indecomposable and (n — 1) x (n — 1) doubly stochastic, and

2per(A) > 2per(A) = per(C(A)) > per(C(A)),
where A (C(A)) is a minimizing matrix on the face Q(A)( or Q(C(A)),
respectively) of ,,.1
The following Lemina is a known result (See [3] or [7]).

LEMMA 2. If A = [ai;] is a minimizing matrix on (C,) then
per(A(i | 7)) > per(A) for a;; =0 and ¢;; = 1.0

2. The cohesiveness of C,

Egorychev [2] proved that 1.7, is the unique minimizing matrix on
Q,. After that, determining the minimizing matrix and minimum per-
manent on (R, ) i1s one of the famous problems on permanents. Lon-
don and Minc [4] proved that 1R, is the unique minimizing matrix on
$2(R4). But the general case on ( R,,) remains open. We use this result
in the proof of the cohesivness of Cjy.

THEOREM 3 ([4]). For any A € Q(R4), per(A)>per(iRs) = §.
Equality holds only if A = (R,

THEOREM 4. The matrix Cy4 is cohesive.
The proof follows from the Lemmas 5, 6 and 7.

LEMMA 5. If A = [a,;] Is a minimizing matrix on Q(Cy), then a;y is
not zero.

Proof. Suppose that a;; = 0. Then A is contained in 2(R4). Thus

1 1
(2) per(4) > per(3Re) = 5
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by Theorem 3. Consider a likely candidate

2

1

2
L1 3
Xy =2 ;

o KN
W W O e
WO Wi

0
in (1) for a minimizing matrix on Q(Cy). Then

. 27
(3) per(Xy) = %6
which is less than %. Hence A with a;; = 0 can not be a minimizing
matrix by (2) and (3).0

LEMMA 6. If A = [a;;] is a minimizing matrix on §(Cy), then aq;
and a;; are not zero for j = 2,3 and 4.

Proof. Assume that a5 = 0. Then az3 and a4 cannot be zero since
A 15 fully indecomposable by Lemima 2. That is, the second column of
A has only two nonzero entries. Now, consider the contraction C(A) of
A on the second column;

apy aiz (114\
C(A) = azy (23 Qg4 |
azr + a4 a4z azg

Then C(A) is contained in (J3). Thus

1 2
(4) per(C(A)) > Per(ng) =9
by the van der Waerden-Egorychev Theorem [2]. And Lemma 2 implies

that

(5) 2per(4) > per(C(A))
Since X, in (1) has 2% as its permanent from (3), we have
1 27
per(4) > 97 25lG = per(Xy)
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by (4) and (5). Therefore A with a;2 = 0 is not a minimizing matrix
on QY Cy).

By the similar proof, we can show that ay; is not zero for j = 3,4.

If aj; is zero for j = 2,3 and 4, then we can show that A4 is not a
minimizing matrix on §2(4) by the use of contraction on the jth row of
AR

LEMMA 7. If A = [a;;] is a minimizing matrix on Q(Cy), then a;j is
not zero for1,j = 2,3 and 4 with 1 # j.

Proof. Assume that a3 = 0. Then a;3 and a4; cannot be zero since
A is fully indecomposable by Lemma 2. That is, the third column of A
has only two nonzero entries. Thus the contraction C(A4) of A on the
third column has the form

aj; +aq1 ajz +agy ayg
C(A) = azi 0 a4

as; aza a3zg

Since C(A) is contained in Q(J3 — Es;), per(C( A)) is greater than or
equals the minimum permanent on Q(J; — E,3). But the minimum per-
manent on §2(J3 — Eyy) is i by Theorem 1 in [1] because the permanent
1s invariant under the exchange of rows or columns. That is,

1
(6) per(C(4)) 2 7.
Since X4 in (1) has 2—:% as its permanent from (3), we have
1 1 27
per(A) > §I)or(C(A)) > 3 > 556 = per(Xy)

by (5) and (6). Therefore A with az3 = 0 is not a minimizing matrix
on (Cy). By the similar proof, we can show that a;; is not zero for
2,) =2,3and 4 with7 # ;7. B

Proof of Theorem 4. Assume that A = [a,;] is a minimizing matrix
on (Cy4). Then Lemmas 5 and 6 imply that a;; and a; are not zero
for : = 1,2,3 and 4. Lemma 7 implies that a;; is not zero for 7,7 = 2,3
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and 4 with ¢ # ;. Hence the minimizing matrix on Q(Cy) is in the
interior of the face Q(C4). That is, Cy is cohesive, as required. W

As a concluding remark, we propose a problem which is related to
the conjecture of R. A. Brualdi in [1].

Problem Does the assumption that ﬁRn 1s a mininuzing matrix
on §(R,) imply the cohesiveness of C, for n > 4 7

In this paper, we see that the answer for this problem is yes for n = 4.
Here we have a partial result on this problem.

PROPOSITION 8. Let A, = [a;;] be a minimizing matrix on Q(Cy).
R, 1s a minimizing matrix on Q(R,), then the entry ay( in A, Is

If -

not zero.

Proof. Assume that ay; in A, is zero. Then A4, is contained in the

face 2(R,). Since n—l— L

- R, is a minimizing matrix on Q(I2,). T—‘TR"

is a mimmizing matrix on (C,). Hence we have por(;'—l_—l]?,,) <
p(‘r(ﬁRn(lfU) by Lemma 2. But
1 1,
per(Ay,) = per( R,) = (—) per( ;)
n—1 n—1

and

per(An(1 1 1)) = per(——Ro(1] 1)) = (—— )" per( Ru_y).
n—1 n—1

Thus we have that per(R,) < (n—1)per(R,_1). However, for n > 4, we

have per(R,) = (n — 1)[per(R,_ )+per(R,_2)](see [5] Page 44), which

is greater than {(n — 1)per(R, -1). Hence we have a contradiction. This

implies that ay; in 4, is not zero. M
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