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COMMON FIXED POINT THEOREMS
FOR THE ORBITALLY CONTINUOUS MAPPINGS

JEONG SHEOK UME, HAE GYU KiM AND SEUNG DEUG YUN

1. Introduction

In 1994, N. H. Dien proved a common fixed point theorem for the
pair of mapping satisfying both the Banacli contiaction principle and
Caristi’s condition in a complete metric space. In this paper we prove
a common fixed point theorem for the orbitally continuous mapping
by using contractive type conditions more improved than those in {2].

DEFINITION 1.1. ({1]) A mapping T of a space X into itself is said

to be orbitally continuous if zyg € X such that 2y = lim;.oc T™z for
some x € X, then Taq = lim,_o, T(T™z).

DErINITION 1.2. ([1]) Let (X, d) be a metiic space and let T be a
mapping from a metric space (X, d) into itself. For 4 C X, let 6( 4) =
sup{d(r,y): 2,y € A} and for each 2 € X, Ict

Olz,n)={z,Tz,--- ,T"2},n =1,2,---,

Oz, ) = {z, Tz, - }.

A space X Is said to be T—orbitally complete if every Cauchy sequence
which is contained in O{x,20) for some x € X converges in X,

2. Main results

THEOREM 2.1. Let § and T be two orbitally continuous mappings
of X into itself. Let X be S— and T—orbitally complete metric space.
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Suppose that there exist finite number functions ¢,,v,,G,andH,,1 <
J £ Ny, of X into {0, c0) such that

(2.1) d(Sz,Ty)
< kid(z,y)+ kad(z, St) + kyd(y, Sz)
+ ked(y, Ty) + ksd(z, Ty) + ked(z, Sy)
+ k7d(y, Sy) + ke d(Sy, Ty)

No
+ > [6,(z) — 6,(Sz) + $;(y) — 4,(Ty)]

=1

forall z,y € X,some k,€(0,1),1<p<8and0< Zizl k, <1
and

(2.2) ¢ max{d(z,Sz),d(y, Ty),d(z, Sy)}

Np
<k [G,(z) - G,(Sz) + Hy(y) — Hy(Ty)]

1=1

foralle,y € X,c=max{ k, | 2<p<8 }andk=3 k.
Then S and T have a common unique fixed point 2 € X.

Proof. Let xg,yo be arbitrary points of X and choose two sequences
Tp = S"z0 and ¥, = T"yp for n = 1,2,.--. From (2.1) and (2.2) we
have

d(z,, 1) = d(Sz,—1,Ty—1)

S kid(zio1, Yo ) + kod(zy—1, S2y21) + kad(yy1,57,1)
+ kid(yi—1, Tyr—1) + ksd(2,21, Tyo1) + hed(z,—1, St—1)
+ krd(yi—1, Syi—1) + ksd(Syi=1,Tyi—1)

No
+ > (8, (x1m1) = 65(STm1) + ¥, (4e-1) — ¥3(Toa1)]

=1
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< kd(z,-1,Ye—1) + k2d(2y-1,2,) + k3d(y,—1,%.)
+ k4d(yz—l,yi) + ksd(ftz—l,‘y;) + kﬁd(xs—l-; Syl—l)
+ k-;d(y,-;, Sy:~1) + ksd(Sy;—l,y:)

No
+ 3 10y (201) — By(22) + ¥, (yam1) — $5(w)]

1=1
< kyd(2,oy,Ye—1) + kad(z 1,24 ) + kad{y,-1, )
+ kg {d(tr-1, 1) 4+ d{2, 3, 2,)}
+ Es{d(2:-1, %:—1) + d(yi~1, %)}
+ ked(zim1, Sys~1) + kr {d(ys—1, Tam1) + d{x:m1, SY21 )}
+ ke {d(Sym1, Ty 1) + d(T0my, Y01 ) + A1, 1)}

No
+ 3 (85 (2ic1) = 65(2) + 63 (y1) — 65 (w)]

=1

< (ky + k3 + ks + kv + kg)d(zy—1,Yi)

8
+ (ks +ka) Al

p=1

Nqg
+ Z[d).ﬂ(xi-—-l) - d’)(za) + d’](yz—l) - 'Jf')(yt)]

=1
< (ky + ka4 ks + ke + kg)d(2=1,1-1)
No
+8 ¢ A: + Z Bjt
=1

<(ky 4 hs+ ks + by +kg)d(2,—1,0%-1)

Ny
+ 8k Z[Gj(l'i—l) - Gg(x:) + H}(yt—l) - Hj(yl)l
1=1
Ny

+> B,
1=1

where
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A, =
max{d(Z.-1,2:), d(Ysw1, Y1), HT2-1, Sys—1) }

and

B, = {d’](xt—l) - tf),(:t.) + 1/{;(?}:—1) - ¢J(yt)]'
On adding the above inequality for 7 = 1,2,--- | n,

i

Zd(wuyz}

=1

(B +ks+ks+ k4 L‘S)Zd(ﬂiz—l,?/:—l)

t=1

n

No
+8k Y > [Gy(zi1) — Gylzs) + Hy(y1) — H,y ()]
=1 1=1

n

Ng
+3_) B

1=11=1

Since d(z,,y,) 2 0and 0 < ky + ks + ks + A7+ ks < 1 we get

(2:3) > d(z.,y)
=1

1
<
Tl =k + Ey ks 4 ky + )

{ (D) }

where

(D) =(L1 + L‘g + ks N kg)d(l‘o,’yg)

No Ng
+ 8k > {G (20} + Hy(yo)} + > _{8,(x0) + ,(v0)}
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Denote the right side of (2.3) by E. It is easy to see that E is a fixed
number in [0, 00).
By an argument analogous to the previous inequality (2.3) we get

i3

(2.4) 3 d(ws,yuta)

=1
< 1
T 1=k k3t ks 4 Ry 4 kg)

{ (7))
where

(F) =(ky + ks + ks + kg + kg)d(20,11)

No No
+ 8k Z{GJ(J'O) + Hy(y1)} + Z{‘/SJ(J’O) +¥,(y1)}-

3=1 1=1

Denote the right side of (2.4) by G. It is easy to see that G is a fixed
number in [0, co).
From (2.3) and {2.4), we get

> d(znz41) S E+G.

1=1

This gives that the series Ef_’;l d(z,,x,41) is convergent. Let n and
m be any two positive integers with m > n. Then d{z,,zm) <
SV d(2,, T4 ) converges to 0 as n,m converges to o.

Hence {z,}52, is a Cauchy sequence in X. By an analogous to the
previous one, {y,}52, is also a Cauchy sequence in X. Since X is a
T —~orbitally complete metric space and X is a S—orbitally complete
metric space, the sequences {z,}52, and {y.}72, are convergent. Let

= lim 2, and w= hm y,.
n—CcO n—200

Since S and T are orbitally continuous, limy—e S¥sn = Sz and
lim,, . Ty, = Tw. Hence we have

(2.5) Sz=z and Tw=w.
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Then, by (2.2) and (2.5), we have d{(z, Sw) = 0. Now we consider

d(z,w) = d(S=z,Tw)
S kld(z, w) + i.'gd(z, SZ) + kad(lv, Sz) + k4d(w, Tw)
+ ksd(z,Tw) + ked(z, Sw) + krd(w, Sw) + ked(Sw,Tw)

No
+ Z[qS,(z) — $;,(52) + ¥, (w) — ¥,(Tw)]

i=1

L (kl + Ry +hs+ k4 ’-‘g)d(:,‘w),

by (2.5). Since d(z,w) > 0and 0 < ky + ky + ks + k7 + ks < 1, we
obtain d(z,w) = 0. Hence we have z = w. Thus z is a common fixed
point of § and T. We shall prove that z is a common unique fixed
point of S and T'. Let z = Sz =Tz and u = Su = Tu. Then

d(z,u) = d(8z,Tu)
< krd(z,u) + kod(2,52) + kzd(u, Sz) + kad(u, Tu)
+ ksd(z,Tu) + ked(z, Su) + krd(u, Su) + kgd{Su,Tu)

Ny
+ D 185(2) = 6,(S2) + ¥y (w) — ,(Tw)]

=1
= (kl + kg + 385 -+ ’i‘s)d(z, u).

Since d(z,u) > 0 and 0 < ky + k3 + ks + ks < 1,d(z,u) = 0. Hence we
have z = u. Thus z is the only common unique fixed point of $§ and
T, which completes the proof of the theorem.

By using theorem 2.1, we have the following corollary.

COROLLARY 2.1. Let S and T be two orbitally continuous mappings
of X into jtself. Let X be S— and T—orbitally complete metric space.
. Suppose that there exist four functions ¢,v,G and H of X into [0, 00)
such that
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d(Sz,Ty)
< hid{z,y) + kod(2, S2) + k3d(y, Sz)
+ kyd(y, Ty) + ksd(z, Ty) + ked(z, Sy)
+ krd(y, Sy) + ksd(Sy, Ty)
+ [¢(z) — #(Sz) + ¥(y) — ¥(Ty)|

for allz,ye€ X, somek, €0,1),1 <p<8and0 < mel k, <1
and

¢ max{d(z,Sz),d(y, Ty),d(z, Sy)}
< kG(x) ~ G(Sz) + H{y) - H(Ty)]

forallz,y € X,c=max{ k, | 2<p<8 }andk=3, k.
Then S and T have a common unique fixed point z € X.

By using theorem 2.1 and corollary 2.1, we have the following corol-
laries.

COROLLARY 2.2. ([2]) Let (X, d) be a complete metric space and S
and T be two orbitally continuous mappings of X into itself. Suppose

that there exist {q&,}f\’:"l, set of finite number of functions of X into
[0, 00) such that

d(Sx,Ty)
No

<q dzy)+ Y _[6,(x) — 6,(S2) + 9, (y) — ¥,(TY)]
=1

for all z,y € X, some q € [0,1). Then S and T have a common unique
fixed point z € X. Further, if + € X then

llm S"2 =2 and lim T"xr=z.
72— OO n—oo
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COROLLARY 2.3. ([2]) Let (X, d) be a complete metric space and §
and T be two orbitally continuous mappings of X into itself. Suppose
that there exist two functions ¢ and ¢ of X into [0, 00) such that

d(Sz,Ty) < ¢ d(z,y) + &(z) — 3(S2) + ¥(y) — v(Ty)

for all z,y € X, and some q € {0,1). Then S and T have a common
umique fixed point z € X. Further, if z € X then

lim S"z=2 and lim T"z = z.
n—o0 n—oQ

The following example shows that there are mappings which does
not satisfy the condition of Corollary 2.3, but which satisfies all condi-
tions in Corollary 2.1. Thus the condition of Corollary 2.1 is a proper
extension of that of Corollary 2.3.

EXAMPLE. Let X = {1,2,3},d : X x X — [0,00) is defined by
d(1,1) = d(2,2) = d(3,3) = 0,d(1,2) = d(2,1) = ,d(1,3) = d(3,1)
= 2.,d(2,3) = d(3,2) = L. Then d is a metric on X. Now con-
sider ST : X — X given by §1 = §2 = 1,583 = 2,Tt1 = T3 =
1,72=3, ¢,%,G,H :X — [0,00) such that ¢(1) = ¢(2) = 4, ¢(3)
9,1(1) = 6,4(2) = ¢(3) =5,G(1) = 4,G(2) = 5,G(3) = 6,H(1) =
7,H(2) =9, and H(3) = 8. Then, it is easy to see that the condition of
Corollary 2.1 is satisfv for k, = 11—0, 1 <12 < 8. On the other hand, since
d(§3,T3) = d(2,1) = F > ¢d(3,3) + [#(3) — 6(2) + $(3) — 9(1)] = 4
for all ¢, the condition of Corollary 2.3 is not satisfied.

|
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