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ON THE JOINT MAXIMAL NUMERICAL RANGES

Young Sik Park and Ciieon Seoung Ryoo

고. Introduction

Let B(7Y) be the algebra of bounded linear operators on a complex 
Hilbert space H and let A = (=4j, Ai, , An) be an n-tuple of opera
tors on 1七 By an operator-family we shall mean an 7i-tuple of operators 
and denote the set if all operator-families by

For A = (Ai,血,...,An) € and ||&刑=(52X1 ||Aa:||2)1/2-
M. Cho [2] introduced the joint maximal numerical range WO(A) of 

an 72-tuple of bounded linear operators on a Hilbert space WO(A)= 
｛人 * ((4i ⑦加工*;)〉(&2：以)為)：•…,t〉、=(入 广…,*^n)j 
|h시I = 1 and ||如对 一)II•쎄｝, where A = (，稣人臨 …，為) € Cn.

Symbols W(A\<7(A),aa(A) and。京(,4) are used respectively for the 
joint numerical range [3], the joint spectrum [5], the joint approximate 
point spcctruixifl] and the reducing joint approximate point spectrum 
[3]. If 3 =(C1,C2, • • - then |/| =(U、|~J2)1/2.

The joint operator norm j|Ajj of A is defined as

' n
II시I = sup ||，4께 = sup (£J|且Elf 

꽤 a II끼*1 H

Clearly, ||A|| < II씨F)】/%

Since £丄 ||&시|2 =(£丄 非烦，丁), ||.4|| = ||(£» A：A)V2||= 
II£?=EA)i/2]|】/2.

And WO(A) is a nonempty closed subset of the closure of the joint 
numerical ranges [卩(A)of A.

We say that an 77-tuple A = (Ai, -42, , An) has a convex propertty 
(*) if, for any points A = x),卩=(Ay^y) G W0(A) and for any
卩，on the line segment jointing A and p, there exist complex numbers 
a, 0 such that 板;+ = 1 and (A(az + /3g), ax + 伙j)=诉.
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So far it is known that the joint maximal numerical range W0(A) of 
4 = (Ai，/技,… ,is a convex in the following cases [2]:

(1) A = (-41 …，=&) is an ??-tuple of commuting nomal oper
ators,

(2) A = (Ai, A2, , An) is an ??-tuple of Toeplitz operato호s and
(3) A = (Ai, A2, ••- , An) is a commuting n-tuple of operators on 

a two-dimensional Hilbert space.
Then A has a convex property(*).

2. Some results

In [4], G.Garske proved that if A is an extreme point of TV(A), the 
following statement (**) is true:

(**) Let {x^} be a sequence of unit vectors in H weakly converging 
to x € 7Y such that (4陽m) —> A.

Then either z = 0 of (刀卩宜卩 幸卩)= A. Motivated by a convex prop
erty (★) of A G B{TCyi and G. Garske's result [4], we give the following:

THEOREM 1. Let A = , An) be an n-tuple of isometric
operators with a convex propertty (*).

If A — (Ai, A2, • • • A„) is an extreme point of W0(A)^ then the follow
ing statement is true:

Let {xk } be a sequence of unit vectors in weakly converging to x E T~l 
such that x^) —* A： for each ? = 1,2, • • • , ?? then either x ~ 0 or
以1曲'討=人.

Proof. Let 必=以：一x. Then t/^ —> 0 weakly and |}切』V 2 since 
II시I < 1.

So we may assume by passing to a subsequence, if necessary, that 
there is a real number e > 0 such that ||贝』一어 e 허id assume, without 
loss of generality, that ||.4：|| = 1 for each z = 1,2, • • • ,n. Now

n
£lkS||2
t= 1

n
=£{(«4：&必，必)+ (A^Alx,yk') + (yk,A*A,x) + (A*Atx, a:)) 
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and (A,xk,xk) = (Atyk,yk) + (一4,火，：r) + (一也2,火)+ (&z,c).
Since 强 -셔 0 weakly and each Ai is an isometry with ||At|| = 1 for 

2 = 1,2, ••- ,71 we see that 1 = e2 + ||j-||2 and (丄弘 , 贝) -스 At —(Ata：,x) 
since ⑦旳 zQ —> Xt for each ? = L, 2, •…，n.

If € = 0, then ||M| = 1 and Xt = (Atx^ x) since〈AmeQ 一나 0.
Suppose that £ 구4 0. We let 卩= (』£人,・办) with |倍丄|| = 1 such that 

四 一스 食 = (.4』訂注南) = (Ai, A2, - - -，爲), where at 二二 (4［曲, ］商) 

and let 办=(A爲「尚〔)for all k such that yk 尹 0.
Since each At is an isometry, we have al g IVO(A2) for each i = 

1, 2,- • • , ?? and the sequence {"人} in 17(A) converges to some 0 = 
(M队… ,/3n) e TT^(A), and so 伉 € HZO(AJ and At = 旳3 + ||끼［2% 
for each / = 1,2,3, • • , ?2 since Tl7o( A) is a convex.

Since an ??-tuple A — (Ai, Ao, - • • , An) has a convex property (*), 
wc have X = 8［3 + ||z||a, where h* = 普说卩 + ||세%如

This means that A lies on the segment from q to /?.
Since A is an extreni point of 卩頌4), we conclude A — a or A — /?.
In the later case, we have (1 — e으)入 = ||a:||2tt, and tliis gives X = a = 

시尙m曲)•

In general, a laige number of important properties of T卩(A) fail to 
hold H For example, we shall show Theorem 3.

LEMMA 2. For an z?-tuple of Operators A = (Ai, ^2, ••- , An) if 
0 e \VO(A). then 出니卩 + |A|2 < ||.4 + A2|| for all A e Cn/

Proof. If 0 6 IFO(A), then there exists 钦 E h, ||a시I = 1 such that
||(A + 시葛.If

71
= 5Z + 人，)耳』허

7 = 1
77

=£(( -L + 入)*(-L + 人7)互,归) 

1=1
n
=归+ (一，撰心，.硃)+ (X*AtXk,xk) + |A,|2)

2=1
n n n

=1|4以||흐 +2ReXi(Arxk^k) +I시‘ -十 ll&l후 + |A|2.
1=1 2 = 1 1 = 1
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Hence
||一4 + 시|2习|&|2 + |시2

for all A E

THEOREM 3. The jointly maxima] numerical range WO(A) of A is 
not transla tion-invariant unless A is scalar.

Proof. We may assume that WQ{A + 二)=W0(A) + z for all z and 
0GU4G4)-

Let w € TVo(-4) and w + z E WO(A + z). There exist sequence {xk} 
and {yk} of unit vector in H such that

(Ayk，贝)=((& yk, yk),(丄对/曷贝),(虫处,快),• • •，(4 泌么,弧))

T W =(站i,U，2,U>2,33，・.. ,W„)
and n

Il 新내 =(£iia 心 ||叩/—剛 

t=l

((A + z)xk,a.-k)
=((-4i +=]*.心)，…,(.4„ + %耳，归))

=+ (=1 钦，钦),• • • ,(AnXk,Xk) +(2如爵,；2%))
=((Al：以、山)，• • •，(/私瓦，：％)) + ((力丁灼山)，…,(2引们k,瓦))

―» ip 4- c
and

n
||(』+ £)£人』=(£ ||& +切如||勺'”

2 = 1
n

1 H-4 + 圳 = SUp{(£ ||(山 + 彳)쎄2)1〃 : I同 = 1}
»=1

and
n

1 = 1
n n n

= £ H시, + 二 )n||2 - £ I弓 |2 - E 2J?房;(&"：").

?=1 2=1 1=1
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We have
n

||4||즈 2 |!(A + ^)||2 — I二F —2庇奴). 

t=i

Since 0 g TKJA) and by Lemma 2, we 시)tain that

II 시|2 + | = |2 = 卩 + 기|2

foi all z eCn
Hence it implies that

n
IL시|2 = sup{£ ||一烦||2 : ||t|| = 1) 

« = 1 
n

= sup{52 MA +，)메2 : 脸|| = 1) 
Z = 1

n
= SUp{£(((-L + z)*3 + %)Z,E)- |鉗2) : II에 = 1) 

2=1
H 11

= sup{E ILM||2 +: II끼I = 1} 
Z = 1 1=1

n
> 2sup(^2 a1) : |r|| = 1)

Z = 1

foi all z e Cn.
T - — f "니2 II土시I? ... 1［스끄와！、
“~ ~~ \("4町)，(t,.422：) , 5 (z,_4nz)

Hence
n

||一圳2 > 2 sup{^2 2J?ec；(.4ta?, a-) : ||씨| = 1} 
i=l

= 2 河技 #e( 丿堂 七 (4了, .r)) : II.애 = 1} 
1=1

=2||A||2

So that A = (Ai 5.4o, • • • , An ) = 0、
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A.B. Patel and S.NL Patel [6, Example 1] showed that z need not 
belong to 0%(A) though z G T卩(A) belongs to crfl(A).

In Theorem 5 and Theorem 6, we shall give the conditions to be a 
joint approximate eigen-value w g W0(A) and a reducing joint approx
imate eigen-value of c € WO(A) of A, respectively. Also it is easy to 
show that z need not belong to(7^(.4) even z belong to aa(A).

Lemma 4 [3]. Let A = (Al，也，…,An) be a commuting n~tuple of 
operators If z = (ci, ^2, ••- , zn) belongs to {기」.) such that \zt\ = ||At|| 
foi* each i = 1,2, ■ • * , n, then z is a reducing joint. 히)proximate eigen
value of A

Theorem 5. Let A = (.4」,Ao, , .4n) be an n-tuple of operators.
If z E 卩*(4) and \z\ = ||A||? then z is a joint approximate eigen-value 
of A

Proof. By hypothesis, there exists a sequence of unit vectors 
in H for which (『盘牛以)t for ? = 1,2, . . •成、and ||Az^|| —> ||A||. 
Then we have

22 肉-> mu2 - kF = 0.
1=1

Thus r盘) t 0, and so (A — zl)xk —> 0. Therefore z belongs
to

THEOREM 6. Let A = (Al, A2^ • - , An) he an commuting n~tuple 
of operatois If z = (ci, • • -n) € WO(A) and \zt\ = |\4』for / = 
1, 2, 3, - • • , n , then z is a reducing joint approximate eigen-value of A.

Proof. If 二 =(•二i, •二2, •… 二7) € TI70(A), then there exists a sequence 
{a*a } of unit vectors in H su시】 that (A侦r , ) —> 二 for z = 1,2, - • • ,n 
and \\Axk || 一셔 || A||. Therefore, we have

n
flLL 山:- w 对 |2
?=1

n n n
=II-4/Ta II? +|2 — 27?e心,：以)亍;—> ||A||2 — |^|2- 

f=i ?= 1 t=1
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Since

n n
(£ 11-，니I")” > sup((22 l|W||2)S : .t e ”and||시I = 1) = \\A\\, 

2=1 1 ―― 1

it is clear that

ik-Eim2<Eii^1!2-Ei-i2=0
4=1 / — I ? = 1

,and so 6 cr( A). Hence it follows from Lemina 4 that is a reducing 
joint, approximate eigen-value of A.
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