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ON THE JOINT MAXIMAL NUMERICAL RANGES

YOUNG SIK PARK AND CHEON SEQUNG Ryoo

1. Introduction

Let B{H) be the algebra of bounded linear operators on a complex
Hilbert space H and let A = (A4,, 41,--- , A,) be an n-tuple of opera-
tors on H. By an operator-family we shall mean an n-tuple of operators
and denote the set if all operator-families by B{H)".

For A= (A, A1, ,As) € B(H)" and ||Az) = (3, | 4.2

M. Cha [2] introduced the joint maximal numerical range W,(A) of
an n-tuple of bounded linear operators on a Hilbert space H; Wy(A) =
{0 ((Arzr,2r), (Aszg,zp), - - (Apzg, zk)) = A = (A0, h,00, An),
|zl = 1 and {Axi|| — ||A||}, where A = (X1, A2, , An) € C™.

Symbols W{A),o(A),0.(A) and o.{A) are used respectively for the
joint numerical range {3}, the joint spectrum [5}, the joint approximate
point spectrum(l] and the reducing joint approximate point spectrum
[B8). If = = (21,22, +~ ,20), then |z| = (0, =, |3)2

The joint operator norm {j A} of A is defined as

H4|l = s Azl = sup (Z!H z|f*)?

fl=ll<1 fleli<t ;=

Clearly, 4] < (301, [14.[*)'/2.

Since 337, 4.2l = (1L Ar i, ), 4] = (205, Ar4) 2=
IS, ATAN 22,

And W,(4) is a nonempty closed subset of the closure of the joint
numerical ranges (A} of A.

We say that an n-tuple A = (A,, A,,--- , A,) has a convex propertty
(*) if, for any points A = (Az,z), p = (Ay,y) € W,(4) and for any
{+ on the line segment jointing A and p, there exist complex numbers
a, B such that laz + Byl =1 and (A(az + By),az + By) =
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So far it is known that the joint maximal numerical range W,(A4) of
A=(A4;, 42, ,4,) is a convex in the following cases [2] :
(1) A=(4,,47,---,4,) is an n-tuple of commuting nomal oper-
ators,
(2) A={A;,45,---,4,) is an n-tuple of Toeplitz operators and
(3) A=(4y,A2,---,4,) is a commuting n-tuple of operators on
a two-dimensional Hilbert space.

Then A4 has a convex property(*).

2. Some results

In [4], G.Garske proved that if X is an extreme point of W(A), the
following statement (*x) is true:

(**} Let {x4} be a sequence of unit vectors in H weakly converging
to 2 € M such that (Azg,z;) — A

Then either z = 0 of (AH_:iT’ "-ﬁﬁ) = A. Motivated by a convex prop-

erty (*) of A € B('H)™ and G. Garske’s result [4], we give the following;:

THEOREM 1. Let A = (A4;,As,---,Ay,) be an n-tuple of isometric
operators with a convex propertty ().

IfX = (A, A2, -+ A,) is an extreme point of W,(A), then the follow-
ing statement is true:

Let {z1} be a sequence of unit vectors in weakly converging toz € H
such that (Ao, zg) — A, for each 1 =1,2,--- ,n then either z = 0 or
{ AT Ti_li) = A

Proof. Let yi = x — 2. Then y; — 0 weakly and fjyr|] < 2 since
JJaf] < 1.

So we may assume by passing to a subsequence, if necessary, that
theve is a real number ¢ > 0 such that Jjyz|| — € and assume, without
loss of generality, that ||4,{| = 1 for each i = 1,2,--- ,n. Now

3 la?

= Z{(Affi,yk, yr) + (A7 Acx, yn) + (yr, Ay Ai2) + (AT Az, 2)}

=1
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and (.-1,.1:k ) -’CL) = ("Lyk ’ ?/L) + ("1191- ) ‘T) + (A,LL“ y!\) + (Azxa J")

Since yx — 0 weakly and each 4; is an isometry with {|A,}[ = 1 for
i=1,2,--- ,nwesee that 1 = €* +|[«||? and { A, 51, ) = A, — (A2, 2)
since (4,25, 25} — A, foreach?2=1,2,--- | n.

If € =0, then ||z}l =1 and X, = {A,2,z) since (A4,y1,yx) — 0.

Suppose that € # 0. We let py = (Az, 2x) with ||z¢}] = 1 such that
fr — o = (411%“,175;!?} = (A1, A2, ,An), where a, = (A,H%H,H%H)
and let o = (‘4"-;32—11', (i) for all & such that yi # 0.

Sinee each 4, is an isometry, we have «, € W,(4,) for each ¢ =
1,2,--- ,n and the sequence {u;} in TW(4) converges to some g =
(B1, P2y o+, Ba) € TE(A), and s0 3, € W,(4,) and A, = €8 + |jz||%a,,
for each 7 = 1,2,3, -+ ,n since TF,( A} is a convex.

Since an n-tuple 4 = (4, 4s,---, A,) has a convex property (*},

we have A = €23 + ||z]|a, where a4 = E2T|—Z:—[ + ll2 % 2.
This means that A lies on the segment from o to 3.

Since A is an extrem point of 1V,(A4), we conclude A = @ or A = 4.
In the later case, we have (1 —€?)A = ||2]|*«, and this gives A = @ =

(A i2p)-

In general, a laige number of important properties of W(A) fail to
hold 1,(A4). For example, we shall show Theorem 3.

LEMMA 2. For an n-tuple of operators A = (4,, 40, ,4,) if
0 € Wo(A). then ||4|1* + {A]? < ||4 + X?|| for all A € C™.

Proof. 1f 0 € W,(A4), then there exists 2 € H, |Jzxll = 1 such that
(A + M

= Z “(Az + At)l‘k”z
=1
= Z((“ll + Az)'(-"lz + /\r)xhﬂ'k)
=1
=) ((Ar e a) + (AT s, 20) + (A Aze, 2e) + [ AP)

=1

= >l Az’ + ) 2ReA(Ari, 2 + I = AR + AP
t=1 =1 =1
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Hence
4+ A0 > (417 + AP

for all A € C".

THEOREM 3. The jointly maximal numerical range Wy(A) of A is
not translation-invariant unless A is scalar.

Proof. We may assume that 1V,(A4 + :) = W,{4) + 2 for all z and
0 € 1V,(A).
Let w € TW,(A) and w + = € W,{ 4 + z). There exist sequence {zx}
and {yr} of unit vector in H such that
(Aye, ye) = ((Aay, ye)s (Aayis yie)s (Aaye, v e 5 (Ani, Ye))
—w = (wy, wy, Wy, W3, swﬂ)
and .
fyall = O Am®)/? - 14|
=1
(A + 2)zp,ap)
= ((-‘11 e T )a ot 7(~"1n + Zply, 2% })
= ({(A1vg,20) + (1 2e ey (Auziy 1) + (2028, 21))
= ((1xxr)e s (Aezk, ax)) H (2126, 200y 5 (2a %, T1)

— w4z
and
A+ 2)all = 14, + z)aa )2
1=1
-3 ”:1 + S” = sup{(z ”(Az + 3:)37”2)1/2 . ”.’L” — 1}
=1
and

S A
=1

” " n
=3 WA+ z0nd =D 1al = 2ReT (A, wr).
1=1 =1

=1
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1We have

n

AP = A+ 27 = 127 = ) 2Ren(Aan, 24).

=1

Since 0 € TV,{4) and by Lemma 2, we obtain that

412 + 1= = fl4 + 2|

for all z € C"
Hence it implies that

1412 = supd 3 uel? = flel) = 1}
= S“P{z A+ z)2)? : o)) = 1}

= sup{D (4 +2) (A +2),2) = |2 : =l = 1}

=1

= sup{z 1A, 2l® + Z 2Rez (A ) laf =1}
1=1 =1

n
> 23\11){2 2R (A, 2) o] = 1}

=1

for all z € C".

DAl NAeall?  fAazl?
Let I = ({I Alz)’ (1‘,.’%22.‘)’ MY {x”,{"z)).

Hence

HAN? > 2sup{)2Rez (A2, 2) : [lz]) = 1}

=1

75111){2 Re( ” A “

= 2f{4?
So that A = (A, 42,---,4,}=0.

Tr ) ) el = 1}
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A.B. Patel and S.M. Patel {6, Example 1] showed that z need not
belong to o,(A)} though z € W{.4) belongs to o,(4).

In Theorem 5 and Theorem G, we shall give the conditions to be a
joint approximate eigen-value z € 1V,(4) and a reducing joint approx-
mmate eigen-value of - € W,{A) of A, respectively. Also it is easy to
show that z need not helong to o,{A4) even z belong to g,{A4).

LEMMA 4 [3]. Let 4 = (41, As,--+, An) be a commuting n-tuple of
operators If = = (2,29, ++ ,2,) belongs to o(4) such that |z,| = || A.]|
for eacli t = 1,2.--- ,n, then z is a reducing joint approximate eigen-
value of 4

THTORCM 5. Let 4 = (A;, 42, , An) be an n-tuple of operators.
If z € Wo(A) and |z| = ||4}}, then = is a joint approximate eigen-value
of 4

Praof. By hypothesis, there coxists a scquence {zx} of unit vectors
in H for which (A2, 22) = 2, fore=1,2,--- ,n, and |4z || — [|All.
Then we have

Y len, z0)zm - AP = =P = 0.
=1

Thus (A2, 5,21} — 0, and so (4 — z1 )z — 0. Therefore z belongs
to o{.4).

THEOREM 6. Let A = (44, 4,, -+, A,) be an commuting n-tuple
of operators If = = (z1,22,---2,) € Wo(A) and |z,| = {|A,}] for i =
1,2,3,--- ,n, then z is a reducing joint approximate eigen-value of A.

Proof. X =z = (z1,29,---2,) € TW,(A4}, then there exists a sequence
{21} of unit vectors in H such that (A,r;,21) = 2, fori=1,2,---,n
and [J4a1]| — JJ4|l. Therefore, we have

> e — zag?

1=1

=3 JanfF 4 ) 1af —2Re > (Aai,70)T o (A - |2l
=1 =1

=1
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Since

O A2 2 supl{(Y A2/ - « € Hand|la|| = 1} = |[4]],

=1 =1

1t 1s clear that

n

A1 =Dl <Y HAN =D 1= =0

=1 1=zt =1

, and so z € g{A). Hence it follows from Lemma 4 that z is a reducing
joint approximate cigen-value of A.
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