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ON CERTAIN BAZILEVIC FUNCTIONS OF ORDER §

SANG KeUN LEE*, KWANG Ho SHON** AND ERN KEUN KwON***

1. Introduction.

Let A(p, n) be the class of the functions of the form

L) fD =2+ Y et (ne{1,2,3,0))

k=n

which are analytic in the unit disk U = {z : |z| < 1}.
A function f(z) belonging to A(p, n) is said to be p-valently starlike
of order § if it satisfies

(1.2) Re (z_}f(’%)_) > B

for some B(0 < 8 < p) and for all z € U. We denote by §*(p,n, 8) the
subclass of A(p, n) consisting of functions which are p-valently starlike
of order 3.

A function f(z) in A(p,n) is said to be in the subclass B(p,n, a, 8)
of Bazilevi¢ function class if it satisfies

(13) Re (EULET

for some (0 < a) and B(0 < B < p),g(z) € §*(p,n,0) and for all
z € U. Further, let B,(p,n,«, 8) be the subclass of B(p,n,a,) for
9(z) = 2 € 5*(p, 1,0).
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REMARK. 1. Bi(1,«a,8) = B1(1,1,a,3) were introduced and stud-
ied by Owa and Obradovié¢ ([4]) and B;(1,a,0) = By(1,1,«,0) by
Singh ([6]).

2. B(n,a,8) = Bi(1,n,a,8) by Ponnusamy ([5]), Bi(p,a,8) =
Bi(p,1,a, ) by Owa({3]) and B(1,0) = B,(1,n,1,0), B(2,0) = (1,n,2,0)
by Cho({1]).

2. The Class By(p,n, a, B).

In order to obtain our main result, we recall the following lemmas

due to Owa([3]).
LEMMA 1. I f(z) € Bi(n,a, 8) = Bi(1,n,a, 8), then

(2. 1) Re(@) > % (z € U).

LEMMA 2. If f(2) € By(n, o, B) = Bi(1,n, a, B), then

fD)\* _n+y/n?+4aB(n +a)
(2. 2) Re(7> > Sn t a) (z e U).

Using the above Lemma 1, we prove the following theorem.

THEOREM 1. Let f(z) € Bi(p,n,a,8) with a > 0 and 0 < 8 < p,
then

(2. 3) Re iﬁj—))a > %}%ﬁ (z € U).

Proof. We define the function h(z) by h{(z)? = f(z) for f(z} €
B, (p,n,a, B). Then we have

(2. 4) zf'(z)f(=)* _ pzh’(Z)h(z)pa—l

2P ypo
Since f(z) € By(p,n, a, 8) if and only if Re (—f—i-),—i‘v’——_l) > B, from
(2. 4) we get
' pa—1
(2. 5) Re ("‘" (2)h(z) ) > B
p

ZP
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Thus h(z) € By(1,n,pa, g) By Lemma 1,

re (1) = (M)

n+ 2af
2. .
(2. 6) o n + 2pa

Letting n = 1 in Theorem 1, we have

CororLARY 1 ({2]). If f(z) € B(p,a, ) = Bi(p,1,0,8) witha >0
and 0 < 8 < p, then

f(\® _14+2a8
(2 7) Re (-ZT) >m“ (ZEU).

Letting p = 1,n = 1 in Theorem 1, we get

CoROLLARY 2([4]). f(2) € Bi(L,,8) = By(1,1,a,f)(a > 0,0 <
8 < p) then

(2. 8) Re (@)a > 11122"23 (z € U).

Letting p =1, = 1 in Theorem 1, we have

COROLLARY 3. If f(z) € A(n) = A(1,n) with Ref'(z) > §, then

(2. 9) Re (@) > %;{_—22& (ze U).

z

REMARK. If we take 8 = 0 in Corollary 3, we have the Theorem 2
by Cho([1}).

Using the above Lemma 2, we have the following
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THEOREM 2. Let f(z) € By(p,n,a,8) witha >0and0 < 8 < p,
then

(2. 10)  Re (%?) > "+\/'32(‘;1P§f)("+m) (z € V).

Proof. We define the function h(z)? = f(z) for f(z) € Bi{p,n, e, 8)

as Theorem 1. Then we have
B
h(Z) € Bl(l’n')pa! ;)'

By Lemma 2, we have

(2. 11) ) )
() ()"

_ ntVn? +dpaf(n + pa)
2(n + pa) °

Letting n = 1 in Theorem 2, we have

COROLLARY 4. Let f(z) € Bi(p,1,a,8) witha >0 and 0 < 8 < p,
then

(2. 12) Re (%) i > 1+ Jl;fgfil + pe) (z € U).

Letting p = 1 in Theorem 2, we have

CoRroLLARY 5([3]). If f(2) € B(n,a,8) = By(1,n,a,3) witha >0
and 0 £ 8 < 1, then

ONYT n n? ap(n + pa
(2. 13) Re(%p—)) > +‘/2(:if§ T2 e,

If we take p = 1, = 2 in Theorem 2, we have
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COROLLARY 6([1]). If f(z) € B(n,2) = B(1,n,2,8), then

@ 10 1), nt ST

REMARK. If we take 8 = 0 in Corollary 6, we have Theorem 3 due
to Cho([1]).

‘Theorem 3 Let f(z) € By(p,n,, ) with @ and 0 € 8 < p and G(z)
defined by

(2. 15) G(Z) = (P f(2)*)5# (y20).

Then G(z) is in the class B,(p,n, « + v, §), where

__1 (py(n+2a8)
(2. 16) :5-0{_*-7( n + 3pa +aﬂ).

Proof. Differenting both sides of (2. 15) we have
(2:17)

(a + 7)G'(2)G(2) ot -1 = pyzPT T f(2)* + a2P f(2) f(2)*

By Theorem 1 and (2. 17), we have

Re (ZGi(Z)G(z)(0+1)—1)

zP(c"‘l‘Y)

- e () o (£2552)

1 [ py(n+ 2ap) a)
> o (Pt 290) 4 ap).

Letting » = 1 in Theorem 3, we have
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COROLLARY 7([3]). Let f(z) € Bi(p,a,B) = Bi(p,n, @, B) with o
and 0 < B < p and G(z) defined by

(2. 18) G1(2)*Y = PV f(2)* (v 2 0).

is in the class Bi(p,a + v) = By(p,n,a + v, §), where

1 py(n + 2a8)
(2. 19) 6—a+7( 14 2pa +aﬁ).

THEOREM 4. Let f(2) € Bip,n,af) witha > 0and0 < 3 < p and
H(z) defined by

oy
(2. 20) H(z) — (ZP'Yf(z)y)a-}-?v .

Then H(z) is in the class By(p,n, § + v,8), where

T . (m(n+\/ﬁ+4aa(n+ﬁa)) +2aﬂ)‘

T o+ 2y n + pa

Progf. Differenting both side of (2. 20), we have
(5 + NHDH)E = przr f(2)F + S f1(2)f(2)

or

H'(2)h(2)1+71  opy (f(z))% L 2 (Zf'(z)f(z)%ml).

zP(%+‘Y) - o+ 27 2P o+ 27 ZP%

By Theorem 2, we have
Re (zH'(z)H(z)%ﬁ-')

L5 +Y)

1 (m(n+\/n?+4aﬁ(n+ﬁa)) + 2aﬁ) .

— a+2y n+pa
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