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1. Introduction
In [16], Opial obtained the weak convergence theorem in a Hilbert 

space; Let C be a closed convex subset of a Hilbert space H and 
let T : C -4 C be a nonexpansive asymptotically regular mapping 
for which the set of fixed points is nonempty. Then, for any 
x in G the sequence {Tnx} is weakly convergent to an element of 
^F(T) (cf. [2],[17]). Similar results were also obtained by Bruck ([이)》 
Emmanuele ([4]), Gomicki ([6]), Hirano ([7]), Kobayashi ([9]) and 
Miyadera ([14]) in uniformly convex Banach spaces. Corresponding 
theorems for asymptotically nonexpansive mappings and asymptoti
cally nonexpansive semigroups were investigated by many mathemati- 
ciaixs ([1], [13], [15], [19], [20], [21]).

Recently, Lin-Tan- Xu ([11]) proved the convergence of iterates 
0%匚} of an asymptotically nonexpansive mapping T in Banach spaces 
without the uniform convexity.

And also, Lau-Tcikahashi ([1•이) proved the following theorem; Let 
C be a closed convex subset of a uniformly convex Banach space X 
with Frechet differentiable norm, G a right reversible semitopological 
semigroup, and S = {S(t) : t € G} a nonexpansive semigroup on C・ If 
戶(S) + 0 and W(x) 으 3「(S) for x g C, then the net {S(f)x} converges 
weakly to some p E 戸(S) (see Theorem 2 and 3 in [10]).

In this paper, we prove the result of Lau-Takahashi ([1 이) in Banach 
spaces without the uniform convexity. The results of this paper are 
also complete extensions of Lin-Tan-Xu ([11]).
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2. Preliminaries and Notations
Let C be a nonempty closed convex subset of a real Banach space 

X. A mapping T : C —> C is said to be asymptotically 惟泪邛負诟让旭 
(I디) if for each n > 1,

II Tnx - Tny ||< (1 + an) \\ x - y ]|

for all a：,?/ € C, where limn_>ooan = 0. In particular if an = 0 for all 
n > 1, then T is said to be nonexpansive. Let S = {S(£) : t > 0} be 
a family of mappings from C into itself. S is called an asgmp而疏：시仞 
nonexpansive semigroup on C if S(t + s) = S(£)S(s) for every t, 5 > 0, 
and 난lere exists a function a(-) : with lim j»8 a(£) = 0 such
that

II S(t)c - S(t)g ||<(1 + «(<)) II c 一 y II
for all € (7 and i > 0. In particular, if a(t) = 0 for all f > 0, then 
S is called a nonexpansive semigroup on C.

Let G be a semitopological semigroup, i.e., G is a semigroup with 
a Hausdorff topology such that for each s E G the mappings s —> as 
and s — sa from G to G are continous. G is called right reversible if 
any two closed left ideals of G have nonvoid intersection. In this case, 
(G, >) is a directed system when the binary relation " > on G is 
defined by t > 5 if and only if

for all f, 5 € G. Right reversible semitopological semigroup include all 
commutative semigroups which are right amenable as discrete semi
groups ([8]). Left reversibility of G is defined similarly. G is called 
reversible if it is both left and right reversible.

A family S = {S(t) : t g G} of mappings from C into itself is 용aid to 
be a continuous representation of G on C if it satisfies the followings:

(1) S(ts)x = S(t)S(s)x for allt,s € C? and x E C.
(2) For every x G C, the mapping ($, x) t S(s)x from G x C into 

C is continuous when G x C has the product topology.
A continuous representation 5 of G on C is said to be an asymptotically 
nonexpansive semigroup on C if e&ch £ € G)there exists kt > 0 such 
that

II - S(t)y ||< (1 + 如)II w - g II
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for all € G where limt€G— 0. Let ■戸(S) denote the set of all 
common fixed points of mappings S(t) for t € G in C, that is,

加=n ,(%)).
teG

Some rudiments in the geometry of Banach spaces are necessary for 
the proofs of the main theorems in this paper. In the sequel, we give the 
notations; lim = lim sup, lim = lim inf, " ” for weak convergence,
and “ 一)" for strong convergence. Also, a space X is always un
derstood to be an infinite dimensional Banach space without Schur5s 
property, i.e., the weak and strong convergence doesn't coincide for 
nets.

A Banach space X is said to satisfy Opiate condition if for each net 
{xa}QeG in X〉the condition xa x implies that

I瓯 II Ta -c||V 唳 II az — 2/ II 
cxEG c疋 G

for all y x (see [16] for any sequence {xn} in X). Spaces possessing 
that property include the Hilbert spaces and the lp spaces for 1 < p < 
oo. However, Lp{p + 2) do not satisfy that property ([12]).

Recently, Plus ([18]) introduced the notion of the uniform Opial 
condition for any sequence (xn} in X. A Banach space X is said to 
satisfy the umform Opial condition if for each c > 0, there exists an 
r > 0 such that

1 + r < lim \\ x +xa ||

for each x E X with || x ||> c and each net in X such that
0 as a € G and lim公任仔 II xa IIZ 1- We now define OpiaPs 

modulus of X, denoted by「x(’), as follows

rx(c) = inf{lim || re + 电 || T},
aEG

where c > 0 and 난le infimum is taken over all z £ X with || x ||> c 
and nets {xa}aeG in X such that = 0 weakly and ||
xQ ||> 1. It is easy to see that the function r%(-) is nondec호easing and 
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that X satisfies the uniform Opial condition if and only if 尸x(。) > 0 
for all c > 0. Furthermore, we know that the Opial's modulus r%(-) of 
X is continuous.

We now introduce the notion of the locally uniform Opial condition. 
A Banach space X is said to satisfy the locally uniform Opial condition 
if for any weak null net in X with 1血스&국 {| xa ||> 1 and any
c > 0, there is an r > 0 such that

1 + r < lim I] + x ||

for all 3： € X with || x ||> c (see [11] for sequence). We can easily 
see that each “lim” can be replaced by "lim” in the definition of 
the locally uniform Opial condition. Clearly, uniform Opial condition 
implies locally uniform Opial condition, which in turn implies Opial's 
condition ([11]).

Let 2J be a subset of a Banach space X、then corivD will denote 
its closed convex hull of D. Let W(x) denote the set of all weak lim
its of subnets {S(ta)q}aEG of the net {S(t)x} for a semitopological 
semigroup G.

3. Locally Uniform Opial and Uniform Opial Condition
In this section, we study the asymptotic behavior of the orbits 

{S(t)x} for an asymptotically nonexpansive semigroup S = {S(t): 
t E G)? under the locally uniform Opial condition or uniform Opial 
condition.

We have the following equivalent statements for locally uniform 
Opial condition. -

PROPOSITION 3.1. If X is a Banach space9 then the following two 
statements are equivalent.

(1) X satisfies the locally uniform Opial condition.
(2) For any net (^a}a€G 认 X which converges weakly to x E X 

as a E G and for any net {y^}peG 血 X,寸

I) xa 一 yp II) <^.\\xa-x

then {"} converges strongly to x E X as 0 £ G.

製（恕
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Proofl (1)。(2). Assume that X satisfies the locally uniform Opial 
condition. Let {xo} U X be a weakly convergent net to x and {yp} a 
net in X such that

瘻(廳 II az - yp II) C 惡 II 知 一 c II .

If lim^eG II — x ||= 0, then we have lima€G || — x |]= 0. So it
is obvious that {yp} converges strongly to z C X as 4 € G・ And if

II az — z ||> 0, then there exists a subnet {xQy } of {xa} such 
that

lim I) xa — x |l= lim II - x II (= &).•yGG a£G

If {幽} dose not converge strongly to a:, then there exist an £o > 0 and 
a subnet {曲夕} of {y^} such that

II z-g角 ll>

for all S € G. Letting = 一어* -- • Then we have lim作g || zy ||= 1.
Hence, for all z £ X with || bz ||> eo, there exists an r > 0 such that

1 + 厂 w lim ||勺 + 2 II

from the definition of the locally uniform Opial condition. So, we have

I + 3 虹 I 气W + T씌 I，
7GG II b b H

that is,
6(1 + r) lim II xay -斷 II

作G
for all € G, which implies

II xa - y& II

This is a contradiction.

> 6(1 4- r) > li핑 I) — x
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(2)=>(1). Suppose that X does not satisfy the locally uniform 
Opial condition. Then there exist a weakly null net in X
with lim亦G II 处 II2 1, a constant c > 0 and a net {y^} C X with 
II " ||N c for all 0 C G such that

1 + > lira II a:a + (一")||
aEG

for every > 0 with lim^^G 邛 =0. Hence we have

瓯(嚥 II % — 90 II ) G < 嚥 II C시I .
p^G \otEG J a€G

By assumption, {幽} converges strongly to 0. This contracts the fact 
II yp ||> c for all 0 £ G・ This completes the proof.

We begin with the following result which is crucial for the Proposion 
3.3.

LEMMA 3.2. Let C be a nonempty weakly compact convex subset 
of X satisfying the OpiaVs condition and let G be a right reversible 
semitopological semigroup. LetS = {S(t) : t E G} be an asymptotically 
nonexpansive semigroup on C. If also is a net in C converging
weakly to x and for which the net {xa — S(t)xa} converges strongly to 
0 as oi E G for all t E G. Then we have the following results.

(1) cdnv{S(s)x : s= cofwW(x)丰 0.
(2) conv {S(s)x : s 弘 t} = {x}.

ProoE (1). Since C is weakly compact, conv {S(^)3： : s、诺= 
t} / 0 and

conv (S(5)x : s 3= t} = conv-W(x).
teG

In fact, put Mt =如布厂{S(s)z : 3 > /}. Then the inclusion W(x) C 
(三 M) being trivial, and hence convW(x) C M. Now we must 

prove that M 으 conv W(a:). If not, then there is an tz € M — conv W(x). 
So, there exists a bounded linear functional B such that

B(u) > sup{B(v) : v E conv W(x)} > sup{B(v) : v E W(q)}.
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Furthermore, since u E Mt for all i G G,

B(u) < sup{B(v) : v E M打t E G} < sup{B(S(s)x) :$〉"}.

Hence, we have B(u) < limtGG B(S(t)x). Taking a subnet of {B(S(f)x)) 
which converges to the B(S(t)x) and using the Eberliein-Smulyan 
theorem, there exists a subnet {S(fa)x} of (S(t)x} such that S(tQ)x 一^ 
w and B(u) < B(w). Since w 6 W(z), we have a contradiction.

(2). Suppose that there exists y C conv{S^s)x : st} such 
that y x. Then by Opial's condition,

1亟』xa-x]\< I瓯 II 电 一 ；II • atG aEG
Since lim圮g 幻=0, there is a to 6 G such that for all t € G with 
tto ,

kt < limaeG ||az - g II — lim亦g || 互,一 z ||

limaeG I] % - c I) +1
Since y G conu {S(s)c : s》=£} for all t 次 to, there exist A,(z = 1,2, • •
•, 72) 2 0 with A, = 1 such that

I 件] 璀 (E-y[< 뜨으理」!空 二吁 —lim*G  II*  -의 I 
hma6G \\ xQ -x II +1

for all s*  W Z0 = 1,2, • • n). Hence, we have
n n

膾 IS - ' II W 惡 II Za - £ A,S(S,> II + II 22 璀(s’)z - y II 
8=1 1=1

n n
<11 £ A,5(5,)x - 2/ II +J2 A,瓯 II S(st~)xQ - S(si)x II

t=l i=l
n n

<11 £ XS(sN - y II + £： At(l +^,) Hm II xa-x II
t=l 1=1

< (lim亦g II 处 一 ；II 一 lim*G  || 给 一 z||) 
lima6G II xa - s I] +1 
aeG II - y II +1

+ VlimaeG IS 手 11 +1 
=屈||知-必I.

:临 一 "I



100 J. K. Kim, S. A. Chun, and K. P. Park

This contradiction establishes the result (2). This completes the proof.

In Proposition 3.3, we prove the demiclosedness principle at zero 
for an asymptotically nonexpzmsive semigroup in a Banach space with 
the locally uniform Opial codition. The following proposition plays a 
crucial role in the proofs of 이u main theorems in this 욤ection.

PROPOSITION 3.3. Let X be a Banach space satisfying the locally 
uniform Opial condition^ C a nonempty weakly compact convex subset 
of and G a right reversible semitopological semigroup. IfS = {S(t): 
t 6 G} is an asymptotically nonexpansive semigroup on C. Then I — 
S(t) is demiclosed at zeroy 矿{ca}a€G 膈 g net in C which converges 
weakly to x as a E G and if the net {xa — S(t)xQ} converges strongly 
to zero qs a C then (I 一 5,(t))x = 0 for all t E G.

Proof. Let xQ 一으 x and xa — S(t)xa —0 as a 6 G for all t E G. 
By Lemma 3.2, we have S(t)x —x as t G G. Since S = {S(t) : t £ G} 
is an asymptot ically nonexpansive semigroup on C,

惡(聽 II S(t)H 一 S(s)x II)=惡(廳 11 S(st)x - S(s)c II)

< Hm(inn(l + 知)II S(t)x - x ||) 
$EG t€G

=Inn (I S(t)x — x (J .

So, {S(s)x} converges strongly to x as s G G from Proposition 3.1. 
Therefore, for all f € G, (J — S(t))z = 0 切 the continuity of S(t). This 
completes the proof.

We need the following lemma in order to prove our main theorems 
in this section.

LEMMA 3.4. Let the assumptions in Proposition 8.3 be satisfied. If 
S(t) is asymptotically regular at some x E i.e.? lim圮g |j S(st)x 一 
S(t)x ||= 0 for all s E G. Then we have the following conclusions.

(1) 9「(S) 으 B(x), where E(x) = {y € C :
(2) W(x) 으 3(S).
(3) W(x) is a singleton, and hence {S(i)x} converges weakly to a 

point of 方(S).
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ProofL (1). Let £s for £ G. Then t € {s} U Gs・ We may 
assume that t € Gs・ So there exists an C G such that gas 一> t as 
a E G. Then, for a E G and y E

II S(gQs)x - g II = II S(g「a)S(s)z - S(ga)y |j

< (1 + 妇<*)  II S(s)x - y If •

Hence, we have
II S(t)x - t/ II < II S(s)x-y\\

for all t 5 and y 6 石(S). This proves that •户(S) 으 E(x) as desired.
(2) . Let (S(ia)x} be a subnet of {S(t)z} converging weakly toy E C 

as a € G. Letting xa = S(ta)x. Then, since S(s) is asymptotically 
regular, |j xa — S(s)：zz ||—> 0 as a E G for all s £ G. Since I — S(s) is 
demi이。머ed at zero, from Proposition 3.3, (Z — S(s))y = 0 for all s C G, 
This completes the proof of (2).

(3) . Let gi and y2 be two weak limits of subnets {S(ta)x} and
{S(切加} of 난把 net {S(i)x}, respectively. Since W(x) C there 
are , ^2 0 by (1) such that

d] = lim II S(t)x 一 yx || and J2 = Hm || S(t)x —切 || •

If % 关then we have

由=懸!l S(t)2 - yi ||=惡 II S(ta)x 一 7/1 (I

< 鹽 II S(tQ)x - y2 ||=悪 II S(t°)x - y2 II

< 翘 II S(切)z - yi ||= Inn || 一 yi || 

=d\.

This is a contradiction, which implies that W(x) is a singleton. This 
completes the proof.

As a direct consequence of Lemma 3.4, we can prove the conver
gence theorems of orbits (5,(t)x} of an asymptotically nonexpansive 
semigroup S = {S(t) : t E G} for a right reversible semitopolo^cal 
semigroup G.
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THEOREM 3.5. Let C be a nonempty weakly compact convex subset 
of a Banach space X satisfying the locally uniform Opial combhon, G 
a right reversible semitopological semigroup, and S = {S(f) : t G} an 
asymptotically nonexpansive semigroup on C. If S(t) is asymptotically 
regular at x £ C)then {S(Z)z} converges weakly to a point p iv F(S) 
(13 t £ G.

Proof! From (2),(3) of Lemma 3.4, it is easy to show that the orbits 
{S(t)x} converges weakly to p in *「(S) as t € G.

It is not clear whether the asymptotic regularity in Theorem 3.5 
can be weakened to the weakly asymptotic regularity. We improve the 
Theorem 3.5 when the space X is assumed to be satisfying the uniform 
Opial condition.

THEOREM 3.6. Let C be a nonempty weakly compact convex subset 
of a Banach space X satisfying the uniform Opial condition and let 
G,S be as in Theorem 3.5. If S(t) is weakly asymptotically regular at 
x G C, i.e., slim圮g || S(st)x — S(t)x ||= 0 for all s € G, then {S")z} 
converges weakly to a point p in •戸(S).

Proofs In order to prove the Theorem 3.6, we must prove the 
results of Lemma 3.4 under assumptions of Theorem 3.6. We can easily 
prove that (1) and (3) of Lemma 3.4 are obvious. Now, we have to show 
only (2). Let y be a weak limit of subnet {S(tag} of (S(/)x} as a € G. 
Since S(t) is weakly asymptotically regular at a: G C, {S(s£r)z} weakly 
converges to y as a € G. Letting

r(s) = IS II S(sta)x -y II •

Then, we have
怨 r(s) = inf r(s)(三 r).

In fact, for given € > 0, there exists an s()£ G such that r(50) < r + f. 
Also, since lim圮g 知=0, there exists a to € G such that kt V 击 for 
all tto? where M = sups€G ||S(s)z — y\\. Let /3 > ao = Since 
G is right reversible, g C {셔，} U Goto and so, we may assume that 
6 € Gg. Hence, there exists {妇} C G such that 爲，%) —> /? as 7 G G. 
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Since S(tyaQta)x y for all 7 G G, from the OpiaFs condition, 

r(i7a0) = lim |] S(tyaQta)x - y ||

< firn II SftytoSota^x - S(tat0)y || aGG
+ 站 to)r(%)

< r(30)+ I
£

for all 7 G G. Hence, we have

r(£) < r(s0) + I
厶

for all /3》=%• Therefore, we have

lim r(5)< sup r(/?) < r + e = inf r(s) + £.
$€G *G

Since 8 is arbitrary, we have

r = lim r(5) and r < r(6) sEG

for all s € G・
First, if r = 0, then limbec S(s)g = y from

||S(s)g — y\\ < lim{II S(s)y — S(sia)x || + || S(stQ)x - y ||} aEG
< (1 + fcs) Hm |j y - S(ta)x |j +r(s).ot^G

Therefore, we have S(t)y = y for all t & G.
Now suppose that r > 0. In order to get the desired result, it suffices 

to show that {S(Z)g} converges strongly to y. If not, there exist an 
e〉0 and 6 C G such that ||S(t^)y — y\\ > e. Since limg£G 尸(s)=質(三 
inf r(s)), there exist an 50 € G such that「(％) < r(l + 質x(。)), where 
「x(c) is the Opial's modulus of X and c =幸(> 0). And also, we know 
that, for each /3 G G,

- g 、0
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as a E G and

Ed H s(ms%)q — v 
a€G|| r

rS()) > ]
f 一

with "히•二s：호〉인1 > c. Since rx(c) > 0, we have

1 + .(c) < 鹽翅业匹二으 + 丑二으业

On ther other hand, from

hm\\S(t^sotQ)x - S(t成/II <(14- kt0) lim ||S(s0^> - y\\,

we have

1 + rx(c) > 二쁴 2 惡 園I 知舛杖 二으 + 匕平쐐.

도his is a contradiction, which implies that {S(t)y} converge용 strongly 
to y. Thu유 we have W(x) 으 戶(S). This completes the proof.
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