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GLOBAL FORM OF A COMPLETE 
HYPERSURFACE OF Sn x Sn

Shin,Yong Ho

0. Introduction

In 1973, K. Yano[l] studied the differential geometry of Sn x Sn and 

introduced the structure equations of real hypeisurface of S"(l/v② x 

S%l/v②.

In 1982, S.-S.Eum, U-H.Ki and YHKim [2] researched partially real 

hyp er surfaces of Sn x Sn by using the concept of i-invariance.

In [3], the author found that the necessary and sufficient condition 

for a hype호surface of Sn x Sn being i-antiholomorphic and investigated 

its global properties

The purpose of the present paper is devoted to characterization of 

the global form of a complete hypersurface of S" x Sn.

In section 1, we xecall the structure equations of hypersurfaces of 

S”(l/V幻 X S"l/技).

In section 2, we have global forms of a complete hypersurface of 

Sn x Sn under some algebraic conditions.

1. Structure equations of hypersurfaces of S"(l/\庖)〉＜須겅(1/\/§)

Let M be a hypcrsu호face immersed isometrically in Sn(l/y/2) X 

Sn(l/x/2) as a submanifold of codimension 2 of (2n + 2)-dimensional 

Euclidean space or real hypersurface of (2?i+1 )-dimensional unit sphere 

S흐"+1(1) And we suppose that M is covered by the system of coordi

nate neighborhoods ｛卩; 无허｝, where here and in the sequel, the indices 

a, 6, c, J, ••- run over the range ｛1,2, - - - , 2n — 1).

Since the immersion t : M Sn(l/\/2) x S"(l/\/2) is isometric, 

from the (/, g八、v, A )-structure defined on Sn x Sn. we get the so-called 

(£ 们 5 p, w. A,卩〉p)-$tructure [2] given by
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(1.1) fufe = 一弟 + 5产 + VbVa + WbWa,

f^ue = —Ava + ^ioa,

(1.2) f^ve = Xua + vwa

f^We =—四a — UVa

or equivalently,

Uefa =一 flWa,Vef^ = ~Xlla 一 UWa.W€f^ =四如 + 协如

(1.3) UeUe = 1 —入2 一 yUeVe = ―uexoe =—人匕

VeVe =]—人2 _ x/2, VeZOe =〉M

wetue = 1 — [I2 ~ I/2

where ua, va and wa are 1-fbrms associated with ua^ va and wa re- 

spectively given by ua = ubgba, * = vbgba and wa = 静血)and 

fba = f^gCa is skew-sjanmetric. Moreover, we obtain

(1.4) ▽c‘* = —그2日卜丁c卩1 = — 시瞞，―，▽사，= "ce안) —,

Finally〉we introduce the followings.

REMARK [4]. If 人? + 产호 + / = I on the hypersurface Af, we see 

that 卩，= 成 u = constant^ 0), vc = 0 and a = 0. And if the function 

A vanishes on some open set, then we have vc = 0 and 〃 = 0. Moreover 

the 4-forni 电b never vanishes on an open set in M、in fact, if 1-fbrm 

is zero on an open set in M, then fcb = 0, which contradict n > 1.

Lemma 1.1 [3]. Let M be a hypersui'face satisfying kcef^ =屈 

ofSn(l/y/2) x Sn(l/V2\ Then we have

人으 + “2 + / = 1 or + 产2 + = 0

on M.
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LEMMA 1.2 [3]. Under the same assumptions as those stated in 

Lemma LI, M is k-antiholomorphic if and only if A2 + p2 = 1 holds 

at every point of M,

THEOREM A [3]. Let M be a hypersurface of Sn(l/y/2) x S"(l/w② 

with (/, g. v, w, A, /z, i/)-structure satisfying A2 + //2 + v2 ~ 1. If M is 

a minimal hypersurface of Sn(l/\/2) x Sn(l/V2)? then M is Sasakian 

C-Einsteain manifold.

THEOREM B [3]. Let M be a k-antiholomorphic hypersurface of 
Sn(l/V2) x Sn(l/\/2)(?7 > 1) satisfying k建 + f曲=0. If M is 

minima] (or the square of length of the second fundamental tensor of 

M is not greater than 2(?? — 1) at every point of M), then M as a 

submaifold of codimension 3 of a Euclidean (2n + 2)~space, is an inter

section of complex cone with generator C and a (2n + 1)-dimensional 

sphere S2n+1(l).

THEOREM C [5]. If M is a k-invarinat hypersurface of S"(l/V2) x 

5n(l/>/2)(77 > 1) satisfying

l；比

then M is totally geodesic Moreover, hl is complete and M is Sn-1 x

THEOREM D [5]. Let M be a k~invariant hypersui'face of Sn(l/\/2)x 

Sn(l/y/2)(n > 1) satisfying

lefe - = 0.

Then hl is totally geodesic. Moreover, the Aype호surface is complete 

and M is S11^1 x Sn.

2. Global form of a complete hypersurface

In this section, we consider a hypersuiface M of Sn(1 /y/2) X Sn(1 /\/2) 

such that

心 崂=0, lLfe+fX=0
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hold on M. or equivalently

(2.1) ^cefb = ^befc

and

(2.2) lcefl = 5

Now, transvecting (2.1) with J* and using (1.1), we find

〔ce(-鸾 + lyuF + VaVe + ZOaWe = Ibefcfai

from which, takin응 the skew-symmetric part,

(2.3) (丄圧*)血 一 (/fecue)uc + Qce芒')W

一 (lbeVe)Vc + (Le妒)以 一 (/6eWe)Wc = 0.

If we transvect L或傷 with /电 we get from (2.2)

(2.4) 以 = l 서」*/ + lchvcvb + lcbWcwb

because of (1.1)

From our assumption (2.1) and section 3 of [3], we get

(2.5) (1 一 /z2 — p2)A> = Gwcj (1 — 시2)件 = 바沁

(2.6) kcewe = —awc,

and

(2.7) (r2 + ”2)私 + (卩 + mg： + (〃 + 处=0.

Thus, according to Lemma 1.1, we may only consider the following two 

cases in which

(2.8) A2 + 卩 2 + / = 1,
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(2.9) fj2 + i/2 + 2af.ii/ — 0.

In the first place, we consider the case in which A2 + /z2 + = L then

by Remark, we have a = = 0“/ = constant^ 0) and vc = 0.

So (2.7) is turned out to be uc = 一이睫.

Substituting this into the second expression of (1.2) and remember

ing the fact that t% = 0 and u 尹 0, we get

(2.10) wc = Xkc.

Therefore (1.4) with /t = 0 yields Zccne = 0 and hence lceke = 0.

If we transvect 年 to (2.10), then

lce we = 0.

Using these facts, the equation (2 4) gives 1% = 0, that is, the hyper

surface is minimal.

According to Theorem A, M is, in this case, a minimal Sasakian 

C-Einstein manifold.

Secondly, we consider the case in which 俨 + 〃즈 + 2。나w = 0. Then 

as was already shown in section of [3], we have, in this case

〃 + a”, = 0, 卩 + av = 0,

which show that //2 = 〃七 So (2.7) implies

(2.11) 俱匚=0.

If wo suppose that the hypersurface is not Zr-invaiiant, then # = 0 and 

hence 〃 = 0

Thus the second equation of (1.4) reduces to

(2.12) lceue = (1 - dX)wc,

where wc have used (2.5) with 卩=卩=0.

Since u vanishes in this case, the third equation of (1.4) becomes

(2.13) Zceue = —awc
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with the aid of (2.6). 、、

Substituting (2,12) and (2.13) into (2.3), we find

(1 一。入)(WcS - 一 a(wciUb 一 Wbvc) + (lceWe)ll)b - (/feewe)wc = 0.

If we transvect this with wcvb and take account of (1.3) with 卩 = 

〃 =0, we obtain Xa = 0, where we have used (2.13). Since A can 

not be vanish because of Remark, we see that the function a vanishes 

identically, therefore by Lemma 1 2 A2 = 1 and hence uc = 0, which 

is contradictory. Thus it follows from (2.11)° that the hypersurface is 

invariant. So, as in the proof of Theorem C, M is totally geodesic.

Theorem 2.1. Let M be a hypersurface of Sn(l/\/2) x Sn(l/\/2) 

(?? > 1) satisfying

口+fH = 0,以尺+九比=0.

Then M is totally geodesic or a minimal Sasakian C-Einstein manifold.

Combining Lemma 1.1, Theorem B and Theoiem C, we have

THEOREM 2.2. Let M be a complete hypersurface of Sn(l/y/2) x 

> 1) satisfying

弦天+/；«=(),収比

Then M is Sn x S77""1 or M as a- submanifold of codimension 3 of 

Euclidean (2?i + 2)sphere is an intersection of a complex cone with 

generatoi C and a (2?? + 1)-dimensional sphjere S2n+1(l).

A cording to Lemma 1.1, Theorem B and Theorem D, we have

TlirOBEM 2.3. Let M be a complete hypeismface of Sn(l/\/5) x 

S"(l/、/a)(〃 > 1) satisfying

峠成 Z財？+/；k=o.

Then M is Sn x Sn~l, or M as a submanifold of coclimension 3 of 

a Euclidean (2n + 2)-space is an intersection of a complex cone with 

genera tor C and a (2?? + l)~dimensional sphere S2n+1(l), that is, a 

Brieskorn manifold
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