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ON THE CRITICAL RIEMANNIAN METRIC

WonN TAg OH

1. Introduction

It 1s well known that the symplectic manifold is a C°° manifold
M?" together with closed 2-form £ such that Q" # 0 . Kaehler Man-
ifold and cotangent bundles are well known examples. In 1969, S.L
Goldberg conjuctured that a compact almost-Kaehler, Einstein mani-
fold is Kaehlerian. Thurston gave an example of compact symplectic
manifold with no Kaehler structure for topological reason in 1976. E.
Abbena gave a natural almost Kaehler metric on this manifold and
computed its curvature. After then a family of compact homogeneous
manifolds M?"*? admitting almost Kaehler structures which are not
Kaehlerian, has been reported in {2]. Those manifolds were the analo-
ges of Abbena’s case.

On the other hand, the critical points of the function I{g) = f,, R dV,,
where R is the scalar structure of the metric ¢, defined on the set of all
Riemannian metrics of the same total volume on a compact manifold
M are Einstein metrics[4]. D. E. Blair and Ianus[3] gave a necessary
and sufficient conditions of the function defined on the set of metrics
associated to a symplectic form on a compact symplectic manifold has
the critical point of K(g) = [ R — R*dV, where R* is the * - scalar
curvature.

The main purpose of this paper is to show that the Abbena metric is
a critical point of the given intgral function. In section 2, we introduce
the 4-dimensional symplectic manifold which are not Kaehlerian. In

section 3, we study a integral function with the critical point as Abbena
metric.
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2. 4-dimensional symplectic manifold with no Kaehler struc-
ture

In {1] E. Abbena introduce a 4-dimensional compact homogeneous
space M = G/I' where G is a certain connected Lie group and I’ a
discrete subgroup. This manifold was defined by W. Thurston as a fiber
bundle over the 2-torus and was known as an example of a compact
symplectic manifold with no Kaehler structure. He shows that the first
betti number of this manifold is 3 whereas the odd-dimensional Betti
numbers of a compact Kaehler are even. E. Abbena defined a metric
on this manifold and a compatible almost complex structure on M.
From now on we call this manifold as Abbena-Thurston manifolds.

In this section we will introduce the Abbena-Thurston manifold and
its curvature. Let G be the closed connected subgroup of GL{4,C)
defined by

1 arz a3

0 1 0

0 O afs 0 aiz, ais, az, ¢ € R
0 0 0 e2ma

Then G is the product of the Heisenberg group H and S'. Let T’
be the discrete subgroup of G with integer entries and M = G/TI'.
Denote by z, y, z, t coordinates on G, say for A € G, =z(4) =
a2, Y(A) = ays, z(A4)=ay3, t(a)=a.lf Lp is the left translation
by B € G, then Lydr = dz, Lydy = dy, Ly(dz—zdy) = dz—zdy, and
Lydt = dt. In particular these forms are invariant under the action
of ' ; let # : G — M, then there exist 1-forms oy, az, a3z, and a4
on M such that dr = n*a;, dy = 7*ay, dz — zdy = n*a3, and
dt = m*ay . Setting Q = a4 A ay + ag A a3, we see that R AQ #0
and d2 = 0 on M. Hence M admits a symplectic structure. The
vector fields e¢; = 5‘?;, €y = % + %, €3 = Z%’ €4 = % are dual to
dx, dy, dz — xdy, dt respectively and are left invariant. Moreover {e,}
is orthonormal with respect to the left invariant metric on G given by
ds? = dz® + dy* + (dz — zdy)? + dt®. On M the corresponding metric
is g = Y. &, ®a, . The Riemannian manifold (M, g) is refered to as the
Abbena-Thurston manifold. Moreover M carries an almost complex
structure defined by Je; = ¢4, Jey = —e3, Jes = ez, Jeq = —ey.
Then noting that Q(X, Y) = g(X, JY), we see that ¢ is an associated
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metric. With respect to the basis {¢,} the components Rg,;in of the
curvature tensor are all zero except Rjqp = %, Rj332 = —i, and
Rizs1 = —3. Thus the Ricci tensor @ is given by the matrix

-2 0 00
0 -3 00
0 0 5 0
0 0 00

and we note that this manifold is not Einstein but has the constant
scalar curvature.

3. Abbena metric as a Crtitical point of Integral function

Let M be a compact orientable manifold and M the set of all Rie-
mannian metrics on M having the same total volume. Then we have
a lemma| 3 of p.25]

LEMMA. Let T be a second order symmectric tensor field on M.
Then f[,,T* D,dV, = 0 for all symmetric tensor fields D satisfying
Jiy DidVy =90 if and only if T = cg for some constant c.

Now we consider the Riemannian geometry of symplectic manifold.
For a symplectic manifold M let k¥ be any Riemannian metric and
Xi, ..., X3, be a k-orthonormal basis. Consider the 2n X 2n matrix
Q(X.,X,); it is non-singular and hence may be written as the product
GF of a positive definite symmetric matrix G and an orthogonal matrix
F. Then G defines a new metric g and F defines an almost complex
structure J; checking the overlaps of local charts, it is easy to see that
g and J are globally defined on M. The key point metric g created
n this way is called associated metrics. They have the same volume

element dV = 20" Now we let A the set of all associated metrics
on AM and define

(1) Alg) = fM Ri, n R¥*aV,.

on A. A C° curve on A will be represented locally by g,.(z1, Z2, ..., Za;jt)
and we define a tensor field D,, on (M, ¢(t)) by D,.(z,t) = %ﬁ(fﬂ.
This symmetric (0, 2)-tensor satisfies f,, D,dV = 0. The curvatue
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h _ a:D h
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where the tensor DJ,-" is defined by D,* = {;‘,} It satisfies Dﬂh =
HV,D,* + V.D* — V*D,) and V means the covariant differenti-
ation with respect to the metric tensor g(t). As we have ;%g,h =
—gFrg?h 29y = D™ we get Z(Ry,wR¥*) = 4R\ V.V, D} -
2Rkﬁ"Rk3"aD,‘,‘. Now, from (1) we get

tensor R,”," changes with g and we get %Rkﬁ" = 0;D

d 17 1 .

GAO)= [ [ (RumRY™) + 3 Ry R4 g7 Dy lav.

dt M Ot 2
Applying Green'’s theorem, we get
d 2 1 ?
GAlO) = [ (47 9LR)D} 2R, IR P Doyt R R D F1AV.

With the help of Ricci’s identity and Bianchi’s identity, we have

d
< Ala(t)] = f 2V?V'R — 4V,VPR™ 4 4R’, R
M

8rq

_4RJ0P' qu - 2R3rq’ R ' + %Rdcba RdCbag”]DJ t av.

From the Lemma, we see that ¢ is a critical point of Afg] if and
only if 2VIV'R — 4V, VP?R" + 4R7, R —4R’ JR™ - 2RV R} +
%RdcbaRdCb"g“ = cg’* for some constant c. By transvecting with g,,,
we get ¢ = =2V VPR + (3 — 2)Rycpo R, Considering the curva-
ture of Abbena-Thurston manifold stated in 2, we have the following

theorem.

THEOREM. Let M be a Abbena-Thurston manifold and A be the
set of all associated metrics on M . Then the Abbena metric g is 2
critical point of the functional Alg] defined on A.
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