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ON LINE GRAPHS OF CYCLIC COVERING GRAPHS

Moo YounNG SonN * AND HYE KyYunG KiM{

1. Introduction

Let G be a connected finite simple graph with vertex set V(G and
edge set E(G). The neighborhood of a vertex v € V(G), denoted by
N(v), is the set of vertices adjacent to v. We use | X| for the cardinality
of a set X. A graph G is called a (p,¢)-graph if |V(G)| = p and
|E(G)| = q.

The line graph L(G) of G is the graph whose vertices are the edges of
G, with two vertices of L{G) are adjacent whenever the corresponding
edges of G share a common vertex. Therefore, if G is a (p, ¢)-graph,
then the line graph L(G) has ¢ vertices and 3 Yo veVIG) d(v)? — q edges,
where d(v) is the degree of v.

A graph G is called a covering of G with projection p : G — G if
there is a surjection p : V(G) — V(G) such that p{n() : N(8) — N{v)
is a bijection for any vertex v € V(G) and ¢ € p~*(v). We also say that
the projection p : G — G is an n- -fold covering of G if p is n-to-one. A
covering p : G — G is said to be regular (simply, A- covermg) if there
is a subgroup A of the automorphism group Aut (G) of G acting freely
on G so that the graph G is isomorphic to the quotient graph G/A,
say by h, and the quotient map G - G /A is the composition h o P
of p and h. If the covering transformation group A of the covering G
is the cyclic group Z.,, then we call G a cyclic covering of G. When
we wish to specify n, we call it n-fold cyclic covering graph. The fibre

of an edge or a vertex is its preimage under p. Every A-covering of a
graph G can be constructed as follows [2]:

Convert G to a digarph G by replacing each edge e of G with a pair
of oppositely directed edges. By e~! = vu, we mean the reverse edge
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to a directed edge e = uv. We denote the set of directed edges of red by

E(E") For an edge e = uv € E(a), we denote by ¢, and t; the initial
vertex u and the terminal vertex v of e, respectively. An A-voltage

assignment of G is a function ¢ : E(a) — A with the property that

#(e~!)=¢(e)"! foreach e € E(a) We denote C1{G; A) the set of all
A-voltage assignments of G. The derived graph G x 4 A derived from

an A-voltage assignment ¢ : E( 3) — A has as its vertex set V(G) x A
and as its edge set E(G) x A, so that an edge of G x4 A joins a vertex

(u,g) to (v,¢(e)g) for e = uv € E(a) and ¢ € A. In the derived
graph G x4 A, a vertex (u, g) is denoted by ug;-and an edge (e, g) by
eg. Define an A-action ® on G x4 A by ®(g)(vy,) = vy,g-1 for each

v € V(G), and ®(g)(e,y, ) = €4, 4-1 foreach e € E(Ef) Clearly, the first
coordinate projection py : G x4 A — G is an A- covering projection.
In this paper, we show that the line graph of Z,-covering graph of a

graph G can be expressed as a Z,-covering graph of the line graph of
G.

W2 d] e,

C2

a b
2z 2 !
u,

G xoZo 2 | L(G) xusr 22

€

3y b,

) G d 0 e
. s L(G)

0 0 A 0 0

a 0 b



On Line Graphs of Cyclic Covering Graphs 73

2. Main Theorem

Let p : G — G be a cyclic covering graph. Then there is a Z,-
voltage assignment ¢ of G such that p: G — G is isomorphic to pg °
G x4 Ly, — G as coverings of G, i.e., their exists a graph isomorphism
& : G — G x4 2, such that ps® = p.

Now, we aim to show that the line graph L(G x4 Z,,) of the cyclic
covering G X4 Z, can be constructed as a cyclic covering of the line
graph L{G) of G.

Let ¢ be a voltage assignment in C*(G; Z,). Define ¢) : D(L(G)) —
Z,, as follows. Let ef € D(L(G)). Then ¢, f € E(G).

P_l(e) = {60’ €1,€2,. --,en—-l} and p—l(f) == {fo’fla.f%' °~1fn—l}'

We consider following three cases.

Case(i). If et = uv, ft = uw, ¢(e) = a and #(f) = b, then there exist
an edge which joins the vertex e, = u;v,4, and the vertex f;, = uwy,,
for all : € Z,, in the line graph L(G x4 Z,) of G x4 Z,. Define
2(¢)(ef) = 0, where 0 is the identity in Z,.

Case(ii). If e* = uv, f* = vw, ¢(e) = a and ¢(f) = b, then there
exist an edge which joins the vertex e, = «,vq+, and the vertex f 4, =
Va1 Whiats for all ¢ € Z,, in the line graph L(G x4 Z,) of G X4 Zp.
Define 2(¢$)(ef) = a.

Case(iii). If et = uv, ft = wv, ¢(e) = a and ¢(f) = b, then
there exist an edge which joins the vertex e, = 4,4+, and the vertex
fobiats = W_pta4.Vays forall i € Z,, in the line graph L(G X 4 Z,) of
G X4 Zy. Define {{¢)(ef) = —b+ a.

By the construction of €(¢), we can see that L(G) Xg¢) Zn is i50-
morphic to the line graph L{(G x4 Z,,) of G x4 Z,,. We illustrate this
in the figure 1. Now we summarize our discussion as follows.

THEOREM 1. Let p: G — G be a cyclic covering graph of a simple
connected graph G. Then the line graph L{G) of the covering graph G
can be represented as a cyclic covering graph of the line graph L(G).
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3. Applications

The adjacency matrix A(G)= (a,;) of G is the square matrix of
order {V{(G)} defined by

{ 1 if 1 # 7, e = 0,05,
=L o ifi=j

Then the characteristic polynomial (G : A} of G is the character-
istic polynomial det(A] — A(G)) of A(G).

Let C denote the field of complex numbers, and let D be a digraph.
A weighted digraph is a pair D, = (D, w), wherew : E(D)UV(D) - C
is a function on the set E(D) U V(D) of edges and vertices in D. We
call D the underlying digraph of D, and w the weight function of D,,.

Given any weighted digraph D, the adjacency matrix A(D,) =
(a.5) of D, is the square matrix of order |V(D)| defined by

w(viv,) if v,v; € E(D),
0 otherwise.

and its characteristic polynomial is that of its adjacency matrix. We
shall denote the characteristic polynomial of D, by ®(D,; A).

In this section we shall determine the characteristic polynomial of
the line graphs of cyclic covering graphs. In the proofs of several the-
orems we shall see the following lemma from the general theory of
matrices {1}.

LEMMA 1. Let ®(X;)) denote the characteristic polynoimial of the
square matrix X. If A is an p X q-matrix, then

AIB(AAL N) = APB(A'A4;)).

Let R(G) be the p x g-incident matrix of vertices and edges of the
graph G and D{G) the degree matrix of G. Then

R(GYR(G) = A(G)+D(G) and R(G)'R(G) = A(L(G))+21.
By using the lemma 1, we can see that

[(A = 2)I — A(L(G))| = |\ — R(G)'R(G)| = M~P|AI - A(G) - D(G).
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It 1mplies that
(L(G); A — 2) = M7 — A(G) - D(G)),

and hence
B(L(G); X) = (A +2)7*I(A + 2)I — A(G) — D(O)

In particular, If G is a regular graphs of degree r with p vertices, then
we have

Q(L(G); A) = (A+2)T7P®(G; A —r + 2).

Now, for any Z,-voltage assignment ¢ of G and each v € Aut (Z,,),
let 6(,,5,.,) denote the spanning subgraph of the digraph G whose di-
rected edge set of ¢~1(7), so that the digraph G is the edge-disjonit
union of spaining subgraphs a(¢'7), v € Aut(Z,). Let w,{(¢): E('Ef) —
C be the function defined by w,(¢)(e) = v(¢(e),7) for e € E(a), S0
that the adjacency matrix of a weighted digraph ( G, w,( )} is the ma-

trix
3 A4l o)

YEAut (zn)

for each : = 1,2,--- ,n and each A(,, is an eignvalues of the permu-

tation matrix P(v). By using these facts, Theorem 1 and Theorem 3
in 3], we have

THEOREM 2. Let G be a simple connected graph and ¢ be an volt-
age assignment in C'(G;Z,). Then we have

n—1
(L(G x4 Zn); A) = [ BL(G),, (s(ey) : M)

3=0

2me ,
where w,(£(¢))(e) = { Z"p(7)’k AN =k, o cach 5,

otherwise
and

n—1
B(L(G Xy Za)A) = (A + 270 T] 8(Goy 0y : A +2),

=0
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2me
SNk ) =
where w,{(¢)(e) = { exp( n ) if §(e) =k, for each i and w;($)(vs)
0 otherwise
= d(v,) for each j and s.
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