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COMMON FIXED POINT THEOREMS
FOR TOE ORBITALLY CONTINUOUS MAPPINGS

Jeong Sheok Ume, Hae Gyu Kim and Seung Deug Yun

1. Introduction

In 1994, N. H. Dien proved a common fixed point theorem for the 

pair of mapping satisfying both the Banach contiaction principle and 

Caristi's condition in a complete metric space. In this paper we prove 

a common fixed point theorem for the orbitally continuous mapping 

by using contractive type conditions more improved than those in [2].

DEFINITION 1.1. ([1]) A mapping T of a space X into itself is said 

to be orbitally continuous if E X such that xq = Tn%x for

some x E X, then Txq = lim—B T(Tntx).

DEFINITION 1.2. ([1]) Let (X、d) be a metiic space and let T be a, 

mapping from a metric space (JY, d) into itself. For A C X, let ^(A)= 

sup{J(.r, y) : 6 A} and for each x G X, let

O(x,n) = {x^Tx^ - - * ,Tnx}^n = 1,2,••-,

O(x, 8)= (x,Tx, • • • ).

A space X is said to be T—orbitally complete if every Cauchy sequence 

which is contained in O(z, oo) for some x E X coi^verges in X.

2. Main results

THEOREM 2.1. Let S and T be two orbitally continuous mappings 

of X into itself. Let X be S— and T—orbitally complete metric space.
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Suppose that there exist finite number functions G3andH311 < 

项 W M, of X into [0, 8)such that

(2.1) d(Sx.Ty)

으 fci d(x^ y) + (吗 Sx) + 炳d(饥 Sx)

+ k4d(y. Ty) + k5d(x, Ty) + k6d(x, Sy)

+ k7d(y. Sy) + kM(Sy, Ty)

N。
+ -们(Sz) + 師g) - 也7(幻/)]

J=1

for all x^y E Xt some kp € [0,1), 1 < ;)< 8 and 0 < £辭=]kp <1 

and

(2.2) c max{J(z, Sr), d(y, Ty\d(a;, Sy)}

Nq

< k £]GQ) - G人沁 + H心、)—Hj(幻/)]

J=1

for all 吗 g £ X, c = max{ kp | 2 < p < 8 } and k = £；=2 柘. 
Then S and T have a common unique fixed point z E X.

Proof. Let xo,yo be arbitrary points of X and choose two sequences 

xn = SnxG and yn = TnyQ for n = 1,2, • • •. From (2.1) and (2.2) we 

have

d^Xi, i/2) = t/( Sx i)

—"i d(:丄一]> yt—1) + k^d(:、一1 ,S;e?—]) + 爲 , Sxt—i)

+ 一」끄切-i) + 底』侦\一1,70一1) + 百 6dSzT,Sg—i)

+ 牌d(洗一" Spz-i) + &8d(S机一i,7机一i)

No

+-们(Sxzt) + 羽j(st)-也保gi)] 

j=i
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<灼』(心一1,饥一1) + (勺

+ 2匚4』(必—1 ： Vi) + ksdQh—1,) + 人:&d(:&—1, Sg?—1)

+ 知，d(g—i,Ss-i) + /【8d(S机 _i,必)

No

+ £]由(如一1)一如(、m+饥歸1)- 4顼撮]

J=1

< 场T)+ k2d(xt^, xt) + k4d(yt^, yt)

+ 姻{d(g—n£—1) + 以巳一1,3；2)}

+ 屁{d(£—1, Vt-i) + 以仇一1,仇)}

+ 、Sg?—i) + kf {〈/(切―],:饥—1) + xj—J, SyI—i)}

+ 人】8 {d(S j/i—11 i) + , 1/t—i) + 1 ? Vi)}

N。
+ Z〕。心:Ll)-们g + 也7(饥一1)-饱7(场)] 

3 = 1

< (如 + k3 + k5 + k7 + 屜)心；如_1, ?/i_i)

8

+(*8+E %) &

，드 2
N。

+ £】们(互一1)-饱7«") +也7(饥一1)-奶(撮} 

J = 1

C (A'j + A'3 + 睫 + 幻 + ")d(旳_[・} yt~i)

No

+ 8 c Ai +〉: Bjt

j=i

V (炽 + A'3 + £*5 + 加7 + ^8)</(^2_i,l/i-i) 

N。

+ 이c — Gj(g + Hj(%_i) — 丑项仏)]
j=i

n。
+

j=i

where
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Ai :=

max{d(n-i, c) d(饥一 i,饥),涉(吗-1, Syt-i)}

and

BJt ：=泌丿(如一 1)- + -也」％)]•

On adding the above inequality for i = 1,2, • • - , n,

■n

n

t=l

No n

+ 靛 ^2〉项구丿(五一1) - G-)(xt) + — Hj(yt)]

J—1 t=l

Nq n 
+sm环

J—1 1=1

Since yt) > 0 and 0 < + k7 + ks < 1 we get

n

(2.3) £电“饥)

1=1

—1 一(亦1 + 云3 + 亦5 + 加，+ 屁)'‘ ’ }

where

(。)=(加 + 禺 + 如 + 知7 + k8)d(x0,y0)

Nq Nq

+ 麻 £"(血)+ Hj(vo)} + 工{。心0)+ 饱(说)}

J=1 ;=1
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Denote the right side of (2.3) by E. It is easy to see that E is a fixed 

number in (0,oo).

By an argument analogous to the previous inequality (2.3) we get

n

(2.4) £d(:上"/z+i)

1=1

'1 一(加+化+如+亦7 +施)'}

where

(F) =(kl + 岛 + A'5 + 缶 + 1/l)

No No

+ 8k £：{Gj(3o) + Hj(gi)} + + 伤(％)}.

j=i j=i

Denote the right side of (2.4) by G. It is easy to see that G is a fixed 

number in [0,8).

From (2.3) and (2.4), we get

n
y^d(xt,xi+i) < E + G.

1=1

This gives that the series 2辭」如丄巳+1) is convergent. Let n and 

m be any two positive integers with m > n. Then d(xn^Xm) V 

£岩〃 converges to 0 as n,m converges to oo.

Hence {^n}JXo is a Cauchy sequence in X. By an analogous to the 

previous one, {;用}註° is also a Cauchy sequence in X. Since X is a 

丁*一o이xtally complete metric space and X is a S—(H?bitally complete 

metric space, the sequences (xn}^L0 and {yn}^L0 are convergent. Let

z = lim xn and io = lim yn. 
n—*oo n―，oo

Since S and T are o이)itally continuous, lim”一8 Sxn = Sz and 

limn^oo Tyn = Tw. Hence we have

(2.3) Sz = z and Tw = w.
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Then, by (2.2) and (2.5), we have c/(c, Sw) = 0. Now we consider

= d(Sz^Tw)

< kid(z.w) + 仆2。(礼 Sz) + A*3Sz) + 幻d(叫72)

+ k5d(z, Tin) + Sw) + 加d(w, Sw) + k^d(Sw^ Tw)

No

+ £[缶⑵一如(Sz) + V>j(w) - ^j(Tw)] 

J==l

~ (S + 如 + 丄这 + 幻 + kg)d(z^ w),

by (2.5). Since c?(z,tp) > 0 and 0 < 加 + 為 + 化 + 加 + 屜 < 1, we 

obtain d(z,w) = 0. Hence we have z = w. Thus z is a common fixed 

point of S and T. We shall prove that z is a common unique fixed 

point of S and T, Let z = Sz = Tz and u = Szz — Tu. Then

d(z.u) = d(Sz^Tu)

< u) + k2d(z^ Sz) + k3(l(u. S上)+ Ar4J(u, Tu)

+ A*5c/(c, Tu) + kcd(z^ Su) + A'7 J(u, Su) + ksd(Su^ Tu)

No
+ U[爲(2) - Sj(Sz) + W、u) - ^(Tu)] 

J=1

=(A*i + 如 + 底 + k6)d(z,u).

Since d(z凡)> 0 and 0 V 加 + 底 + 底 + 庇 V u) = 0. Hence we 

have z = u. Thus z is the only common unique fixed point of S and 

T, which completes the proof of the theorem.

By usin응 theorem 2.1, we have the following corollary.

COROLLARY 2.1. Let S and T be two orbit ally continuous mappings 

of X into itself. Let X be S~ and T—orbit ally complete metric space. 

Suppose that there exist four functions 如如 G and H of X into [0,oo) 

such that
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< 如d(c, y) + 】很(£, Sx) + k3d(y, Sx)

+ k4d(y, Ty) + k5d(x, Ty) + k6d(x, Sy)

+ k7d(y, Sy) + 施d(Sy, Ty)

+ 泌(c) - <b(S硏 + W(y) - ©(幻/)]

for all x,y € X, some kp G [0,1), 1 < < 8 and 0 < kp < 1 

and

c max{c©\ Sx\ J(y, Ty), d ⑷ Sy)}

< k[G(x) 一 G(Sz) + H(们 一 H(Ty)]

for all x^y E X^c — max( kp | 2 < p < 8 ) and k = £；=2 %• 

Then S and T have a common unique fixed point z E X.

By using theorem 2.1 and corollary 2.1, we have the following corol

laries.

Corollary 2.2. f[2]J Let (X,d) be a complete metric space and S 

and T be two orbitally continuous mappings of X into itself. Suppose 

that there exist {们}肯卩 set of finite number of functions of X into 

[0, oo) such that

d(Sx.Ty)

n0
<(1 d(z, g) + £：饱(2)- S(Sz) + 0(g) — 也保')]

J=1

for all z,i/ G X. some q € [0,1). Then S and T have a common unique 

fixed point z E X. Further, if a* G X then

lim Snx = 2 and lim Tnx = z.
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COROLLARY 2.3. f[2]) Let (X, d) be a complete metric space and S 

and T be two orbitally continuous mappings of X into itself. Suppose 

that there exist two functions </> and p of X into [0,8)such that

d(Sx. Ty) < q d(x, y) + 如)-+ 倒0) — 寸(幻/)

for all x, y g X, and some q E [0,1). Then S and T have a common 

unique fixed point z E X. Further, if x E X then

lim Snx = z and lim Tnx = z. 
n—>8 n—>8

The following example shows that there are mappings which does 

not satisfy the condition of Corollary 2.3, but which satisfies all condi

tions in Corollary 2.1. Thus the condition of Corollary 2.1 is a proper 

extension of that of Corollary 2.3.

EXAMPLE. Let X = {1,2,3}, J : X x X T [0,oo) is defined by 

€7(1,1) = d(2,2) = d(3,3) = 0,J(l,2) = d(2,l) = f ,J(1,3) = d(3,l) 

= 쓰)d(2,3) = J(3, 2) = 孕. Then d is a metric on X. Now con

sider S.T : X — X given by SI = S2 = 1,S3 = 2,T1 = Z3 = 

1, T2 = 3, M如 G、H : X [0)8)such that ^(1) = ©(2) = 4, ^(3)= 

9川(1) = 6,^(2) = ©(3) = 5,G(1) = 4,G(2) = 5,G(3) = 6,H(1)= 

7, H(2) = 9, and H(3) = 8. Then, it is easy to see that the condition of 

Corollary 2.1 is satisfy for kt = 1 < z < 8. On the other hand, since

&(S3, T3) = J(2,1) = 쁭〉gd(3,3) + 0(3) 一 切2) + 为(3) 一 寸⑴] = 4 

for all q, the condition of Corollary 23 is not satisfied.
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