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ABSTRACT FUNCTIONAL EVOLUTIONS
IN GENERAL BANACH SPACES

Ki Sik Ha|and Ki-yeon Shin

1. Introduction and preliminaries
Let X be a real Banach space with norm || • ||. We let C denote the 

space of all continuous functions f : [—r, 이 t X for a fixed r > 0. For 
fee, ||/||c = sup_r<a<0||/(5)||._

We consider the abstract functional evolutions of the type

xz(t) + A(t, xt)x(t) B G(t, xt), t e [0, T],
xq =奴—r < < < 0

in a general Banach space, where for a function f : [—r, T] —> X, 
/t(3)= f(t + 5), i 6 [0, T], s g [—匚 이 with a positive constant T.

An operator A : D C X 2X is called "accretive” if

ll^i - x2\\ < II中-x2 + A(yi -，2)||

for every A > 0 and every t/x], [x2, ?/2] 6 A. It is called um- 
accretiven if it is accretive and R(I + AA) = X for all A > 0. If A 
is m-accretive, we set

|4r| = Hm 人이' x e X,

where A\ = (J 一 J人)/入 with J*  = (/ + AA)-1. We also set

D ~ {x E X : |Ax| <
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It is known that D(A) C D(A) C D(A). For other properties of these 
operators, the reader is referred to Barbu [1], Crandall [2], Crandall 
and Pazy [이 히辺 Evans [4].

Tanaka [12] has recently obtained the existence of a unique limit 
solution of the abstract nonlinear functional evolution problem of the 
type

9 t e [0,T], xQ ~

in a general Banach space by constructing the ulinesn which satisfy 
certain approximate discrete scheme. The solution is obtained from 
the uniform limit of the "lines”. Kartsatos and Parrott [10] also have 
the similar results with different method. For the operator 
Kartsatos and Parrott [8], Kartsatos [7] have studied by use of fixed 
point theory and Crandall and Pazy5s result [3].

The following conditions will be used in the sequel.
(A.l) For each ("©) e [0,T] x C, A(5 : D(Ag)) C X 2X 

is m-accretive in X, where ^)) is only dependent on 
We denote D(A(i,^)) = D(t).

(A.2) For each £ [0, T],也i屛2 € C、and v E X、

- 也2)에

< 二0시에)世 - s|(l + ||4入(S, 例)이I) + I阳 一 ^2lid

where Lq : TZ+ —> TZ+ = [0, oo) is nondecreasing, continuous 
function.

(A・3) For t, 5 e [0, T], and 如可* 畑 € C,

||G(tM) — G(L©2)|| < 知 I物-^2 ||c,

)|G仆屛) 一 G(s再川 V 以이例c卅 一

where k\ is a positive constant and L\ : R누 —> R누 is nonde­
creasing, continuous function.

(A・4) </> is a given Lipschitz continuous function with Lipschitz con­
stant A：o on [—r, 0].

By virtue of (A.2), it is known that D(A(t,^)) is independent of 
(私©) G [0,T] x C. (See Evans [4].) We denote by D 三
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The main purpose of this paper is to obtain a ^generalized solution 
” of (FDE泌)with direct method. When the functional term in A and 
G is fixed, (FDE泌)is converted a very well known evolution prob­
lem. Then we employ the Banach contraction principle to get a local 
generalized solution.

We define a set E by

£ — {u : [—r,T] X I u(t) is continuous, u(t) = for t G 이 

and ||tz(ii) - u(f2)|| < M\tx - 시 for ii,f2 € [0,T]),

where
M > max{A:o,(|A(0, #泌(0)| + ||G(0, ©)||)e}

is a constant. Clearly, E 丰 § since the function u(£) defined by 
u(t) = ©(£) for t G [—r, 0], and u(t)二二机0) for t € [0, T] belongs 
to E. Moreover, the set E is a complete metric space with supremum 
norm || • |卜「,幻.

2. Main results
In the following discussion, we assume that the hypotheses (A.l)- 

(A.4) hold and〈6(0) € D. Let u G £*  be arbitrary but fixed. We shall 
first consider a more simple evolution problem which is converted from 
(FDE:©) by employing the above u E E.

By fixing the functional term with u E E)we consider a problem 
from (FDE:,) by 난le type of

9 G(t, ut), t e [0, T], xQ =奴

For the simplicity, we put B(t) = ut) and g(t)三 G(f, ut) for t € 
[0, T]. Then our hypotheses (A.1)-(A.3) and the problem are converted 
as follows.

(EE : 如 u) 서0) + B(£)w(t) 9 g(f))t 6 [0, T], x0 — 如

(B.l) For each t E [0, T], 风t) : D(t) U X -스 2X is m-accretive.
(B.2) For each 们 s € [0, T] and v E

\\Bx(t)v - 协(s)에 < 巩(II에)|t 一 s|(l + M)(l + |冋(司에)

三 么시에)IJ 이 (1 +II 协⑶에)
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where Lq : R+ t is again nondecreasing continuous function with 
= (1 + M)Lo(p) and B\(t) is the Yosida approximation of B(t).

(B.3) For t,s G [0,T]

IM⑴ 一 g(s)|| < ||G(t,” - G(t,%)|| + ||G(t,ua) - G("s)|| 
W 知 |回 — ”s||c + •乙1시2시|c)|*  — s| 
日知M +頌||i시 |c))|Ss|

+ 巩(忡||c + MT))\t 一 s|
三 l>i \t — s|

where Li is a constant. Here we have used the below result ||ua||c V
Mc + MT. ~

Lemma 1. Let (A.1)-(A.4) hold. Then, for fixed u E E, there exist
G = G0), i = 1,2,3,4, which are independent of u, such that

泌(0)1 =回加(0)1 < Cl + cm t e [0,T], 
l|G(St)|| = ||g(圳I <c3 + C£T, t e [0,7]

where

C\ = S(O0泌(0)1, 切=」WIIM))||)(1 + M + G),
。3 = ||G(0, ©)||, + 乙1 세©||c).

Remark 1. We note that constants C1-C4 are dependent only on 
<3 by (1).

Proof. First we 아low ||ut-(/>||c < MT. For t G [0, T] and 0 e [-r, 0], 
if t + 0 > 0, then

II的。)-弘別=||u(i + 0) - ©(钏
< 11热 + 0) —M))li + ”(0)-雄)||

< 扁I이 + M\t + 이 < Mt < MT.

If i + ^ < 0 then

1回伊)-贝。)|| = |渺(£ +。) 一 切0)|| < kot < MT.
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Hence, ||ut 一 </>\\c = sup^e[_r)oj ||u(t + 0) - ©(°)ll V MT.
By (A.2), we have
||40 財。(0)||

< I|Aa(0,们M))|| + 乙H”(O)|l){|t - 01(1 + ||Aa(0, ^(0)11)
+ Iht 一 州 c}

< l|Ax(0, ©泌(0)11 + L)시机0)11)0(1 + ||Aa(0, 0泌(0)||) + MT} 
for t € [0, T]. Letting A 0, we get

I厶(£,* ”(0)1 < |4(0M泌(0)1 + 꼬厶이切0)||){1 + |，(0M洒(0)1 + M}.
Therefore, |A(f, ut)<^(0)| = |B(i)^(0)| < C\ + C^T.

Again by (A.3), for t € [0, T]
||G(t,*)  - G(0, <^)||

< ||G(t, *)  — G(t,如I + |iG(t,饥 一 G(0,钏
V ^i||wt — 州 + 昂(肘lie)*  < k^MT + 乙1 시刨°)끄 

=丁(虹讨+乙认"|0)).
It implies that for / G [0, T]
||g(圳I = < ||G(0M)||+T(知M+昂세씨|c)) = C3 + C4T. □

Let (ij }^_0 be a partition of the interval [0, T] for fixed n, where 
t： = jhn — jT/n^ j — 0,1, • • • ,n. And we let g： = When 
we put Xq = ©(0\ we construct a sequence {£；}；=()of elements of X 
satisfying

— xn 
卫一产- + 3缶)吋 j = 1,2, • • • , n

by m-accretiveness of B*  The step function
小 J頤)，捉[一財],

1 吋， £€ 堺,j = ，n
is called an approximate solution of (EE:</>,u). If the approximate so­
lution converge to some continuous function uniformly on [—r, T], we 
call it the limit solution of (EE:^,u) on [—r,T].

By the assumptions (B.1)-(B.3), we may conclude that conditions 
(A) and (C2) in Theorem 2 of Evans [4] are satisfied. So there exist a 
limit solution on [—r, T] as in [4]. However, we calculate some bounds 
precisely to assure that they axe independent of u.
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LEMMA 2. Let (B.1)-(B.3) and (A.4) hold. Then there exist con­
stants C5 = C5(^) and C8 = such that

\\xn _ xn_i II
앙P{。尹簿尚;圳} M and 음P{股災” 으祈匚-} V &

where
(2)
c5 =忡(0)11 + (Cl + C3)T + (C2 + c4)r2,

C6 = 60) = £0이© (0)11 + C3 + (G +c3 + c4)T +(c2 + c4)T2),

C7 = %(S) = + 巩(||州 C + mt} + (1 + c3 + C4T)C6,
cs = [(Ci + C3) + T(C2 + c4 + C7)]eXp(C6T}.

Proof. We assume that n is sufficiently large so that hn < 1 and 
1 — hnC^ > 0. And we set g； = and J^(t)=

= (I+AA(t,ut))-1. Since x：=氐+ 如婷)，

略 - 切0)|| = II政*;)(吋 _】 + hng；) - 政(弓"((시I

+ II丿打弓W(。) 一彼0)11

< II吋—I - 剛)11 + M9；ll +，시1%0泌(0)||
< II®j—i — ©(0)|| + hn{Cs + C4T) + hn(C\ + C2T)
W II^7-2 _ ©(0)11 + 2如(C3 + C，*T)  + 27zn(Ci + C2T)

< I同-0(0)11 + J為(％ + Caj+jKn(Ci + C2T)

= T((C1+C3) + (C2+C4)T}

for J = 1, 2, • • • , n. It implies that

1 픙将 的II < 肘(0)11 + (Cl + C3)T + (C2 + C4)T2 = c5.

Now we have a bound for — £；_打|〃妇 with similar steps. In
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other words, 

ig；-殍—Ji =卩打奸)(吋t+如矽)-鲨，(臼i)(吋_2+Mr-jn

< + 5 -媳㈤)(吋_2 + Mr-Oli
+ II政”;)(球一2 +疆；_1、) 一丿咒(奸_】)(吋_2 +如矿_】)|| 

彳时_i-殍_시|+ 如 ||g；-g；\||
+ 如||功、”；_])3；_2 + M；-l)-功*( 肖)(哨_2 +

< II吋T - 4-211 + hn(hM + 巩시씨Ic + MT))hn
+ 如乙。새:苧시1 + "1协顼 w-弓项

•(1 + ||如"二)(吋_2+如奸_])||.

Since •玖，,(奸一i)(吋一2 +、g；_q=g負一(弓二-x^_2)/hn and ||^-2II 
< C5,

II®" — 吋-ill = ll^j-i — xj-2 II + hn2(kiM + 乙1 이©||c + MT)) 
+ hn2L0(C5 + hn(C3 + C4T))(1 + C3 + C^T + ||(吋_i - x]_2)/hn\\.

It implies that

파孽 楸 一 :璞顼/扃1 으 J
=1 <!器 x ||^fc — xk~i^/hn + h，ngM + £](|物|c + MT))

+ Ml + C3+ C4T)Lo(C5 + hn(C3 + c4t))

+ Lo(C5 + hn(C3 + C4T)) max II：建-成_] ||

< 1 max ||z? — 球—JI/膈 + h^k.M + 匕业泌 ||c + MT))

+ ^n(l + c3 + C4T)C6 + C6hn max ||：咪 一 ||//知
^<k<j

since L0(C5 + hn(C3 + C4T)) < C") = Q = L0(C5 + G + C4T).
Using Pn = 1 - hnC6 e (0,1), we have

p I
E므- J懸侦碌 - ®fc-i|| < hnc7 + — max 꾜 - 呢一】 |l
an 1京分 tln 1争少_1 
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where Cf = C? = kxM + 乙 i 시削|c + MT) + C6(l + C3 + C4 f). 
Iterating this process, we get

万므 낏渗 Ik*  - xfc-ill < hnCi + "f7 + -pV— max J] 球 — 状顼| 

hn 1<k<n % 匕Mn l<k<n-2

r—2 1 -I
5©切布+顽戸I同Fl

nT 1 1
財어 切布+ E二gF"

Therefore, since Hx" - < Zin[(Ci + C3) + T(C2 + C4)],

芝澄II3繕-呢_1||hn l<k<n
n 1 I

5©£帝+皆|同-知

- &어 £ (島伊 + 法戸・((C1 + c3)+(c2 + C4)幻.

Since
扃文命"芒(轟g/(l-籍)”，

s=l 1厂" 3==1丿 n

and limn_+oo(l 一 (C6T)/n)~n = exp{C6T),

土塵「球F_]||

< (C7T + (G + C3) + (C2 + C4)T) exp{C6T)
< ((G + C3) + (C2 + C4 + C7)T)exp{C6T) = C8.

Consequently,

꼿%C II 丄 으T II g C8. □ 
i<j<w hn

We now show that the constructed approximated solution xn(t) of 
(EE:<^,u) is a Lipshitz function so as to find Lipschitz constant of a 
limit solution for (EE:奴蔑).
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Lemma 3. Let (B.1)-(B.3) and (A.4) hold. For sufRciently large n, 
there exists a constant Cg =。9(<力)such that

lkn(*)-^n(«s)||  < 2C%T/n +《지t 一 $|, 0 6 [-r, T],

where Cq = max(fco^8)which is independent of n and u.

REMARK 2. Since a limit solution of (EE:饱 u) is the uniform con­
vergence of an approximate solution xn(i), we may say that a limit 
solution is actually a Lipschitz continuous function with Lipschitz con­
stant Cg・ Most important things are Cg is independent of u and a limit 
solution could be included in E if the interval T in Cg is adjusted so 
that Cg < M.

Proof. We define a function

©(n t e [-r, 0],
zn{t) = rn--rnI 哨t +(<-弓二)辎브, t e (*" ；], j = i,•••,«•

Then it is easy to show that zn(t) is a Lipschitz continuous with Lip­
schitz constant Cg. Moreover, since

hn(0 - &(圳 < II 吋-牛]-(<-垸_])(吋-吋_])/如II 
分1(臨-(J弓、))(吋-球_])/樵|| 

日常 T)||(吋-吋_])/"||"，0.

forM (弓七"就

||xn(f) — Xn(5)||
< lkn(0 一 2負)II + \\zn(t) 一 (s)||  + ||%(s) - 以司||*

< 2hnCs +

for G [—r,T]. □

THEOREM 1. Let (A.1)-(A.4) hold and ©(0) € D. Then there exist 
a limit solution xu(t) of (EE:饱u) on [—r,T] for fixed, u g E. Moreover, 
xu is Lipschitz continuous with Lipschitz constant Cg on [一質,꼬].

Proof. By the assumption (B.l), B(t) is m-accretive operator on 
X for t £ [0, T]. Thus, it satisfies the Condition (A) of Evans [4].



134 Ki Sik Ha and Ki-yeon Shin

Also, since (B.2) and (B.3) imply the Conditions (C.2)> we conclude 
that there exists a continuous function xu(t) : [—r, T] —* X which is 
the uniform convergence of the step function xn(t). Also, the limit 
solution xu is Lipschitz continuous with constant C9 by Lemma 3. □

Now we show the relation between the limit solutions of (EE:^,«) 
and (EE渺®) for E E.

THEOREM 2. Let xu(t) and yv(t} be the limit solutions of (EE:^, u) 
and (EE渺,v) in Theorem 1, respectively. Then for 0 < r < t < T

IS(Z) - 加(圳I < Iku(-r) 一 %，(t)|| + C6T||u - 애[_r,幻

+ j ks(77)-饥，(7?),G(77,(：g爲)一G0,(饥,)〃)]+曲.

Proof. Let xu, yv be the limit solutions of (EE渺,u), (EE:^, v), re­
spectively. By the definition of the limit solution of (EE:^, tt), there 
exists an approximate solution xn(i) such that

xn _ xn
(3) 丄L그 + 4(垸 四;)xi m G(罗 ut?),

:%(0)=端=8(0) and xn(t) = xf, t e j = 1,2, • • • ,n,
where hn = Also, there exists an approximate solution ym(t)
such that

⑷ 坚了义1 +由瘠咋)席9 G(sf,y),

，m(。)= y^1 = 8(0) and = g甘)t € (s^-i ? k = 1,2, • • • , 丁?2, 
where hm — —興\・ Let 6 6 (0,T/2) and assume that n and
m are sufficiently large such that max{/zn, hm} < 8. Then there is 
a positive constants C초。= Cio(^) and C、= Cn(<^) such that for 
p G {0,1,... ,n} and q G {0丄…,m}

3 k
ll< - yH < 略-必|| + C"小 + £ + £用0

(5) i=p i=q
+ jhn{(6~1p(T) 4- Go)(功止 + 熠-s；|)
+ P(2$) + Cc(hn + ||u — 이卜質,幻)}
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for j = p, ••- ,n and k = q、…,m where

Go ― C*e （l + C3 + C4T + Cg + Af）, and 
= max{Go, 2C3 + 2C4T + C*s}.

Here the symbols used above are defined by

号=杪-一G（垸（纽，如）]「，

where [x,y\T = r-1（||x + 丁训—||x||） for r > 0,

. 2
饌=I"或,y） - G（sf ,SE）|| + -IlyP-^DIh

9 人
p（t） = sup{-|M（t） - g"r）|| + ||G（r,（%）r） - G0,（s）：）|| ： |i - r| < /} T

DJtk = ｛（（奸—t；） — （sf - sj））2 + （t； - t；）hn + （欢 一 sj）膈｝* 

+ ｛（。；-靖）一（我一明））2 + （肖-t；）hn + （就-S?）為｝.

First, we prove that （5） holds, we let a = AnA7n/（/in + hm\ From （3） 
and （4）, we have

x? 1 一富:
郎;,吋）吋 9 G（罗吋） + 上，으,

*■題成 9 G（成EQ + 으브二些. 

几m

Choose 0 < A < 1. Then, with the similar steps in Lemma 5.1 of Evans 
[4],

xn — xn
J”（奸,zy）（吋 + Sk（G（奸，约） + 上i一으）） = 吋, 

h，n
丄八（瘩呻）（娘+ C（G（眾,y） +箜专二丝））=微七

hm
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From （A.2）-（A.4）,

II殍-响

Xn . — xn
< II，危（罗,吋）（玮 +/"何,吋） + ~으土一匕））

*^n
- 払（垸吋）（g? + "G（成"咁） + 으呉二箜））||

hm
+ II丿以垢紗）S + S\（G（理"咁）+ 으性二으码） 

喝值，

- 丿以（sW，g）S +b"（sf,%Q+ ^专二으码）11

7* n — 7、"

*4* + （i - 入）4" = AJtk < 爲飞 4?一侦 + 새七 侦-i
hn + 九 m hn + hjrt

+ 11（1 - 시（殍 - 猝） + b시G（垢知，） — G（成"咁））|| + U,

< II （z； + b시G（垸 ut? ） + -2그一으））

- " +，〃（G（s甘,«） + 으呉二丝）川

+ bMMIgf + <〃（（고（郊,吨） + 丝글二丝川）｛|奸 - s 饥 

hm
• （1 + ||4八（城"笙）（照+〃（（구（成"咁 + 尧二으乌 H）

+ im弓—lie

玲一…主「萱5巴二建 

如 hm

= （1 一 시（吋 — 妃） + 灣끌*; - - 娘） + ；쓰广（吋 - 谑\）, 

hn + hm hn + hm

when we set AJtk = ||z； — y^||, we have
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where

u = aALodl^r +vs?） + 坚二으'）们诉； - ^1

, （1 + ||4八（戒，吨）（娘 + af（G（sf，。咁）

+ 사급一으-）il） + 1映 - gllc}.

It implies that

4*  「으늘—鸟一*  + 厂丄늘一+ 孚（I限; - 殖）

+ i으%（G（垸 吋） - 이出 吋））11 - II吋 - 明） + 을

h，m A hn 人
7 '—F —缶—* + ~ '—j 
*^n + hm *̂n  +

+ g； — 9口。（（구（垸 &；） - （구（欢*咁 ））矣 + y,

where & = 시（k — A）. By letting A —> 0, since

T TbZo（|k们I）时-就|（1 + ||G（sf ,y） + 气*）||）

+ ||y - gllc}

<。。6诉；—$饥（1 + °3 + C^T + Ch） + II四；~ vs^ ||c}?
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we have

4册 -「쓰^―Aj-i,k + t—A,*-i
如，+ h，n 十 hm
+ 秘；—, b(G(Z；, ) - G(s昏,v3^ ))]+

+。。6{啰—sf|(l + C，3 + CaT + Cq) + — ||c}

< 늘-Ajfk + 厂一뜨一+ aC^utn 一 v8m||c
h，n + *̂m  hn + hjrji
+ 이 C，6(l + c3 + C4T + C8)|f； - sfl
+ 问-况板(G(t；,結)-G(s3y)))+}

-V ' f1? AJ,k-\ + 7~~T~Aj~i'k

+ ~—— Us旨 lie + 6(1 十。3 + C4꼬 + CQ hn + hm '
•|t；f 口+鄭+ 於+P的一S冒)}

by the fact that

［吋一必 G（t；,吋）- G（s" y ）］+

<【吋-邱）,G（垸吋）-G（0 （如角）］r

+11%饥疆？）-g（s“（s）咁川 + |hr-^r）n

+ l|G（s饥（由）咁）-G"；, 3啪）|| +或）-四（奸）|| 

孕；+砂+ Q的一舟）.

忙，项任1（罗-成‘）-如| + /知

< 1（奸-靖）-国一明）一如I +忡一 s哉+扃

W 0_頌+I靖一咧+如，

£商；~^1） < 尸项7）（枠—s饥）一 hn）+fi（26）
< "/侦）（4-m + 忡-3-1） + 八26）,
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for some p G (0,1, ,n) and q € {0,1?' " : m}, and

一 lie J II* ； 一 + ||奶矿-^3^ lie
J A邛；-5^| + ||usm - V5m||C

M MDj-\^k + A邛；—sjl + Mhn + ||四咁—咁||s 

we have

4 / hn j . hm
— 7~~"jW-i + ~一一~"j-iM

"n I 花口十九m

+ 如如 {0(1 +(% + C4T + &8 + M) + #Tp(T)) 
hn + 方 m

+ \ip 一 sjl) + C,6(l +(% + C4T + Q + M)hn
+ $； + 3矿 + P(28) + C시|u - 에[一尸,?仆

Consequently, when we put Gio = Ce(l + C3 + C【T + Ck + Af), we 
have

& / "n 4 . hm
— 7~~T~^3^-1 + -—■~A3-iyk 

•^n » *̂n  i

(6) + 土牛"w + "妃))(咨*  +1站-饥)

+ C*io^n  + 當 + S旨 + p(2分 + C시m _ 이l[-r,7】}・

At this moment, we consider 一 for % = p + 1?… ,n. Since 

j* n _ j；n
|4(靖, 四)吋I < ||G(t"紳)|| + II-으「一이I 

<c3 + c4r + c8, n
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by (A.2)

睥F

V II 无 + 如 —丿匕(电四:加;I]

+ II )^p 一 ^pll

< IKx - ^；|| + 如IIGQMQII + hn\A(t^ui?)x；\
< II球t -噸 +，니冏给%)|| + 如|紿財峠)明

+ 力00시玮||){|罗 - Z；|(l + |4(Z；,"£；)£；I) + II辺: — 队崂II사
< 阮丄-咐II + hn(C3 + C4T) + hn(C3 + C4T + C8)
+ /顽爲也；—|(1 + C" + C£T + C*8 )+ M\tf — ip |}
||^^-1 — xp\\ + 如G也：—ip\ + hn(2Cz + 2C真 + Cg)

< ||^^-1 — z；ll + hnCn\tf — tp \ + AnCu,

for i = p + 1, • •.,n where Cn = max{6*10,26,3  + 2C^T + C3}. If we 
add this inequality for z = p 4-1, • ■ • we have

3
11^7 — xpll，으 GJ知(j — p) + C\\hn £： \tf _ t^\

»=p+i

< c、如(j — p) + Gi (顶—,)2 如 2
= Gi|t；T；| + C4；T；|2

，으 CnDj,q.

For p < J < n and k = q、

I同一咁I W G1(啰 T；l + 啰 t；|2)

< CuDj,”

which yields

II吋-妒 II V|g；-吋 II+ 11 球-妒 II 

分网-罗却+ GUM

Similarly, the above inequality also holds for j ~ p and g < A: < m. 
Next, let p 4- 1 < j < n and q + 1 < k < and suppose that (5) holds 
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for the pair (j 一 1, fc) and (j, k — 1). When we substitute (5) into (6), 
we get

1 3 k-고
4" - —'孙 + cgz + £ "n + £0%”

n 거- m i=p t=q
+ 丿如［("«「) + Cko)(Rz + \t； 一 心 + C1Qhn + p(2d)

+ C6||u - 에i幻］ )

r I k 八
+ --- 끄-------  - 妒|| + C*ll-Dj-l,Jb  + £ 矶나妬 +

hn + hrn ,=p 『

+(J - 1)九我［(6-1p(T) + Cio)(-Dj-i,jt + \tp —滞|) + C\ohn

+ /乂而) + Ce||u — 애［一「,幻］ ｝

+ 厂므？ ｛("p(7)+ + I* ； — 5^l) + GMn

+ /乂28) + 5； + 頷 + C&^U - 애［_r,T］｝

=Ikp _ + Cn(-—-Dj-i.t)
"n + h，m h，n + 九 m

3 k
+ £ 8：hn + £研檢 + 汎｛("p(T) + Go)

t=p i=q
* (P成 + 1塔 — 明I) + C10hn + p(25) + C^u — 에［_『｝

3 k
< 略 一 必II + GH小 + £<5；나如 + £用邛蜘

r—p *=q
+ J如｛(5-七侦)+ Go)(Z小 + \t； - sjl)

+ GMn + P(25) + Co ||u — 에(_質,71 ｝

Here we have used

厂쁘厂如t + :쁘「Di < %.

Thus it turns out that (5) holds for the pair (j, k\ Hence, we conclude 
that (5) holds for all p < j < n and q < k < m. Let r G
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(縁_1，明]and t e (号一";:]n(S岩T，s饥.Letting n,m oo in (5), 
⑺

j
际"(%) - %(圳I < ||c«(t) - z/„(r)|| +limsup、，[殍膈

n•一*8  i=p
k

+ limsup〉：Rn^m + 70(23) + CgT^u - 끼•，幻. 
m-一►oo i=q

Since

lim n—»■ 8
%8；hn= /' 

i~p T
俱“3) - s，S),G(?7,(Zu)w)- G(7?,(%)0)]M77

and hriim―

脸如) - yv(t)\\ < ||x„(r) - 以"厂)|| + CgT^u - 에I,幻

+ J gu(7?)- %3), (구3，(2棚)，7)— G3，(M)Qk*7

Again, by letting r | 0 for the above inequality, we finally have desired 
result. □

Theorem 3. Let ©(0) E D and (A. 1)-(A.4) hold. Then there exists 
T E (0, T] such that (FDE泌)has a unique generalized solution on 
[0,T].

Proof, Let u^v E E be arbitrary. By Theorem 2, for t E [0,T\ we 
have

ll^uO) 一 说(t)||

冬 CX끼m - 에[一r,幻 + L ||G(〃, (z»7)- G(?7, (但為)|| dr] 

ki\\xu 一 yv^[-r,T\ 由

W CqT^U - 애[-5 + k-iT^Xu 一 ?시卜r,幻.

Therefore,

(8) I函 一 ?/v||[-r,T] < CqT^U 一 에[_匚幻 + kiT^Xu 一
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for 5 G E. Noting that C6 =】扁(|泌(0)|| + C3 + (G + C3 + C4)T + 
(C2 + C4 )T2) is independent of u, v, we set

_(G + % + C4) ++ C3 + C，4)2 + 4( C2 + C4)
,- _ 5(9) 幻= 2(C2 + C4)

(10) T2 = 1/(知 + 跖 + M), where Kt = 丄)시©(0)|| + 夂 + 1),

(11)
T M —(Cige

3 _ (C2+C4 + K2)e'

where K2 =妇M +乙i(||州c + 1)十(2 +。3)砧.Let T = min{T, T：, T2, 
T3}. Then, for the interval [—r, T], we have same result as in Theorem 
2. In other words,

II^U - yv\\[-r,T\ V CqT]\u — 애[_質,幻 + kiT\\xu — yv||[-r,T]-

But (Cl + C3 + C4)T + (C2 + C4)T2 < 1 by (9). Moreover_C6 < 
乙o(膈(0)|| + G + 1) = Ki・ It implies that exp(CsT) < exp{K\T} < e 
by (10) and < K2 by (2). Therefore, on [—r, f],

(12) II項 — J/v||[-r,T] < K^T\\u — 에[f 幻 + k\T^xu — yv||[_r,7]-

We replace T by T in the set E. Since

C응 = [(Ci + C*3 )+ 7((?2 + (爲 +(了7)] exp { C& T}

W [(Ci + C3) +

V (Ci + C?3)e + M — ((?i + 0*3 )6 = Af,

we may conclude that Cg = max{fco, < M. By Lemma 2, the limit 
solution xu is included in E for confined interval [—r, T] for u E E, 
Therefore, xu E E for all u E E, If we define an operator F : E t E 
by u 1 xn, where aru(t) is the limit solution of (EE:<^,w), then F is 
a strict contraction on a complete metric space E by (10) and (12). 
By the Banach fixed point theorem, there is a unique fixed point of 
F in 玖 say x(i) for t E [—r,T]. Then, x(f) is 나比 unique generalized 
solution of (FDE渺)which is Lipschitz continuous on [—r, T]. □
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REMARK 3. It is obvious from the proof of the above theorems that 
the interval [0,T] can be replaced by [T, T]. Then the solution x(t) df 
(FDE泌)exists beyond T. With this processing, we may conclude that 
there exists a maximal interval of existence of solutions of (FDE渺)on 
[0,幻.

REMARK 4. Using the result of Theorem 2, we may have similar 
result of H하 Shin and Jin [6] with the concept of integral solution 
defined by Benilan. It is quite interested in investigating the relation 
between two evolution operators generated by operators in (FDE泌) 
with different second terms. Also, for a just continuous perturbation 
G(t, •), we may apply the method in the paper of Kartsatps and Shin
[11].
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