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Mr-HOMOMORPHISMS AND 
Mr-IDEALS OF MF-GROUPS

Young In Kwon*, Young Bae Jun* and Jun Won Park**

The concept of MF-groups was first introduced by Satyanarayana 
([6]) who used 나le term MF-modules. In 1987, Booth chose the term 
Mr-group for the same of consistency with Pilz([5]). In [1],[2] and [3]. 
G.L.Booth and Groenewald obtained some interesting properties of the 
radicals of F-near-rings. But now we show that the usual isomorphism 
theorems for rings hold for MF-groups.

In this paper, the term will mean a right (distributive)
near-ring. A F-near-ring is a triple (Af, +,r)where

(i) (M, +) is a (not necessarily abelian) group;
(ii) r is a nonempty set of binary operations on M such that for 

each 7 G r, (M, +, 7) is a near-ring;
(iii) = (xyy)fiz for all x^y^z E M and 7,^ € T.

If M is a F-near-ring, the zerosymmetric part of M is the set 
Mq = {x E M : X7O = 0 for all 7 €「}. If Mo = M, M is called 
zerosymmetric. Throughout this paper,M denotes a zerosymmetric 
F-near-ring.

DEFINITION 1[1]. Let (G, +) be a group. If, for all x^y E My 7,/z G 
r and g € G)it holds

(i) x<g e G,
00(Q 4- = xyg + 錦g,
(iii)町(，")=

then G is called an MT-group.

Let G and G1 be MF-groups. If / : G —> is a group homomor
phism such that, for all x € M, 7 g T and g € G = z丁/(g), 
then f is called an Mr-homomorphism. If f is bijective as well, then 
it is called an MT-isomorphism.

Received Feburary 15, 1996.

47



48 Y.I. Kwon, Y.B.Jun and J.W.Park

If G is an MF-group, a subset H of G is called an MF-ideal of G if
(i) (H, +) is a normal divisor of (G, +), and

(ii) for all x € G T, h E H and g £ G、x\(g + 方)一xyg € H.

A subgroup K of G is called an MF-subgroup of G if xyk € K、for 
x E E r and k E K. Since we are considering zerosymmetric 

P-nea—ri효gs only, every Mr-ideal of G is also an Mr-subgroup of G.

THEOREM 2. Let / : G —> be an MT -homomorphism of MT- 
groups. For 히" MT-subgroup H of G、f(H) = {f(a)\a e H} is an 
MT-subgroup of G'. In particular, Imf = f(G) is an MT-subgroup of 
GL

P^oof. It is clear that f(H) is a subgroup of G‘ for any Mr-subgroup 
H of G. Let x G M, 7 G T and y E f(H、). Then y = /(a) for some 
a C H 허M so xyy — xyf(a) = f(xya) € /(jff), since xya G H. Thus 
f(H、) is an Mr-subgroup of GL

THEOREM 3. Let f : G G1 be an MT ^homomorphism of MT- 
groups and let K = Kerf. For any MT-subgroup Hf of G\ =
{x e G|/(x) e Hf} is an MT-subgroup of G containing K.

Proof. Note that is a subgroup of G. Let x € M, 7 G T
gd a G Then f(xya) = xyf(a) E H1 because H1 is an MF-
subgroup of(과 and /(a) g HL It follows that xya € J—'(丑so that 
广t(h‘) is an MF-subgroup of G, Clearly K is contained in 
completing the proof.

THEOREM 4. Let f : G G1 be an MT-monomorphism of MT- 
groups. For 히)y MT-subgroup H of G)H is MT -isomorphic to j(H). 
In particular, G is MT-isomorphic to Im(f) which is equal to /(G).

P^oof. By Theorem 2, f(H) is an MF-subgroup of G'・ Now we define 
a map , : H —+ f(H) by= f(h)・ Then © is an MF-monomorphisni 
from H onto f(H). So we have that H is MF-isomorphic to
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THEOREM 5. Let G and G1 be MT-groups and let f : G -수 G，be 
an MT- homomorphism. Then Kerf is an MT-ideal of G.

Proof. Clearly (Ke尸£+) is a normal divisor of (G,+). Let x G M, 
7 € T, /i e Kerf and g £ G. Then

•f(町(9 + h)~ 町g) = f(xy(g + 7i)) - f(xyg)
=+ h)~ E(g)
=町(f (g) + /(M)-町 f(g)
=xyf(g) - xyf(ff)
=0.

and so xy(g 4- A) — xyg E Kerf. Thus Kerf is an MF-ideal of G. This 
completes the proof.

Now we construct the factor MF-group. Let H be an MF-ideal of 
an MF-group G. Then G/H is a factor group under the operation

(gi + H) 4- (g? + H) = (g】+ g?、) + H

for any gi + g2 + H E G/H. For all x,?/ € Af, 7, G T and g + H E 
G/H)we define + H) = xyg + H. Then we have

S + g)T(g + H) = (% + y)yg + H
=(町g + 錦 g) + H
=(xyg + H) + (yyg + H)
= Eg + ］모) + gi(g + h).

and

+ H)) = xy(yfig + H)
=3丁(，产 9)+ H
=(町g)四 + H
=(中停加(g + H)・

Thus G/H is an Mf-group. Hence we get the following theorem.
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THEOREM 6. Let G be an MT -group and let H be an MT -ideal of G. 
꼬hen the cosets of H form an MT -group G/H whose binary operations 
are defined by

(a + H) + (b + H) = (a + b) + H

and
町(a + H) = xya + H

for all xe M,7er anda + H.b + H E G/H. This MT-group G/H is 
called the factor MT -group of G by H.

THEOREM 7. Let H be an MT-ideal of an MT-group G. Then f : 
G —> G/H given by f(g) = g + H is an MT-homomorphism with kernel 
H.

Proof. Clearly / is a group homomorphism of G into G/H. For all 
X e M, 7 e r and g e G, f(xyg) = x^g + H = xy(g + H) = zyf(g), 
so / is an MDhomomorphism. Moreover

g 6 Kerf V=> j(g) = H •암=) g ・누 H = H g E H,

Thus Kerf = H. This completes the proof.

THEOREM 8. Let f : G Gf be an MT-homomoiphism with kernel 
H. Then /(G) is an MT-group, and the map(f> : G/H —> /(G) given 
by Mg + H) = f(9)is an MT -isomorphism. If p : G —) G/H is the 
MT -homomorphism given by 寸(g) = g + H, then for each g E G)we 
have f(g)=(赫(g).

Proof. Clearly, G is an MF-subgroup of G. By Theorem 2, f(G) 
is an MF-subgroup of Gf and so f(G) is an MP-group. If a map ° : 
G/H t f(G) is defined by ©(g + H) = f(ff) for g € G, then © is a 
group isomorphism. For any g + H e G/H, x e M and 7 € T,

机以9 + H))=枕旳g + H)
=

=町・f(g)
=叶肉+ h)・
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Thus © is an MF-isomorphism. Next, fo호 each g C G、

(<W)(g) = 臥지，(g)) = 认 g + H) = f(g).
Thus we have f = 啊). This completes 난心 proof.

THEOREM 9. Let G be an MT -group. If S is an MT-subgroup of G 
and H is an MT-ideal of G, then

(1) the set S + H = {s + h\s E S^h E H} is an MT-subgroup of G 
and S Ci H is an MT -ideal of G, and

(2) G/(S「1H) = (S + H)/H

Proof. Clearly S + H is a subgroup of G. For all x g Af, 7 6 T and 
s + h E S + H^ xy(s + 力)=+ 力)一 xys + xjs £ S + H, since H is an 
MT-ideal and S is an MF-subgroup of G. Thus S+H is an MF-subgroup 
of G. Now consider the Mr-honiomorphism 7「： G —，Gjr(g) = g+H 
and define a map / : S —> G//(5)= 7r(5)= s + H. Then f is an 
MF-homomorphism. Also

Kerf = {se 이/(s) = H} = {s € 이s + H = H} = S「1 H 
and

Imf = {(s + h) + H e G/H\s + heS + H} = (S + H)/H.
By Theorem 5 and Theorems, S A If is an MF-ideal of G and

4 : G/(S c H) T (S + H、)頃,7T(g + (S n H)) = g + H

is an Mr-isomorphism. So we have S/(S C H) = (S + H)/H, This 
completes the proof.

THEOREM 10. Let G be an MT-group and let H)K be MT-ideals 
of G. If H Q K)then K/H = {a + H\a G K} is an MT-ideal of G/H 
and (G/H)/(K/H)，그 G/K.

Proof. Clearly K/H is a normal divisor of G/H. For all x € Af, 7 E 
V.a + H e K/H and g + H € G/H,

zg((g + H) + (a + H)) - xy(g +H) = z”y((g + a) + H) - xy(g + H)
=(町(9 + a) + H) -(町g + H)
=町(g + a) — x,g) + H e. K/H.
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Thus K/H is an MF-ideal of G/H. Next, define a map

/ : G/H t G/K, f(g + H) = g + K.

Then the map f is well defined. In fact, let g± + H g2 + H for any 
g、g2 E G. Then we have 们 一 92 E 丑 으 K and so g± + K = g2 + K. 
Thus f(gi + H) = f(g2 + H). For any gi+ H,g，z+ H £ G/H,

/((ffi + H) + (如 + H)) = /((5i + 92)+ H)
=(9i +92)+ K
=(切i + K) +(52 + K)
=f(gi + H) + f(g2 + H).

and

+ H)) = f(xygi + H)
=+ K
=xy{gx + K)
=W3 + H).

Thus / is an MT -homomorphism. Moreover,

Kerf = {g + H\f(g + H) = 0 + K}
= {g + H\g + K = K}
={g + H\g € K}
=K/H.

and

Imf = {f(g + H)\g + HEG/H}
= {g + K\geG}
= 이 K.

Thus, by Theorem 8, we have (G/H)/(K/H) ~ Imf = G/K. This 
completes the proof.
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Theorem 11. Let f : G Gf be an onto MT-homomorphism and 
let K = Kerf, Then we have the following:

(1) For any MT-subgroup H of G, f(H) is an MT-subgroup of GL 
Moreover,if H is an MT-ideal of G, then is an MT-ideal 
ofG1.

(2) Bbmny AT-subgroup ofG1, y-1(H/) = (x € Gj/(x) G Hf}
is an AIT-subgroup and K C Also, if H9 is an MT-
ideal of (귀) then is an MT-ideal of G.

(3) For any MT -subgroup H of G、/~1(/(JT)) = H + K and for 
any MT-subgroup W ofG\ ”一고(上小) = HL

(4) Let X be the set of all MT~subgroups(MT-ideals) of G contain
ing K and let Y be the set of all MT~subgroups(MT- 

ideals) of G'. Then there is one-to-one mapping of X 
onto Y.

Proof.
(1) By Theorem 2, if H is an MF-subgroup of G> then f(H) is 

an MF-subgroup of Gf. Let H be an MF-ideal of G・ For all 
x E M,7 G r, /(a) G 了(H)(a € H) and g1 € G\

叫(g‘ + /(a)) - xyg' = 3：7(/(^) + /(a)) - xyf(g)
=sf(g + a) - f (町g)
=/(町(9 + a) - xyg) G f(H、)

for some g £ G, since JEf is an MF-ideal of G and a E H. Thus 
J(H) is an MF-ideal of GL

(2) By Theorem 3, if H1 is an MF-subgroup of G\ then 厂〔(H。) 
is an MF-subgroup of G and K C y-1(/T,). Let H1 be an MF- 
ideal of G'・ Clearly 厂〔(上卩)is a normal divisor of G. For all 
x G M,7 € r,a G y~1(Ur/) and g £ G,

f(Hg + a) - ”g、)=六町(g + 必)一六町g)
=sf(g + a) — xyf(g)
=町(/(g) + /(a)) - W(g) £ 硏

since Hf is an MF-ideal of Gf and /(a) G HL



54 Y.I. Kwon, Y.B.Jun and J.W.Park

(3) If if is an MF-subgroup of by Theorem 2 and 3 J-"1 (/(if)) is
an MF-subgroup of G. If a g /"1(y(/T)), then /(a) € f(H) and 
so /(a) = /(A) for some h E H. So we have a —丘£ Kerf = K・ 
Then, since a € a + K = h + K C H + C H + K.
Conversely, for any h C H and k C K、since f(h + 人;)=/(/i) +

= f(h) + 0 = f(h) e /(目)M + k & /T(六丑))md so 
H + K 으 广(八H)). Therefore = H + K・ Next,
if Hf is an MF-subgroup of G\ then since / is onto mapping, 
JU-i(H')) = n f(G) = n = HL

(4) By (3), if H is an MF-subgroup of G containing K,
=H + K = H. In particular, if /f is an MF-ideal of (7, 
then f(H) is an MF-ideal of (고. Also if Hf is an ^MF-subgroup 
of G\ 六厂'(面))=H1 and f(Hf) is an MF-ideal of G for 
an MF-ideal H1 of Gf. This completes the proof.
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