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ON A WEIGHTED MAXIMAL 
MEANS OFF THE LINE $ = %

Jung S. Rhee

One of the main topics in the harmonic analysis is the local smoothig 

estimates for a certain maximal means. Elias M. Stein introduced the 

spherical maximal means in his paper [5]. Also J. Bourgain showed 

that there is a local smoothing estimates for Stein's maximal means 

in [1]. In recent years, Mockenhaupt, Seeger and Sogge reinforced the 

local smoothing estimates of Bourgain^ circular maximal means(see 

[2]). In [3], Oberlin studied Stein's maximal estimates off the dual line 

1 =： 1. A partial soluton of the maximal means off the line ' = % was 

given by Oberlin in [3].

In this note, we will give a complete solution what Oberlin has 

expected(see [이). Actually we give a sharp estimates of a (spherical) 

maximal means off the dual line for n >3 and a > 0.

Let us define spherical means of (complex) order a by

= [ (1 - |y|2)r7(^-^M/ e C^Rn\t > 0. 

JRn

These means are defined for Rea > 0, but the definion can be extened 

to the region Rea < 0 by analytic continuation. For Rea < 0, we 

put m心 * /(x) given by = ma(^x)/(x) where

m^(x) = 7厂허"I찌〜耳―어t j끌+『1(2찌이), JQ is a Bessel function of 

order a and majt(x) = ma(> 0,x G Kn.

Now we consider a maximal function( introduced by Oberlin-see [위):

勾詩 S) = sup〉。疔一히 <p<q<oo.

For n = 2, it is known that (JR2(supr>0 \M^< 이]刊4 if 

"> —§ (see [2]). Thus we can have some estimates of operators T^q 

by interpolating the above result and (b) in the following theorem.
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Theorem 1. (a) Let a>0 and n > 3. Then

迂 (氟) is in the region: | > ^(| -«),| > 己•(쁘丄 - (n - 1 + 2a)) 

and - < 므브 + 丄a.p n n
(b) For n = 2, the above result is true when a > |.

COMMENT:, (a) and (b) are sharp in the sense of a necessary con­

dition for n > 2. For a = 0, see a necessary condition in [3]. For a > 0, 

we can easily get the above condition using a transform in lemma 2.

The proof is based on a (Stein's) trsnsfbrm and interpolation theo­

rem.

Lemma 2. Let 1 < p < g < oo.

Set a > 사 + 方/ > 一? + 专 and 廿 > 을(，专 一 1) + 法. Then

疔-히•初?六:z)| W C("/,0,g)G J 疗/(찌|，ds} "

where C depends only on p, q、a and af.

Proof. By a (Stein's) transform (see [SI]), we have a following cal­

culation:

H 广고
=-——-/ M£'f(Z)(l—s2)af'Tsn+2a'Tds

i (a — a ) Jo

for a> a' > —芸 + Then

疔-히捋仇圳

<而%，(就"方⑴郭T + *)+2a'T(l - 52广宀1必

<(冲,矶心){； / u끔-히A疗/(：时阳} ‘

by Holder^ inequality. Here,

C{a,a',p,q)

]财(a — 소 一 1) + 1)「(哮(1 一 $ + 十) + 血' 一 专(矿 一 1)) 讨 

21、(矿(a 一 W - 1) + 1 + *(1 - $ + *) + qW - * & 一 1))''
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Lemma 3. Let 서 = 一九 + 1 + 号 and * < $ Then
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Ur” L （r므 —히布加）|）哼싸，＜ 에flip

血丄 = 뜨Kl —丄)•

Proof. Consider a family of operators Sz : £p(7?n,dx)—> 乙。

, 쓰dir) given by Szf(x^ r) = r (너;? 肱了세…芬/(z) for any complex 

number z.

꼬hen we have the following known results by TT*-method (see Lemma 

5 in [4]):

|[SM*,r)||2 V {/ / (r(”饥 -프七(:圳)幫츠))牛血}

< ca띠 ||f ||2

for some constants c and a .

Since |&+曷3，尸)| = rn+ Mr+/(^)5 we can easily show that

||斗+〃||乙8(辟+i, 쓰0时 — 시지 ILfllwR")，

Hence the complex interpolation theorem gives our results. Now we 

are ready to finish Theorem 1.

Proof of theorem 1. Let n > 2. By the complex interpolation theo­

rem between (0,0) and (1, oo), we can see easily that

II supr〉o r히M7/(c)|||8 < c||/||p if i < a and 0 < a < 1.

It is known that || supr>0 |M；f(x)|||p < c||/||p if $ < 므그 + % and 

0 < <t < 1 by Stein's maximal thecT'em(see |티).
In order to interpolate points m the line | + | = 1 we will use 

Oberlin's method-see [3] for n > 3.

Consider a family of operators 꼬z : Lp(-Rn) ——> Lq(dx,Ls(^)) given 

by Tz/(x,r) = rzMr^where 乙Q(血0$(씀:)) is a mixed normed 

space with norm
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IIMI"，= {Jr，，(皓 lg(£，r)|“씓：)&z} + . Let p be fixed with | < ^ < 

2그 + 음. Put a(z) = 1 + 折윽$(幸 — !)• Choose e > 0 such that 

€= 抽- 뜽字).

Then we obtain the following estimates by complex interpolation 

and the choice of €：

-#•에 P，'8 = Ur” (suprh히M〃(z)|)P'dz} 土 &||為 

r>0

if 1 < 1 < 흐二丄 .1. 흐“2 느；J% n 十 k

We will interpolate points on typediagram in the line | = ^|(1 —^).

Set "年*;< a < 1. Lemma 2 and Lemma 3 gives:

II 응 UP 質프-히 시 [I 功(Rn)
r>0

< c,{ / (sup(- / |s므一尸

jRn r>o r JQ

< C,{ / [ \sr~fMff(x)\q—dx}1

JRn JO $

에f 肚p(R”)

ifa > + 1 = «,! = ^ + ^±11 and 1 = ^1(1-1).

Thus we have || sup尸>()志-히A伙沧)临 < 이|加 for | < 君若 and 

乐 = 듬〒"(1 一 j) since we can choose a < 0 such that - = :弃; + 
M서t) v〜 흐三二끄 
rP+l 0 宓卜1 .

If b > 0 we will take a < a such that - = 흐套쭈 + 씬;츠) < p -j-l n^+1
尊者 + 쯮芸?• Then we obtain || sup* r픔-히M〃(:时|扃 < C시|f||p 

if X理若+ 4群房=諳(1-訪 1

For n = 2, we can get {&” 岸 |r言M?六；时戸쓰血} 容 < 이|刊2 by 

Lemma 2. Then we have {fRn |supr>0f(x}^dx}^ < C||/||2 if

> |. Thus it is natural to obtain the reults in (b) by the copy of the 

previous proof.
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